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PREFACE. 



This book has been written as a companion volume to my 
Treatise on the Differential Calculus, and in its construction 
I have endeavoured to carry out the same general plan on 
which that book was composed. I have, accordingly, studied 
simplicity so far as was consistent with rigour of demonstra- 
tion, and have tried to make the subject as attractive to the 
beginner as the nature of the Calculus would permit. 

I have, as far as possible, confined my attention to the 
general principles of Integration, and have endeavoured to 
arrange the successive portions of the subject in the order 
best suited for the student. 

I have paid considerable attention to the geometrical ap- 
plications of the Calculus, and have introduced the leading 
fundamental properties of the more important curves and 
surfaces, so far as they were connected with the Integral 
Calculus. This has led me to give many remarkable results, 
such as Steiner's general theorems on the connexion of pedals 
and roulettes, Amsler's Planimeter, Landen's theorems on 
the rectification of the hyperbola, Gennocchi's theorem on the 
rectification of the Cartesian Oval, and others which have not 
been usually included in text-books on the Integral Calculus. 

The present Edition has been altered and improved in 
several respects; the principal change, however, consists in 
the introduction of two new Chapters, one on Moments of 



lY Prqface. 

Inertia, and the other on Mean Value and ProbabiKty. For 
the methods adopted, and the greater part of the details in 
the former Chapter, I am indebted to the kindness of Pro- 
fessor Townsend. The Chapter on Mean Value and Proba- 
bility has been written by Professor Crofton, of Woolwich, 
and I desire here to express my sense of the deep obligations 
I am under to him, and to tender him my very best thanks. 

I am glad to be able to lay this Chapter before the Student, 
as an introduction to this branch of the subject by a Mathe- 
matician, whose original and admirable papers, in the PhiloaO" 
phical Tramactiom^ 1868-9, and elsewhere, have so largely 
contributed to the recent extension of this important applica- 
tion of the Integral Calculus. 

I have to thank other friends for their kind assistance, 
more especially Mr. Cathcart and Mr. Panton, who have ex- 
tended to this book the same valuable aid which they afforded 
to my Differential Calculus, in the correction of the proof 
sheets, as well as in many important suggestions during the 
progress of the work. 

Tbinitt College, 
Mareh, 1877. 
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Page 22, line ii,/or Art. 8, read Art. 9. 
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X- 2 X ^ 2 
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OHAPTEE I. 

ELEMENTARY FORMS OF INTEGRATIOIf. 

I. Integration. — ^The Integral Caloulus is the inverse of the 
Differential. In the more simple ease to which this treatise 
is principally limited, the object of the Integral Oaloulns is 
to find a function of a single variable when its differential is 
known. 

Let the differential be represented by F {x) <&, then the 
function whose differential is i^(ir) cto is called its integral j 
and is represented by the notation 

\F{x) das. 

Thus, since in the notation of the Differential Caloulus we 
have 

df{x) =/{x) dx, 

the integral oif\x) dx is denoted hyf{x) ; or 
'/{x)dx^f{x). 

Moreover, as f{x) and f{x) + (where C is any arbitrary 
quantity that does not vary with x) have the same differen- 
tial, it follows, that to find the general form of the integral of 
f (x) c& it is necessary to add an arbitrary constant tof{ai); 
hence, we obtaia, as the general expression for the integral 
in question 



|/(«)«fc=/(*) + C. (I) 



2 Ekmentary Forms of Integration. 

In th^ subsequent integrals the constant C will be onntted, 
as it can always be supplied when necessary. In the appli- 
cations of the Integral Calculus the value of the constant is de- 
termined in each case by the data of the problem, as will be 
more fully explained subsequently. 

The process of finding the primitive function or the inte^ 
gral of any given differential is called integration. 

The expression F{x) dx under the sign of integration is 
called an element of the integral ; it is ako, in the limit, the 
increment of the primitive function when x is changed into 
x + dx (Dif. Cal., Art. 7) ; accordingly, the process of inte- 
gration may be regarded as the finding the sum* of an infinite 
number of such elements. 

We shall postpone the consideration of Integration from 
this point of view, and shall commence with the treatment of 
Integration regarded as being the inverse of Differentiation. 

2. Elementary Inte^als. — ^A very slight acquaintance 
with the DiflEerential Calculus will at once suggest the inte- 
grals of many differentials. We commence with the simplest 
cases, an arbitrary constant being in all cases understood. 

On referring to the elementary forms of differentiation 
established in Chapter I. Dif. Cal. we may write down at 
once the following integrals : — 

J w + i' ](xf^ {m- i) suf^'^' ^ ' 

|f = log(^). (J) 

f . - QO^mx r , sin ma? , . 

J m ^ ] m ^ ^ 

— T- = tan 0?, -7-r- = - cot a?. Id) 

J cos^a? J sin* a? ^ ' 



* It was in this aspect that the process of integration was treated hy Leib- 
nitz, the symbol of integration J being remrded as the initial letter of the word 
4umy in the same way as the symbol of dilferentiation <{ is the initial letter in. 
* the word difference. 
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dx X 

a' 

da I , .X , ., 

= -tan-^-, (/) 



175^='^"^^- ^'^ 



a^ + a^ a a 



1^^ = ^' ja'^ = j^. (9). 



These, together with two or three additional f onns which 
shall be afterwards supplied, are called the /t^n^men^af* or 
elementary integrals, to which all other forms,t that admit 
of integration in a finite number of terms, are ultimately re- 
ducible. 

Many integrals are immediately reducible to one or other 
of these forms ; a few simple examples are given for exercise. 



fdx 

fdx 
7^' 



Examples. 

An9, — . 

X 



I tan jriftf. - log (cos x). 

I -—. -7 log (a + h^), 

fxdx . 

\ 



sin 9dB 
cos*0 * 



sec0. 



* The fundamental integrals are denoted in this chapter hy the letters a, by Cy 
Ac. ; the other f or multe by numerals i, 2, 3, &c. 

t By integtable forms are here understood f hose contained in the elementary 
portion of the Integral Calculus as involving the ordinary transcendental fiinc- 
tions only, and excluding what are styled Elliptic and Hyper- Elliptic functions. 

B 2 



Elementary Forms of Integration. 



dx ^ 

dx 



r ax 
J a?» 
[-— . log («-«). 



3. Integral of a Sum. — ^It follows immediately from Art. 
12 Dif. Cal. that the integral of the sum of any nimiber of 
differentials is the sum of the integrals of each taken sepa* 
rately. For example — 

Aaf^*' Baf"'' GxT'^ . 

= + + H- &0. (2) 

Hence we can write down immediately the integral of any 
function which is reducible to a finite number of terms con- 



sisting of powers of cc multiplied by constant coefficients 
Again, to find the integrals of oos^xdx and sin*d?cte ; 

f , f I + cos 2a? - X Bin 2X , . 

ooB^xdx = I dx = - + — — , (3) 



here 



sin ^xdx = — 



cos 2X . X Gm 2X , . 

dx = - — . (4) 
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A few examples are added for practice. 

Examples. 

C(i-x*)*dx ^ , . «* 

J « 4 

3. /tan?«<fc=/(«ec*«-i)dSr. tan*-*. 



Integration by Substitution. 

sin (m + n)« sin (m— ft)* 
4. J cos mx cos nxdx. Am, 7 ^ + — 7 r— . 

. , sin(m— n)« Biii(m + fi)x 

^ ^ 2 (m - n) a (/» + fi) 

6. I a/ rfa;. « sin"^ — V a'- »*. 

J ^a - X a 



Multiply the nnmerator and denominator by \/ a + x, 

7 



J « Va? -Y adz - (« + a) a (« + «)* . 



'v/^ + n + V^x 3a V / 

Multiply the numerator and denominator by the complementary surd 

-y/a; + a - v *. 

4. Ihte^ation by Substitution. — The integration of many 
expressions is immediately reducible to the elementary forms 
in Art. 2, by the substitution of a new variable. 

For example, to integrate [a + bxY dx, we substitute z for 
^ + bx; then dz = bdxy and 

(fl + Jir)«t& = \—r- = 7 n = 7 ^T-• 

J^ ^ J 6 («+i)6 (n+ 1)6 

Again, to find 



I 



a^dx 

[a^bxf 



^e substitute a for a + JiP, as before, when the integral be- 
•comes 



^p 



> 



i^ 






6 Elementary Forms of Integration. 

On replacing z hy a -^ ba the required integral can be ex- 
pressed in terms of x. 

The more general integral 



}{a-^bxr' 

where m is any positive integer, by a like sul)stitution be- 
comes 



I f(2-a)"*cfe 



expanding by the binomial theorem and integrating eack 
term separately the required integral can be immediately 
obtained. 

Again, to find 

f da 



af^ {a^ bxY' 



we substitute « for - + J, and it becomes 

X 






„5)«+n^2^g 



which is integrable, as before, whenever m + n is a positive 
integer greater than unity. 

It may be observed that all fractional expressions in which 
the numerator is the differential of the denominator can be- 
immediately integrated. 

For we obviously have, from (6), 



Integration of- 



An.. ,^^g(^/<^^). 



3- 



Examples. 

inn xdx 
« + *coBa;* 

1d!sp I 

log«y. -(log«)». 



4- J;^- logOoK*)- 



x*dx log (• + to) 3fl^ + 4«i^ 



26 , « + to a + 2to 



J ito 26 I 

««(a + to)»* ?^^^"» 5»(^Tto"y 

f xdi 

J(« + 

f arri 



xdx 2(a + to^i ag(g-f to)fc 

3(g-^to)i 3a (tf -I- to)< 



(a+to)*' . s^ a^ 



I xy/iax - < 

Aflsmne 2ax - a' s e*, then mCt s a&, and the transfoxmed integral is 

i aife 
«« + ! 



a<& 



dx 
5* Integration of 



Since -z j = — I — !, 

^ - €? 2a (x - a x-k- a) 

we get 



I 



dx 1 . X — a ,,x 

or — a 2a x -¥ a 



This is to be regarded as another fundamental f oimula 
additional to those contained in Art. 2. 



Elementary Forms of Integration. 
In like manner we have 

6. Integration of 



a + 2bx-\-ca^' 
This may be written in the f onn 
cdx 



{ex + by + ac - J* ' 
or, substituting z iorcx + J, 

dz 

z^-^-ac-b^' 

This is the form (/) or (h) aocording as ao - 6' is posi- 
tive or negative. 

Hence, if ac> b^ vre have 

r dx I , , ex + b , . 

tan-^ ^. (7) 



ia-{-2bx + ex^ ^ae - ¥ ^ ac - V' 

If ae < J*, 



dx I . ex -{-b - a/ 6^ - ac .«. 



J a + 2bx + cx^ 2y^6* - ae ca? + J + y^6* - ac 

This latter form can also be immediately obtained from (6). 
In the particular case when ae « 6', the value of the inte- 
gral is 

- I 



7. Integration of 



{p -k- qx) dx 



a + 26a? + cs^* 
This can at once be written in the form 

q [b + ex) dx pc ^6 dx 



c 'a + 2bx + cx^ c * a -^ 2bx -^ ex^' 



Integration of \ ^^^^^a\, ' 9 

ar— 2XGOSU ■{■ i 

The integral of the first term is evidently 

— log {a -^ 2bx + €x^)y 

^hile the integral of the second is obtained by the preceding 
Artide. 

For example, let it be proposed to integrate 

(a? cos - i)dx 
a;*-2a?oosO+ i' 

The expression becomes in this case 

cos0(^-cosfl)dir sin'0<^x 

ar* - 2a: cos 6 + I {x- cosOf + sin^fl' 

lience 

C (xQOsO - i)dr cosfl, ,, ^ . 

-i -f = log (x^ - 2x cos 0+1) 

Ja^ - zxQosO -h 1 2 ° ^ 

. n i 1 ^ "" COS ^ //>\ 

- sm tan-^ — ^-zr"- ^9) 

"When the roots of a + 260? + caj' are real, it will be found 
simpler to integrate the expression by its decomposition into 
partial fractions. A general discussion of this method will 
he given in the next chapter. 



Examples. 
J i + a? + *2 y/3 V ^3 / 

3- I^T^- ^°«C-tI)- 



lO 



Elementary Forms of Integration. 
^ 1 ^ + t + i - ^»«.t.n->(*+.). 



J I -.«* 
8 f ^ 

J I-2J?+2it*' 



rMiny 

taii-^(2*-i). 



8. Exponential Value for sin and cos 0. — By comparing' 
the fundamental formnlsD (/) and (h) the well-known expo- 
nential forms for sin and cos can be immediately deduced^ 
as follows. 

Substitute z^/^ for x in both sides of the equation 

= - logf ) + const. ; 

and we get 

{ dz I . A + zy^\ 
= — ;= log , + const.. 

]l^Z- 2v/-I ^\l-Z./^lJ 

or, by (/), i^nr^z = — -=: logf 7==^] + ^^^- 

2v^- I \i - zv - 1/ 

Now, let z = tan B and this becomes 



= 



, A + v/- I tan 0\ 
= log , ^ — 7; + cons^. 



2v/- I ^^I - \/- 

When = 0, this reduces to o = const. 



Uxpanentml Forms of sin and cosO. i e 

Hence .^= ^^^^"j°^ = (0080 + y/^ ring)', 
cos6-a/-i sinfl 



or e*v^ = CO80 + y^- i sin ©, 

r*v^ = cosfl - a/-^ Bm 0. 

dx 
9. IhtegratioB of — . 

-Assume* ./7±? = 2 - J?, 

then we get ± a' = a' - 2j?s, 



hence {z-x)dz = sefe, or 



s -X 



This is to be recorded as another fundamental form. 

By aid of mis and of form {e) it is evident that all ex* 
pressions of the shape 

dx 



-v/a + zbx + ca^ 



can be immediately integrated ; a, by Cy being any constants^ 
positive or negative. 

The preceding integration evidently depends on formula 
(«), or (e),^ according as the coefficient of a?' is positive or 
negative. 



* The student will better underBtand the propriety of this assumption after 
reading a subsequent chapter, in which a general transformation, of which the 
above is a particular case, will be given. 
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Thus, we have 

. = — plog(ca;+& + v/c(g+26a? + ca?')), (lo) 

J v^a + ibx + cx^ ^ c \ / 

. =--^Bm-M r, (11) 

i ^ya-^-ibx-cx^ ^/ c \y/ac-^h^J 

< being regarded as positive in both integrals. 

"Wlien the factors in the quadratic a -{■ ibx + ax? are real 
and given the preceding integral can be exhibited in a 
simpler form by the method of the two next Articles. 

dx 
10. Integration of 



V{x-a){x-^) 
Assume j? - a = s*, then dx = izdzy 

dx 



= 2flfe, 

*y X- a 
hence 



dx 2dz 



^/{x-a) {x^li) ^z'+a-li' 



= 2 log (2 + y2'+a-/3), by (0, 



or 



. = 2 log(>/a? - a + yx-3). (12) 






II. Integration of 



v/(^-a)(/3-«) 
As before, assume « - a = z', and we get 



y{x-a){ii-x) -^li-a-z' 
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Hence, by (e), 

[ ^ ^^ =2sm--FEJ. (13) 

12. Again, as in Art. 7, the expression 
{p + ^^a?) dx 

can be transformed into 

q {^-\-coo)dx pc^qb dx 

^ ^a-{- 2bx-{-cx* ^ ^a^ihx^cx^ 

and is, accordingly, immediately integrable by aid of th^ 
preceding formnlsB. 

Examples. 

I. ^ [ , Am, 2 log (yx -^ yx-a), 

J Yx^ — ax 

^ *s/ ax — X' ^ a 

3. I — - . 2 sin-^ yx - 1. 

J \/3d? — a?* - 2 

4- f— ;===:. log(2»+ 1+ 2 v/ !+« + «»). 

J \/i + J? + a;' 

5. U|-i^««« = A/(« + «)(«+ 6) + (a - 3) log (y^+l + yJTT). 

Multiplj the numerator and denominator by •/ 2; + 0. 

o. I — . Ant. sm^ — — — , 

7. f ^"^ -^sin-i /EI«±M ' 



\\ 
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dx 



13. Integrration of 



{x - p) ^a+ zbx + Cix^ 



Let a -p = -, then 
z 



dx dz ^ 1 +pz 

= , and X = — ^--. 



X -p z 

r dx r - dz 

J {x -p) ^a-\- 2bx-{-cx^ J v^fls*+ 262(1 +pz) + c{i +pzY 

^here (/ = c, b^ = b + cp, c^ = a + ibp + cp^. 

The integral consequently is reducible to (10), or (11), ac- 
<cording as c' is positive or negative. 

Examples. 
I. I — . . Am, - cos"J ( - 1 . 

dx It - X 

(i+a:)-/7=T»' ■\rT^- 

^. r ^" — . -i^logf— -i ). 

<. f ^ ^==. -^ sin-' ffv£J) . 

J (i + ic) \/ 1 + 23? - a:* y 2 \ I + »/ 



_. dx 

Integration o/j^^^-^^. 15 

14. The transformation adopted in the last Article is one 

of frequent application in Integration. It is, accordingly, 

worthy of the student's notice that when we change x into 

I - dx dz , . 1 .1. - I ^a? dz 

- we have — = ; and, in general, if a^ = -, — = •. 

z X z ° z X nz 

These results follow immediately from logarithmic differ- 
entiation, and often furnish a clue as to when an Integration 
is facilitated by such a transformation. 

For example, let us take the integral — 



1 



dx 



x{a + bafy 
Here, the substitution of - for «" gives 



I r dz 



dz 



The value of which is obviously 

log(a2 + 6), or — logf- — j—). 

dx 



15. Integration of 



{a -f cx^)^' 



Xret a? = -, and the expression becomes 

zdz 



the integral of this is evidently 



I X 



a (az^ + c) i' a{a-¥ co^^ 
Hence -. — . ,v. = -t— — ^. (u) 



1 6 Elementary Forma of Integration. 

1 6. More generally, to find the integral of 

dx 
{a + 2bx + cx^)^' 

This can be written in the form 

<^dx 



[ac-b'' + {cx + by]^' 



which is reduced to the preceding on making c^ + 6 = s. 
Hence, we get 



dx h-¥ ex 



{a + 2bx + ca?*)* {ac - J^) {a + zbx + ca?')*' 
Again, if we substitute - for a?, 



('5) 



z 
xdx 



becomes 



(i6) 



{a + 2bx + cx^)^ (as* + 26s + c)*' 

and, accordingly, we have 

J (a + 2bx + car*)* (ac - V^) {a + 26a; + ca^)^' 

Combining these two results, we get 

f ( jP + ga?) dx _ bp - aq •\- (cp - bq)x 
J (a + 26a; + ca;*)* " (ac - J*) (a + 26a? + ca?*)** 

dO dO 

17. IntegTOtion of —, — ^ and 75. 

' sm0 cos 6 

It will be shown in a subsequent chapter that the integra- 
tion of a numerous class of expressions is reducible either to 

that of -r-5, or of ^ ; we accordingly propose to inves- 

Sm a cos U o ^ ir jt 

tigate their values here. For this purpose we shall first find 

the integral of -r— ^ 5. 

® smOcose 





Integration of -7—^. 

BiXiu 




rffl 


Here 


d9 oos'fl rf(tan0) 


fiinOcosO tand tanO ' 


Consequently 


f:^;r^ = %(ta^e)- 



17 



(17) 



Next, to find the integral of 

d9 



sin 9' 
This can be written in the form 

dO 



. e ff 

2 sin- cos- 
2 2 



and by the preceding we have 

Again, to determine the integral of g, we substitute 

— for Oy and the expression becomes -7-^ ; the integral 
of this, by (18), is 

- logftany, or log^cot^Y or log jcot^^ - HJ. 

Accordingly we have 

This integral can also be easily obtained otherwise, as 
follows : — 



r dO ^ r oosfldfl ^ f rf(sine) 

J cose J oos'e ~ J cos'fl • 
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Let ein = x, and the integral becomes 



f_^.iiog(i±f)=iiogri±4 



smd\ 
Bind J 



The student will find no difficulty in identifying this re- 
sult with that contained in (19). 

dO 

18, Integration of r -r* 

fl + 6 cos 

This can be immediatefy written in the form 

dO 



(a + b) cos' - + (<»-&) sin' - 



sec' - dO 
2 
or 



Q9 

fl + 6 + {^- b) tan' - 



on substituting z for tan - this becomes 



2dz 



a + b -\- {a- b) z^' 
Consequently, by Ex. 6, Art. 2, we get 
(i) when a> by 

[ '^ , = -^ tan- ! S tan ^1. (20) 
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(2) when a <hy\ij formula (A), 

r .. — y, — . e^ 



-v/6 + a + ^/b - a tan ~ 



(21) 



f dd _ 2 ^^ V . ^ ^ ^ V ^ ^^^ ^ ^ 
J a + 6cose yj^-fli ""^ ] "zr:: /^ — , » f 

v^6 + a - v^J - a tan " 

If we assume a = 6 cos a, the latter integral is easily 
transformed into 



d9 I , K' 2 



6 J cos a + cos © 6 sin a ° 



a + tf 

COS 



The integral in (20) can be transformed into 

f dO I , (J + a cos 

cos"^ 



J a + 6 cos S ^a^ _ J2 (a + 6 cos 

In a subsequent chapter a more general class of integrals 
which depend on the preceding will be discussed. 

19. Methods of Integration. — ^The reduction of the inte- 
gration of functions to one or other of the fundamental 
f ormulse is usually effected by one of the following methods. 

(i). Transformation by the introduction of a new va- 
riable. 
(2). Integration by parts. 
(3). Integration by rationalization. 
(4). Successive reduction. 
(5). Decomposition into partial fractions. 

Two or more of these methods can often be combined 
with advantage. It may also be observed that these different 
methods are not essentially distinct; thus the method of 
rationalization is a case of the first method, as it is always 
effected by the substitution of a new variable. 

We proceed to illustrate these processes by a few ele- 
mentary examples, reserving their fuller treatment for sub- 
sequent consideration. 

c 2 
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20, Integration by Transformation. — Examples of this 
method have been already given in Arts. 4, 10, &o. One or 
two additional eases are here added. 

Ex. I. To find the integral of sin^^r cos'a? da;. 

Let sin a? = y, and the &ansformed integral is 






Ex.2. 



3 5 

dx 



e^ 
Let e* = y, and we get 



f~^ = tan-V = tan-^(c^). 



21. Integration by Parts. — ^We have seen in Art. 15 
Dif . Cal. that 

d {uv) = udv + vdu ; 

hence we get 

nv = J udv + / vduy 

or j udv == uv - j vdu. [22} 

Consequently the integration of an expression of the form 
udv can be always made to depend on that of the expression 
t'du. 

The advantage of this method will be best exhibited by 
applying it to a few elementary cases. 

I 1 xdiX 

Ex. I. sin"^ xdx^x sin"^ x - — -=^ 

= X sin-^ X + yr^. 
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Ux. 2. X log X dx. 

Let u = log ar, t? = — , and we get 

r x^ loff X I r dx x^ 1 i\ 

J^loga.efo: = — ^--J;r=^=-(^log^--j. 
Ex. 3. le^xdx, 

Ijet X = Uj — = «?, then 

. Lre^cfo = — ^ — rfa;= — (x --], 

J a J a a \ aj 

r 
Ex. 4. I <?^ sin mx dx. 

Let sin fwa: = w, — = r, then 

a 

f «* . -7 e/^ sinrnx m{ ^ 

\ €^ smmxdx = \€^ 00s mxdx. 

J o aJ 

Similarly, \^ 00s mxdx = — + — c"^ sin nix dx. 

Substituting, and solving f or J e*^ sin ww? (&, we obtain 

f ^ . , e*" (flf sin wa? - w cos mx) , . 

K^ sin wo? rfir = — ^ -. (i\) 

J a^ -^ m- ^ ^ 

In like manner we get 

r ^ ^ f^ (a cos mx-^ m sin m^ , . 
ef^ cos mx dx = — ^ -. (24) 
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Examples. 

1. I a;*» log xdx, Ans, ( log a: \. 

2. I tan'^a? dx, x tan-^a? — log (i + «')• 

(t: 
X tan' « <fe. X tan « + log (cos x) 



sin-^ X dx 



Isin-^ 



Bin ^ X i , y „v 

-.=:^ +-log(l -*»). 



- a;«)^ y/i - x^ 

Let a; = sin y, and the integral becomes 

J ^^ co^ "" J ^ ^^^^ y) « y tan y -+ log (cos y). 

5. f d» a;» <fa?. f« (ar? - 2» + 1). 

2 2 . Integration by Bationalization. — By a proper assump- 
tion of a new variable we can, in many cases, change an ir-^ 
rational expression into a rational one, and thus integrate it.. 
An instance of this method has been given in Art. 8. 

The simplest case is where the quantity under the radical 
sign is of the form a + bx; such expressions admit of being: 
easily integrated. 

For example, let the expression be of the form 

a/^ dx 

{a + bx)^^ 

where n is a positive integer. Suppose a-\- bx = e*, thea 

_ 2zdz - z'-a 
ax = — 7—, and x = —7— ; 
6 

making these substitutions, the expression becomes 

2{z^ - aY dz 
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Expanding by the Binomial Theorem and integrating the 
teims separately, the required integral can be immediately 

f onnd. It is also evident that the expression j- can 

{a + hx)q 
be integrated by a similar substitution. 

aj**"** dx 
23. Integration of 



(a + ca^y 
where m is a positive integer. 

Let a + ca:* = s' ; then xdx = — , a? = : and the 

c c 

transformed expression is 

(a* - a)^dz 

This can be integrated as before. It can be easily seen 

that the expression ;: is immediately integrable by 

{a + ca?*)j 
the same substitution. 

A considerable number of integrals will be found to be 
reducible to this form ; a few examples are given for illustra- 
tion. 

Examples. 

An». (i - »■)*. 

+ « ; where z = v 1 + «'• 

^dx - (la + lex^) 



tx^dx 
7fT 



I- 



3<?» {a + ex*)i 

24. It is easily seen that the more general expression 

f{oi^) xdx 

*/ a +Cic» 

where f{a?) is a rational algebraic function, can be rational- 
ized by iie same transformation. 



J 
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Again, if we make 4? = -, the expression 
dx 



transforms into 

Ja^T^' 

and is reducible to the preceding form when n is an even post'- 
tive integer. 

Hence, in this case, the expression can be easily integrated 
by the substitution {a + ca^)^ = xy. 

It will be subsequently seen that the integrals discussed 
in this and the preceding Articles are oases of a more general 
form, which is integrable by a similar transformation. 

Examples. 

(dx ^ fi/x^ — I , - . 

J «6 (I + 3:2)** " 15a; \ x^^ ai^Y 

25. Integration of --. ^ -. ^ rr^. 

As in the preceding Art., let {a + cx^yt = xz^ 01 a -^ ex'*" 
= a?z^ : then, if we differentiate and divide by 2Xy we shall 



liave 



cdx = z^dx + xz dZj or — = 



xz c 
dx dz 



* ' (a + cx"^)^ c - z^^ 

and the transformed expression evidently is 

dz 

{Ac-Ca)-Az'' 



(25) 
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Tliis is reducible to the fundamental formula (/), or (A), 

,. Ac - Ca . ... 
accordmg as ^ — is positive or negative. 

Hence, ( i) if -j — > o, the integral is easily seen to be 

I - f^/A(a + cx^) 4 xVAc - Ca\ , ,, 

— ^ = log ^ ' -^ — 1. (26) 

2y/A{Ac - Ca) \yA{aT^) - a^Ac -Ca) 

(2). If — < o, the value of the integral is 



I . , x^Ca - Ac . . 

■ ,— = tan-^ - . (27) 

yAiCa-Ac) ^A[a + cx') 

Examples. 

f dx I ^ , / 5J? \ 

'• J (3 + 4^^) (4 - 3^^)^' 5 v^ 2 '""' V773^«/ • 

^' J (4 - 3*') (3 + 4^')** ao °^ i -N/JTi^' - 5* 

26. Rationalization by Trigonometrical Transformation. — 
It can be easily seen, as in Art, 6, that the irrational expression 
-v/a + 2ftaj + cic^ can be always transformed into one or other 
of the following shapes. 

(i)(«'-2']i, (2)(«' + ^)J, (3)(2'-a')i; 

neglecting a constant multiplier in each case. 

Accordingly, any algebraic expression in x which con- 
tains one, and but one, surd of a quadratic form, is capable 
of being rationalized by a trigonometrical transformation : 
the first of the forms, by making z = a sin 6 ; the second, by 
z- a tan ; and the third, by s = a sec 6. 
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For, (i) when s = a sin 0, we have (a' - s*)i = a cos &^ 
and dz=^ a cos 6fl?S. 

(2). "When s = a tan 0, .... (a* + s')i = a sec S, and 

ade 
cos^fl 

(3). When z = a sec 0, .... (s* - o?)^ - a tan 0, and 
dz = a tan S sec Odd, 

A number of integrations can. be performed by aid of one 
or other of these transformations. In a subsequent place this- 
class of transformations will be again considered. For the 
present we shall merely illustrate the method by a few ex- 
amples. 

Examples. 



f dx 

ja?«(i +i 



Let X = tan 9, and the integral becomes 

I cos edB [ d (sin 0) i v i + x^ 



icos edB _ f i 



sin' B sin B 



[• dx 



Let » = a sin 0, and we get 



[ dB _ tan © __ 



a» J cos»e a« ^2 ^a^ - x^ 

This has been integrated by another transformation in Art. 15. 

r dx 
2' Ji3(ari-i)4' 

Let a; = sec 9, and the integral becomes 

sin 9 cos 9 B 



I cos« BdBy or, by (3) Art. 3, + - 

accordingly, the yalue of the integral in question is 

^ — - — +-COS-M-) . 
2a;« a \x) 



On Transformations. 27 



(I +; 



(I + X*)^' 

Let X = tan 9, and we get 

e°6 (a cos e + sin 0) 



Let sin^ 0, or a; s a tan' $, and the integral becomes 

a -i- X 

ajed (tan* tf), or a JO d (sec' tf) : (since sec' 0=1+ tan' 0). 

Integrating by parts, we hare 

J0fi?(sec' e) = pec« - J 8€c'e </0 = see' - tan d : 

hence the value of the proposed integral is 



(a + x) tan-i 



O'-w- 



It may be observed that the fandamental formulae (e) and (/) can be at 
once obtained by aid of the transformations of this Article. 

27. The student must not, however, take for granted that 
whenever one or other of the preceding transformations is. 
applicable, it famishes the simplest method of integration* 
We have, in Arts. 8 and 13, already met with integrals of the- 
class here discussed, and have treated them by other substitu- 
tions ; all that can be stated is, that the method given in the 
preceding Article will be often found the most simple and 
useful. The most suitable transformation in each case can 
only be arrived at after considerable practice and familiarity 
with the results introduced by such transformations. 

By employing different methods we often obtain integrals 
of the same expression which appear at first sight not to 
agree. On examination, however, it will always be found 
that they only differ by some constant ; otherwise, they could, 
not have the same differential. 
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28. Higher Transcendental Functions. — Whenever the ex- 
pression under the radical sign contains powers of x beyond 
the second, the integral cannot, unless in exceptional cases, 
be reduced to any of the fundamental f ormulse ; and conse- 
-quently cannot be represented in finite terms of x, or of the 
ordinary transcendental functions": i. e. logarithmic, expo- 
nential, trigonometrical, or circular functions. Accordingly, 
the investigation of such integrals necessitates the introduc- 
tion of higher classes of transcendental functions. 

Thus the integration of irrational functions of x, in which 
the expression under the square root is of the third or fourth, 
-degree in ^, depends on a higher class of transcendentals 
oalled Elliptic Functions. 

29. The method of integration by successive reduction is 
reserved for a subsequent place. The integration of rational 
fractions by the method of decomposition into partial frao- 
iions will be considered in the next chapter. 

30. Observations on Fundamental Forms. — ^From what has 
been already stated, the sign of integration J may be regarded 
in the light of a question : i. e., the meaning of the expression. 
J F (x) dx is the same as asking what function of x has F {x) 

for its first derived. The answer to this question can only 
be derived from our previous knowledge of the differential 
"Coefficients of the different classes of functions, as obtained by 
aid of the Differential Calculus. The number of fundamental 
formulae of integration must therefore, ultimately, be the 
^ame as the number of independent kinds of functions in 
Algebra and Trigonometry. • These may be briefly classed as 
follows : — 

(i). Ordinary powers and roots, such as aj^, a^, &c. 

(2). Exponentials, o*, &c., and their inverse functions; 

viz.. Logarithms. 
(3). Trigonometric functions, sin x, tan a?, &c., and their 

inverse functions ; sin"^a?, tan~^a?, &o. 

This classification may assist the student towards under- 
•standing why an expression, in order to be capable of inte- 
gration in a finite form, in terms of x and the ordinary 
transcendental functions, must be reducible by transforma- 
tion to one or other of the fundamental formulae given in 
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this chapter. He will also soon find that the classes of in- 
tegrals which are so reducible are very limited, and that the 
large majority of expressions can only be integrated by the 
aid of infinite series. 

The student must not expect to understand at once the 
reason for each transformation which he finds given : as he, 
however, gains familiarity with the subject he will find that 
most of the elementary integrations which can be performed 
group themselves under a few heads; and that the proper 
transformations are in general simple, not numerous, and 
usually not diflBcult to arrive at. He must often be prepared 
to abandon the transformations which seemed at first sight 
the most suitable : such failures are not, however, to be con- 
sidered as waste of time, for it is by the application of such 
processes only that the student is enabled gradually to arrive- 
at the general principles according to which integrals may be- 
classified. 

Many expressions will be found to admit of integration 
in two or more different ways. Such modes of arriving at 
the same results mutually throw light on each other, and will 
be found an instructive exercise for the beginner. 

31. Definite Integrals. — ^We now proceed to a brief consi- 
deration of the process of integration regarded as a summa- 
tion, reserving a more complete discussion for a subsequent 
chapter. 

If we suppose any magnitude, w, to vary continuously by 
successive increments, commencing with a value a, and termi- 
nating with a value /3 : its total increment is obviously repre- 
sented by /3 - a. But this total increment is equal to the sum 
of its partial increments ; and this holds, however small wo 
consider each increment to be. 

This result is denoted in the case of finite increments, by^ 
the equation 

S (Att) = i3 - a : 

and in the case of infinitely small increments, by 

f(f«-/3-a; . {2S) 
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in which /3 and a are called the limits of integration : the 
former being the superior and the latter the inferior limit. 

Now, suppose w to be a function of another variable a?, 
Tepresented by the equation 

ihen, if when x = a^u becomes a, and when x = by u becomes 
^, we have 

Moreover, in the limit, we have 

du =/" (x) dxy 

neglecting* infinitely small quantities of the second order 
<See Dif. Cal., Art. 7). 

Hence, formula (28) becomes 



i 



f{x)dx^f{b)-f{a)', (29) 



in which h and a are styled the superior and the inferior limits 
of Xy respectively. 

It should be observed that the expression f\x) dx re- 

* b 

presents here the limit of the sum denoted by S {/(x) Ax)y 

a 

when A a? is regarded as evanescent. 

In the preceding we assume that each element/' (^) dx is 
infinitely small for all values of x between the limits of inte- 
gration a and b ; and also that the limits, a and 6, are both 
finite. 

A general investigation of these exceptional cases will be 
found in a subsequent chapter : meanwhile it may be stated, 
reserving these exceptions, that whenever/ (a?) , i. e. the integral 
of/' {x) dx, can be formed, the value of the definite integral 

/{x) dx is found by substituting each limit separately in- 
b 



i 



* In a subsequent chapter on Definite Integrals, a rigid demonstration will 
be foun«l of the property here assumed, namely that the sum of these quantities 
of the second order becomes eve^nescent in the limit, and consequently may be 
neglected. Compare also Art. 39, Dif. Cal. 
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«tead oixvDif{x)y and subtraoting the value for the lower 
limit from that for the upper. 

A few easy examples are added for illustration. 



Examples. 

sin BdB, Am, i. 



i 

f^ dx 
J a* + «'' 



> 

dx 



4a 



I ^ sin ^xdx. 



w I 

0" 8 "4 

*dx 



c*dx 
Kx^ 



6, \^iioa^xdx. 



a «4 
35' 
{* xdx I , 

32. Changre of Idmits. — ^It should be observed that it is not 
Tiecessary that the increment dr should be regarded as positive, 
for we may regard x as decreasing by successive stages, as 
well as increasing. 

Accordingly we have 

|V(x)(&=/(a)-/(6) = -|V»d;r. (30) 

That is, the interchange of the limits is equivalent to a change 
of sign of the definite integral. 
Also, it is obvious that 



^ (a?) cte = I ^ (a:) die + ^ (a?) dip ; 



and so on. 
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Again, if we assume ^to "be any function of a new variable^ 
s, so that ^ [x) 6?a? becomes (// (s) ofe, we obviously have 



^[x)dx = xfj (s) dzy 

JXq JZq 



where Z and Zq are the values which z assumes when X and 

Xo are substituted for a?, respectively. 

dx ' 
For example, iix = a tan Zy the expression -r-s — -^rrbe- 

comes ; — ; and if the limits of a? be o and a, those of 

a^ ' 

z are o and — . Consequently 

•/ "^ 

Also, if we substitute a - ^ for a?, we have 

pa ro pa 

(J) {x) dx^- \ <l>{a-z) dz=\ <p(a - z) dz. 

Since neither x nor s occurs in the result, this equation 
may evidently be written in the form 

(x) dx = \ ^{a-x) dx. (31) 

33. Values of sinm^sin7}ar(£r,and ooamxGOsnxdx^ 

Since 2 siama sm nx = cos {m - n) x - cos {m + w) Xy 
and 2 cos WiP cos nx = cos (w - n) .r + cos (w + ;?) ^» 

we have 

sin (m - n)x sin (m + «);r 



sin »w? sin nxdx = • 



2 (w - /») 2 (w + 7?) * 



Definite Integrals. 33 

and cos mx cos nxda = — ) 7- + — ) —. 

J 2 {m - n) 2{m'¥ n) 

Hence, wHen m and n are unequal integers, we haye 

mmueemnxdx^OyQjidi oosms oosnxdx = o. [32) 

When w = n, we haye 

f . , . f I - cos 2na? _ a 'em 2nx 

I sin' naax « cto = , 

J J 2 2 4n ' 

sin' nxdx « — , when n is an integer. 
In like manner, with the same condition, we haye 

cos* nxdx = -. (33) 

Jo 2 
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Examples. 
(i +cosx)dx . _ I 



Ans. — - 



3 



!(i + cosa;) di 

(«+Bmx)8 • ^"" 2 (a? + sin a;)» ' 

[ a? sin a; dx. sin a; - a? cos x. 

[l^^dx. 3log(l+a:)-x. 

C (a + 6a^)»»*i 

4. j(« + ia;«)-»n-i^. lio^TTTyy- . 

6. f ^_^. log(tan-i^). 

J (I + J^*) tan-la; 

. f ^^ . -Ltan-i(*tana:). 

^' J a* cos^x + A* sin'a; ab \a / 

f _tan^__ _^ ^ 1 (^cos^a: + b sin'a?). 

11. fS^iS^f)^. Bin (log ^). 

dx 

12. Show that tlie integral of — can be obtained from that oix^dx. 

/pm+l _ a»»+l 

"Write the integral of x^ dx in the form ; and, by the method of 

indetenninate fonns, Ex. 5, Ch. iv. Diff. Cal., it can easily be seen that the 
true value of the fraction when w + i = o is log f ^ j , or log x, omitting the 
.arbitrary constant. 

13. J««* sin mx cos nxdx. 

This is immediately reducible t(y the integral given in formula (23). 

(4 +5 tan- 
^J5 + 4Siua! 3 \3 
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16. f;c(a + :t)Ji«r. 3(« + ^)* (4^ - 3«) 

J A. 7 * 



f a^ 



4-7 



Xet a + iaj2 =, ^2, 

9 f (p + y cos a?) d!r 

J a + d COS a? . 

'This is equivalent to 

I qdx pb-qa f dx 
b b J a + 6 cos a;' 

And accordingly can be integrated by Art. 18. 

fx^dx 0K 
7 — : — ^* ^f^* . 

(i+a;)2 l+a; 

C xdx 



Ia;da? I 

^{a + ix)*' ia (a + Ja^)*' 



22 



Xet «3 ^ I - g2, 

*V «» + I 
24. Integrate 



I , f ^/i -i-a:**- i ^^ 



<^ 



a + d cos 



, ., .^, .. a + a cos tf 

l)y aid of the aaaumption x = r -. 

' a + 6 cos a 



D 2 
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25. Deduce Gregory's expansion for tan-^a; from fommla (/). 
"When « < I, we have 

= I - «« + jr< - a:* + &o. 



I +«* 



^ • t dx X* x^ xT ^ 

.', tan-i« = = aj + +&c. 

J I + «* 3 5 7 

No constant is added since tan-*^ vanislies with x, 

26. Deduce in a similar manner the expansions of log (i + ar), and sin-^ a?» 

27. Find the integral of r :— . 

a + 6cos0 + c8m0 

This can he reduced to the form in Art. 18, hj assuming - = cot <r, &c* 

c 

f dx 

J (a + hx)y/i +««' 

I / aA-bx \ 

This can he integrated either hy the method of Art. 13, or hy that of Art 2^ 

!; sin xdx . I , 
« Ana. - log 2. 
. cos a? 2 



29 



30- 



' 

w 

■i Ox 



j*— . Iog(i + v^. 

dx I 

8* 



5»a» 



32. [ y/^fl:^dx. 

J 

33. I a? Tersin-* { ~ ) '^^ 

(^ dx I, 

J 4 ■»■ 5 tttt « 3 

35. [^_^^ — It^-'CA^ 

-^^ J 5+4 8m» 3 V3/ 



( 37 ) 



CHAPTEE n. 

INTEGRATION OF RATIONAL FRACTIONS. 

34. Bational Fractions. — ^A firaotion whose numerator and 
denominator are both rational algebraic fimotions of a 
Tariable is called a rational fraction. 

Let the expression in question be of the form 

aaS^ + hxf^^ + cj?*^^ + &c. 



o V + 6 V-^ + c V-* + 1 



in which m and n are positive integers, and «, i, . . . a', i', . . . 
are constants. 

In the first place, if the degree of the numerator be 
^eater than, or eqiud to, that of the denominator, by 
•division we can obtain a quotient together with a new 
fraction in which the numerator is of a lower de^^ree than 
the denominator ; the former part can be immediately in- 
tegrated by Art. 3. The integration of the latter pcurt in 
^neral comes under the method of Partial Fractions. 

35. Before! proceeding to the general process of inte- 
gration of rational fractions, we propose to consider a few 
elementary examples, which will lead up to, and indicate in 
what the general method really consists. 

We commence with the form already considered in Art. 7 ; 
in which, denoting by ai and 02 the roots of the denominator, 
the expression to be integrated may be represented by 



Assume 



(jt? + qx) dx 
(iP-ai) (x-ik^' 

p + qx Ai At 



{x - ai) (dJ — 02) X — Qi X - Ui 
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Multiplying by {x - ai) {x - 02), we get 

p ■¥ qx ^ - {Aiaz + -izoi) + {Ai + -4a) a?. 

Hence, we get for the determination of Ai and A2 th& 
equations- 

p = -Aitti-Azaiy q = Ai-hAz'y 

whence we obtain 

. p ■\- qai , P'\' qa2 

Consequently 

(p + ^'a?) (£r _ I? + gai f e^ p -k- qa^ [ dx 

-02 



(jp + ^a?) dr _ I? + gai f e^ p -\- qa-^^ dx 
(a? - oi) (a? - 02) 01-02 J a; -ai oi-ozja:-* 



Oi - Oa 

In like manner 



^ ' (•;> + goi) log (a? - ai) - (jp + goa) log (a: - 02) . 



p -\- q^ _ Ai A2 



(aj'-oi) (aj'-02) ar*-oi 0^-02 
where Ai and A2 have the same values as above ; hence 

f {p-¥qo!^)dx _ A [ dx a[^ 

J (;«;'- - a,) (a?* - 02) ~ J a;' - ai J a?" - oa' 

But each of the latter integrals is of one or other of the- 
fundamental forms (/) and (A) of Chapter I.; hence the- 
proposed expression can be always integrated. 

Again, let it be proposed to integrate an expression of 
the form 

{p ■¥ qx -\- ra?) dx 

(a?-ai) (a: -02) (a^-os)* 
"We assume 

p ■¥ ox ■¥ rx^ Ai A2 Ai 



(a? - oi) {x - Qa) {x - tta) x-ai a? - oa a: - os * 
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and, eleajing from fractions, and identifying both sides "by 
equating the coefficients of ^', of a?, and the part independent 
of iP, at both sides, we obtain three equations of the first 
degree in -4i, -^2, -^3, which can be readily solved, by ordinary 
algebra ; thus determining the values of ^1, ^3, A^ in terms 
of the given constants. 
By this means we get 

f {p-\'qx-¥f^)dx ^ ^^ r da ^ ^^ r dx ^ ^^ | da! 
J (x-ai) {x-a2){x-az) jx-ai *Ja?-02 J^r-aa 

= Ai log {x - oi) + A2 log {a - 02) + Ai log {x - 03). 
We shall illustrate these results by a few simple examples. 

Examples. 

J a* + 2aj — 3 4 4 

3. I —^ . -log tan-la:. 

— , - tan-* a? - 7 tan-* -. 

«*+5** + 4 3 6 a 



5- 



ir»-i 



a;«+i 



Here tha denominator is equal to a? (a: - 2) (* + 3) ; and we have 
«« + af-i _^. -^g , -^3 



a;(«-a)(«+3) a? a; -a a? +3 
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hence a* + a - i = -4i («• + «- 6) + A2x{x + 3) + Azx(x - 2), 

.;. the equations for determining Ai, A2 and Az are 

^1 + -^2 + -4s = I, Ai + 3-42 - 2-4$ = I, . ^Ai = I, 
whence we get 

Ai = ^, -42 = -, Az = -. 
023 

„ f (22^+2*24-44;+ Oe/r ^ • , /^ 

8. I ^^ — ' — . -4#w. a?« + log (««+ a? + I). 

We now proceed to the consideration of the general 
method ; and, as it is based on the decomposition of partial 
fractions, we begin with the latter process. 

36. Partial Fractions. — The method of decomposition of 
a fraction into its partial fractions is usually given in treatises 
on -Algebra ; as, however, the process is intimately connected 
with the integration of a large class of expressions, a short 
space is devoted to its consideration here. 

For brevity, we shall denote the fraction under con- 

fiideration by ^^-^-r. 

Let ai, 02, as, . • . a» denote the roots of {x) ; then 

^[x] = [x - ai)[x'- a^[x - a^ . . . (ir-a„). (i) 

There are four cases to be considered, according as we 
have roots, (i) real and unequal; (2) real and equal; (3) 
imaginary and unequal ; (4) imaginary and equal. 

We proceed to (Uscuss each class separately. 

37. Beal and Unequal Boots. — In this case we may 
assume 

fpyx) x-Qi x-a2 x-az x-On 

where -4i, -^2, . ... An are independent of x. For, if the 
equation be cleared from fractions by multiplying by 0(^), 
on equating the coefficients of like powers of a on both 
sides, we obtain n equations for the determination of the u 
constants -^1, ^3, . . . An* 
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Moreover, since these equations contain -4i, -^2, &o., only 
in the first degree, they can alwajrs be solved : however, since 
the equations are often too complicated for ready solution, 
the following method is usually more expeditious. 

The equation (2), when cleared from fractions, gives 

f[x) = Ai[x-a^[x-a^ . . .[x-a^ -\' At[x-ai)[x''a^ . . . 

[x-at^ + &c. + An[x-a^[x-a^ . . . [x-an-i] ; 

^nd since, by hypothesis, both sides of this equation are 
identical for aU values of Xy we may substitute d for x 
throughout ; this gives 

/(oi) = Ai (oi - 02) (ai - as) . . . (ai - a«), 
or 

In like manner, we have 

^ (02) (09) ^ (an) 

Hence, when all the roots are unequal, we have 

/^=/W_L_,/y_L_,&e..4-!-^. (4) 
«W 0(ai)^-ai 0(02)4; -02 0'(a„)a?-a„ ^ 

Accordingly, in this case 

+ ^jlog(^-«„). . (5) 

The preceding inTestigation shows that to any root (a), 
which is not a multiple root, ooiresponds a single tenu in the 
integral, viz. 

4^1og(x-a); 



J 
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one which can always be found, whether the remaining roots 
are known or not ; and whether they are real or imaginary. 

38. It should also be observed that even when the degree 
of ^ in the numerator is greater than, or equal to, that in the 
denominator, the partial fraction corresponding to any root 
(a) in the denominator is still of the form found above. 

For let 



I 

where Q and R denote the quotient and remainder, and let 

-4 R 

be the partial fraction of -yr- corresponding to a single 

root a ; then, on multiplying by {x) and substituting «. 
instead of Xy it is easily seen, as before, that we get 

«'(«)■ 

For example, let it be proposed to integrate the ex- 
pression 

a^dx 

a^ - 2iXf^ - ^x + 6* 

Here the f£U5tors of the denominator are easily seen to be 

X - ly X + 2y and a? - 3 ; 

accordingly, we may assume 

^ 2 o ^ ^ CI 



a^ - ix^ -5a? + 6 ^ x-i x-2 a?-3 

To find a and /3, we equate the coefficients of a:* and a^ te 
zero, after clearing from fractions : this gives immediately, 
a = 2y and /3 = 9. 

Again, since ^ {x) = x^ - 2x^ - 5/c + 6, we have 

ip'{x) = 3^' -4^ -5- 
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Accordingly, substituting 1,-2, and 3, successively for x- 
in the fraction 



^x' -4^-5' 
we get 

A^-l, B^-'A C^'-^, 
6' 15 10' 

and hence 

^ , . I 32 . 243 

= a^-h2x + g- 



a^-2Qi^-^x-vt ^ t[x-i) i5(a? + 2) io(a:-3)^ 

f a^dx a^ , log(aJ-i) 

J «* - 2^' - 5« + 6 3 ^ 6 



39. If the numerator and denominator contain x in even 
powers only, the process can generally be simplified; for,, 
on substituting z for ir», the fraction becomes of lie form 

i^iz)' 

Accordingly, whenever the roots of fp{z) are real and 
unequal, the taction can be decomposed into partial fractions,, 
and to any root (a) corresponds a fraction of the form 



The corresponding term in the integral of 



is obviously represented by 



dx 



/(«) f dx 



^ 
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This is of the form (/) or (A), according as a is a positive 
or negative root. 

The case of imaginary roots in {z) -will be considered in 
A subsequent part oi the chapter. 

It may be observed that the integrals treated of in Art. 5 
«re simple cases of the method of partial fractions discussed 
in this Article. 



EXAHPLES. 






{ix + 3)^ 

■2X' 



Here the factors of the denominator evidently are x, x-i, and a; + 2 ; we 
•accordingly assume 

2a? + 3 A B C 



a^^- X'^-2X X X-l X-\-2 

Again, as ^ (a;) = a^ + a?* — 2a;, we have ^'(a?) = ^x^ + 2a: - 2 ; 

^ /(^) ^ 2a?+3 
<t^'(x) '^ 3a;* +2* -2* 

Hence, by (3) we have 






^consequently 

(2ar+3)</a: 



Here 



f dx 

J (a:* + a*) (a:* + ^2)* 

_ W ' L_\ 

lience the value of the required integral is / 

fxdx 
ix' + a) {x' + i 



-0) 
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Substitute t for x^, and the transformed integral is 

f I dz 

j2(« + a) (« + A)' 
Consequentlj the value of the required integral is 

^3—^^. Am. 3a? + iilog(a? - a) - 2 log(a? - i). 



8. 



f(2a;+i)diF I, , . X 3i ^ 

U^^- ^-■(7l)^-■-(S^)• 



f dx{af-\-Vif<) 
J a:«*i (a + i 



Let «• = -. . ^^^^ 

s 



\ 



40. Multiple Beal Boots. — Suppose ^ (a;) has r roots each 
equal to a, then the fraction can be written in the shape 



{x-aYrp{x)' 




In thin case we may assume 




Ax) Mr M, 


+ ^' + ^ 


(*-«)',/*(*) - {x-a)r (a:-«)«'-- 


aj-o ^(ip)' 



where the last term arises from the remaining roots. 

For^ when the expression is cleared from fractions, it is- 
readily seen that, on equating the coefficients of like powers 
at both sides, we have as many equations as there are 
unknown quantities, and accordingly the assumption is a 
legitimate one. 
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In order to determine the coefficients, jifi, Mi^ &c. . . . M^ 
-clear from fractions, and we get 

f{x) = M^yl,[x)+Mi[x-a)yl,[x) + Mlx-afyl,{x) + &c. . . . (6) 

This gives, when a is substituted for a?, 

/(a) = Jfi)A(a), or ilfi = ^. (7) 

Next, differentiate with respect to a?, and substitute a 
instead of ^ in the resulting equation, and we get 

/'(a) =ilfii^'(a)+Jf2i^(a); (8) 

which determines M2. 

By a second differentiation, Mz can be determined ; and 
«o on. 

It can be readily seen, that the series of equations thus 
arrived at may be written as follows — 

f\a) = Jfi i//» + 2 . Jf2i//'(a) + 1 . 2.Mzrl,[a). 
f'\a) = Jfii/.'» + 3 . M4\a) + 2.3. ifaf (a) + 1 . 2 . 3 .]i[4[a). 
f\a) = Jfi)A*^(a) + 4.-af2f>)+3.4.-a^3f'(a)-+2.3.4.ilf,^^^^^ 

in which the law of formation is obvious, and the coefficients 
can be obtained in succession. 

The corresponding part of the integral of 

f{3c)dx 



evidently is 

_^ - . . Mr-i I Mr-2 Ml , . 

Mr logte -a) 7 r^ - ... - 7 ^-7 r— -. ( o) 

If ^ {x) have a second set of multiple roots, the cor- 
responding terms in the integral can be obtained in like 
manner. 
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41. Imaginaxy Boots. — The results arrived at in Art. 37 
apply to the case of imaginary, as well as to real, roots; 
however, as the corresponding partial fractions appear in 
this case nnder an imaginary form, it is desirable to give an 
investigation in which the coefficients are all real. 

Suppose a + h^/ - i and a - b^ - i to be a pair of 
conjugate roots in the equation ^ (a?) = o ; then the cor- 
responding quadratic factor is 

{x - ay + b\ or x^ +px + q (suppose). 

We accordingly assume 

ip{x) = {ic'+px + q)\P{x\ 

and hence 

f(x) Lx + M P 

^{x) a^+px + q Q' 

P 

where -^ represents the portion arising from the remaining 

Toots, and -r is the part arisini? from the roots 

' ai'+px + q ^ ^ 

^ ± h^ - I. 

Multiplying by ^ (oj) we get 

f{x) = {Lx^M)^\.{x)^{j?^px^q)'^y\,(x). (10) 

If in this, - {px + q) be substituted for i»*, the last term 
disappears ; and by repeating the same substitution in the 
equation 

f{x) =xl,{x){Lx + M), 

it ultimately reduces to a simple equation in a; ; on identify- 
ing both sides of this equation, we can determine the values 
of L and JT. 

42. In many cases we can determine the coefficients Z, My 
more expeditiously, either by equatinff coefficients directly, 
or else by determining the other partial fractions first, and 
fiubtracting their sum from the given fraction. 

It will also be found that the determination of many 
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integrals of this class can be much simplified by a trans- 
formation to a new variable, or by some other suitable 
expedient. 

Some elementary examples are added for the purpose^ 
of illustration. 



Examples. 

Ixdx 
(i + x)(i + a^)' 
Assume 

X A Lx^-M 

■ + • 



(i +»)(!+»«) i+aj i+a;» 
clearing from fractions, this becomes 

a = ^ (I + »») + (Za? + Jf ; (I + a?). 
Equate the coefficients, and we get 



Hence 



and accordingly 



2 a 2 



II I I +» 



(i + a;)(n-ar«) 2l + ar 21+a;' 



f xdx I. I i+g* 

f dx 

J i+. 



+ -tan-iar. 

2 



dx 

2, 



Let 



A Lx^M 

+ 



i + a;* i+a? i-« + j 



consequently, ul = -, by formula (3). Substituting and clearing £rom fractions^ 

we have 

3 = i-a? + «« + 3(X« + Jf)(i+a;); 

hence, dividing by 1 + a*, we have 

2 - «; = 3 {Lx + K). 
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Consequently, 

I dx I f <fa I f (a - ar) <to 

This can be got from the last by changing the dgn of x, 

f dz 



4. 
In this case we have 



Let ^ = 2, and the integral becomes 

J C zdz 

f x^dx 



(a;-i)« («*+!) * (a;- i)» ■*■«-!'*" I + a?» ' 

To find Z and Jf, we clear from fractions, and by Art. 41, the Talaes of Z and 
M are f onnd by making «' b — i in the following equation, 

«»=: (Xa; + Jf)(a?-i)2. 
This gives immediately X =» - -, Jf = o. 

Again, by Art. 40, we get immediately, A^-. 
To find J9, make a? = o in both sides of our identity, and we get 
o s ^ - ^ + JT, .', S = A ^ -. 
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Finallj 



x^dx II II IX 

1*1'. 



(x - if (x* -^ I) a (a; -I)* aa:-i 2i+a;<" 

;^ ^r7:3 — r = + -log(«-i)--log(«»+i). 

(a? - i)2 (a;* + I) aaf-i 2 °^ ' 4 

^* ]sfi-^xT-a^-a^' 

Here the denominator is easily seen to be a^{x~i)(x^- if (a;* + i), and tlie 
expression becomes 



f dx 

]sfi{x-i){x-^if{x*'^i)' 



Assume a; » -, and the transformed expression is evidently 
z 



J(2-l)(2 + l)«(2*+l)" 



The quotient is easily seen to be s - i ; and, by the method of Art. 38, we may 
assume 

«« A B C Lz-\.M ' 

= « -I + — r + r-r7^+ — r^ + 



(«-i)(« + i)2(««+i) ^«-i ^(«+i)«'^2 + i"^ 2«+i • 

Hence (Arts. 37, 40), we have 

^ 4 

Next| L and M are found by making 2' = - 1, in the equation 

«• = (X2 + if)(2-I)(2+I)^ 

which gives 

X + if=o, X-Jf = --. 

2 

• ". Jtt '^ •"» i = — — . 

4 4 

In order to find the remaining coefficient (7, we make 2 = 0, when we get 

o = -i-ui + 5+(7+if, .'. (7=1; 

o 
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hence we have 



x^ iiii 911 e-i 



IS5«<fa «* I, , V I I 



+ I log(« + 1) - ^ log(«» + 1) - i tan-' r. 

Hence, 

f dx I I I X I. i-« 

+ |log(«+i) -log«--tan-ii. 

43. Multiple Iniagrixiaxy Boots. — ^To complete the discus- 

•sion of the decomposition of the fraction \ [ ^ suppose the 

<lenominator ^ {x) to contain r pairs of equal and imaginary 
roots, i. e., let the denominator contain a factor of the form 

[[x - of + V^Y ; and 'suppose i^{x) = [[sc - a? + J'}''^i(ir). 
In this case we assume 

f{x) __ LiX + -Sfi Zaa? + Jfa 



the remaining partial fractions being obtained from the other 
TOots. 

There is no difficulty in seeing that we shall still have 
as many equations as unknown quantities, ii, Jfi, Z2, jlfj, . . . 
when the coefficients of like powers of a? are equated on both 



To determine Xi, jifi, Zj, &c. ; let the factor [x - ay + 6* 
be represented by X, and multiply up by X*", when we get 

^. = i, a? + jf 1 + (i^ iP + -af 2)z + . . . + (i^ + if,) x*--^ 

E 2 



N 



5 2 Integration of Rational Functions, * 

The coefficients Li and Jfi are determined as in Art. 41. 
To find L2 and M^ ; differentiate with respect to a;, and sub- 
stitute a + Jy^ - I for a? in the result, when it becomes 

where a?o = a + J>v/"- i. 

Hence, equating real and imaginary parts, we get two 
equations for the determination of £2 and Mz. By a second 
d&erentiation, is and M^ can be determined, and so on. 

It is unnecessary to go more into detail, as sufficient has 
been stated to show that the decomposition into partial frac- 
tions is possible in all cases, when the roots of f^[x) = o are 
known. 

The practical application is often simplified by transfor- 
mation to a new variable. 

44. The preceding investigation shows that the integra- 
tion of rational fractions is in all cases reducible to that of 
one or more fractions of the following forms : 

dx dx [A 4- Bx)dx [Lx + M)dx 



x-a' [x-ay [x'-ay-\-V [[x - af + V'Y' 

The methods of integrating the first three forms have been 
given already. We proceed to show the mode of dealing^ 
with the last. 

45. In the first place it can be divided into two others, 

L{x - a) dx ^ [La + M) dx 
[[x-ay-\-b^Y "^ [[x - a)«4- bY 

The integral of the first part is evidently 

-L 



2{r- i) {{x-af + bY"' 

To determine the integral of the other part, we substitute 
s for 0? - a, and, omitting the constant coefficient, it becomes 

r dz 

J (s' + bY' 
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Again 

r dz I r (g'+y-8')(fe i r <fe r_£&_ 

But we get by integration by parts 

f 2* efe ^ r zdz _ I r / I \ 



+ 



1 r (h_ 

•- l)J(2'+ 6' 



2(r - i) [z^+Vf-^^ 2[r - i) J (s' + 67-*' 
Substituting in the preceding, we obtain 
f dz ^ 2r'' s r dz z . . 

This formula reduces the integral to another of the same 

shape, in which the exponent r is replaced by r - i. By 

successive repetitions of this formula the integral can be re- 

dz 
■duced to depend on that of -; — jr. 

The preceding is a case of the method of integration by 
successive reduction^ referred to in Art. 19. Other examples 
of this method will be found in the next Chapter. 

The preceding integral can often be found more expedi- 
tiously by the f oUowing transformation. Substitute b tan 9 

dz 
for z, and the expression ^-5 — j-^ becomes, obviously, 



^[cos'-e^e. 



The discussion of this class of integrals will be found in 

the next Chapter. 

/(«') dx 
46. We shall next return to the integration of ; /.. , 

. ' . . >^^) 

which has been already considered in Art. 39 in the case 



J 
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where the roots of [%) are real. To a pair of imaginary 
roots, a±b */ - \^ corresponds a partial fraction of the form 

{A ^ + B) dx {Aar' + JB)dx 

(o?^ - ay + h"' ^^ a^ - zaa^ + (^ 

where c» = a* + V» 

In order to integrate this, we assume a = c cos 2^, when 
the fraction becomes 

{Ax" 4- B) dx 



a*- 2X^CQ0Q 2(p-\-C^ 



The quadratic factors of the denominator are easily seen 
to be 

x^ - 2x^c cos + t?, and o^ + 2x^/c cos + c. 
Accordingly we assume 
Ax^-^B Lx^M Ux + M' 



X^ - 2JI?C COS 20 + C* m^- 2a?V^C0S 0+ C X^ + 2X*yc COS 4- ^ 

hence, it can be seen without difficulty, that 

8cicOS0 2C 

and after a few easy transformations, we find 

f (-4a?' + B)dx ^ Ac- B ^ (a?- 2x^/0 cos + A 
Ja?*-2ar»ccos20 + c2"" 8oos0cl ^^ Xx" -^ 2x^000^ (^■\-c) 

Ac + B , , f2x^/c sin 6\ 

+ — ' — :j *8^ — ^1 — :x^ • 
4sm0(?t \ c^ - or ) 

dx 
47. Integration of 



(a? - «)"» (a? - 6)" ' 
This expression can be easily transformed into a shape- 



Integration of . r~7 =t-. 

which is immediatelj iategrable, by the following substitu- 
tion : — 

Assume a? - a « (a? - 6) 2 ; then 
a-hz (a-b) z . a - b . (a-b) dz 

I -S I -2 ' I -S' (l -2)' ' 

and the expression transforms into 
(i -zY'^'^dz 

Expand the numerator by the Binomial Theorem, and the 
integral can be immediately obtained. 
For example, ti^e the integral 

dx 



{x - ay {x - by 

Here the transformed expression is 
r (i -zYdz 

J {a - by 2' • 



or 



ZB ~~ fl 

Substituting 7 for 2, the integral can be expressed in 

X -~ 

terms of x. 

48. Integration of 



where m and n are integers. 

Let a + cx^ ^ 2, and the expression becomes 



{a + caj^)** ' 

)rs. 

he expresi 

(2 - a)^dz^ 



a form which is immediately integrable by aid of the Bino- 
mial Theorem. 



5 6 Integration of Rational Functions. 

It is evident that the expression is made integrable by the 
same transformation when n is either a fractional or a nega- 
tive index. 

It may be also observed that the more general expression 

. ^. - can be integrated by the same transformation, where 
f{(xP) denotes an integral algebraic function of x^. 



Examples. 
a?^dx I d 






Igfidx I I I 

dx 



49. Integration of 



of -i' 



where « is a positive integer. 

Suppose a an imaginary root of a^ - i = o, and it is evi- 
dent that o"^ is the conjugate root: also, by (3), the partial 
fraction corresponding to the root a is 



a 

or 



na^^[x-ay n{x-aY 

If to this the fraction arising from the root o"^ be added, 
we get 

n\x - a x-a^y n (x* - (a + a"^)ir +1) 

But, by the theory of equations, o is of the form 

2k'n' / . ikv 

cos + a/ - I sm , 



Integration of-- — . 

where * is any integer, 

.'. a + a = 2 COS . 

n 

Hence, if d be substituted for the preceding fraction 

I)ecomes 

2 ajcos 6-1 



n ' ar* - 22;cos6+ i' 
The integral of this, by Art. 7, is 

1 / /I ^\ 2 sin 6 , /a; - cos 0\ 
log (i - 2x cos e^-a?) jp- tan-^(^-^^-| 



cos 6 



There are two cases to be considered, according as n is 
«ven or odd. 

(i). Let w = 2r : in this case the equation a?'** - i = o has 
two real roots, viz., + i and - i ; and it is easily seen that 

dx i-a?-i i^ *T,, kir „v 

-T- = — log + — S cos — log (i - 2ir cos — + a;*) 



J 



/ hr\ 

/ as - cos — ' 

where the summation represented by 2 extends to all inte- 
gral values of k from i to r -i. 

(2). Let n = 2r + i, and we obtain 

f da log(:r-i) I ^ 2kw , / 2kir A 

-r-^ :=-^ ^ + S COS log i-2:rcos +«M 

jx^^-i 2r + I 2r+i 2r+i °\ 2r+i J 

( 2kTr 

dr - cos - 



2 „ . 2A;ir , A 2r + I , , . 



2r + I 2r + I I . 2A;7r 

sm 



2r + I 



58 Integration of Rational Functions. 

where the summation represented by S extends to all integral 
values of k from i up to r. 

50. Integration of -^ , where m is less than n. 

As before, let o be a root, and the corresponding partial 

fraction is — -—77 r or —. -r ; hence the partial fraction. 

na^'^ix -a) n {x - a) 

arising from the complementary roots, a and a"S is 

w \a; - a a? - g~7 n a?* - (g + g"^) a? + I 

2 X cos w0 - COS (m - i)d 
w ic* - 2iP cos + I ' 

where is of the same form as before. 

The corresponding term in the proposed integral is easily 
seen, by Art. 7, to be 

- |coswdlog(ic*-2:ucosO+ i) -2 sin wdtan"^ — : — g^-j. (15) 

n 
By giving to k aU values from i to — i, when n is even, and 

w — I 
from I to when n is odd, the integral requif ed can be 

written down as in the preceding Article. 
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Examples. 

2. I x^lx^^ ' ^ ^^^ (« - a) + log (^ + 0- 

{A + Bx^)dx A. Ba-Ab. - ^, 



9- 



s^dx 



'iog?ri+^^w.( 'V 



^- j(*+3)(*+i)»" 5(^71) "T^ Irny- 

8. f ^ . l^ioz(.J^J\^ I . 

]x{a->tbte^)* na^ ^ \a + to*/ na{a-^bx)^ 



f dx 
]x(a-tba;:>'Y 



u - by-^dz 
Let a + da» = «»•*, and the transformed expression is — : — . 

'®- /^ — T^ • -log(»8+i)-ilog(«+i) + itan-ia;. 

11. f-: T-^ . ^log(aj + 2)- — log(aj«+i) + — tan-**. 

12. Apply the method of Art. 47 to the integration of ; -rr-. 

(I + zy^^dz 
The transformed expression is - ^ j^r-j — . 

f sfidx 



6o Integration of Bational Functions. 

14. By a similar transformation, prove that 



J x»*ii -«)« J 



(r + z)^*^-^ds 



a» 



-: ; ; r. AviS, l lOg Sin 1 lOg COS - 



+ ^a _ ^ log (« + * cos x). 
Multiply by sin x, substitute u for cos Xf and the integral becomes 

J (I -«*)(« + M* 

!<£v IX XT. 

— : : . -log sin — logcos-+ -log(3+ a COS «). 

38m« + 8m2a; 5 ** a ® 2 5 ^^^ 

f C-^V- ^^tan-(^)-ilog(f^±4i^). 

Let »* = -, &c. 
18. Prove that 

\ r-— or = - -- 2co8 ^ '— log ( i - 2* cos ^ '— + «« ) 



+ - 2 sin ^ ^ tan-i < 

» 2n 



2» 

. (2A; - QiT 



2n 



> ; 



^here ^ extends through all integral values from i to n, inclusive. 



^9- Jit 



dx log(i+a?) r 



a?*»*i 2« + I 2« + I 



2 cos- 



(2*-i)ir 



:J)riog(i.,.cos(?^>..^) 

+ I ** \ 2« + I / 



2»+I 



_ . (2* - l)ir 

2 em -^ — tan~* < 

2«+ I * 



a; — cos 



sm 



(aA; - i)ir ' 
2n+ I 



2»+ I 

vhere A; assumes all integral values firom i to n inclusive. 
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CHAPTEE ni. 

INTEGRATION BY SUCCESSIVE REDUCTION. 

5 1 . Cases in which sin^'d cos'^0 dO is immediately Integrable. — 
We shall cominenoe this Chapter* with the disoussion of the 
integral 

/ sin*»0 eos«0 dO ; 

to which form it will be seen that a number of other expres- 
sions are readily reducible. 

In the first place it is easily seen that wheneviBr either m or 
this an odd positive integer the expression sin"*© cos"0 dd can 
be immediately integrated. 

For, if w = 2r + i, the integral becomes 

J sin"*© co8*'^>0rf0, or J 8in"»0 (cos'©)'' d (sin 0). 
If we assume a; = sin 0, the integral transforms into 

Jaf (i --a^ydx, (i) 

and as, by hypothesis, r is a positive integer, (i -a^Y can 
be expanded by the Binomial Theorem in a finite number of 
terms, each of which can be integrated separately. In like 
manner, if the index of sin be an odd integer, we assume 
a: = cos 0, &c. 

A few exieimples are added for the purpose of making the 
student familiar with this principle. 



* It may be obseryed tbat a large number of the integrals discussed in this 
Chapter do not require the method of Successive Reduction : howeyer, since 
other integrals of the same form require this method, it was not considered 
adylflable to separate the discussion into distinct chapters. 
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1. [ tanHdB. 

2. I cosS^BdB, 

3. I sizing fiO&^BdB. 

Jfsm^dB 



5. j ^Bin B co^BdB. 
J y^cos ^ 



Examples. 






^;t« 


cos^a 
3 


cos a. 




Bind- 






cosioa 
10 


coB^a 
8 ■ 




I ^ cos^d 
+2C08a . 

COS a 3 




2 sin^a 


2 sin* a 




3 


7 




2C0S^ 

5 


- 2 cosia. 




3 sinia 


7 



I y^cos a 
'^' J sinia • 

52. Again, whenever m + n is an even negative integer 
the expression sin*"0 cos**0rf0 can be readily integrated. 
For if we assume x = tan 0, we have 

008 = --;=, fliTifl = — — J and 



: — , DUX V - r, ooiix wv - — -— 3> 

y I + a?* yiT^* I + ^ 



«,nd the expression transforms into 



Hence, if m + n = - 2r, this becomes 
a form which is immediately integrable. 
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Take, for example, 77^-. 

^ J ooa'O 

Jjet X = tan 0, and we get 
U'(i ■\-a?)dx. 



tan'^e tan»0 

or + , 

3 5 



Making the same substitution, we obtain 

r (i ^x'ydx 

Henoe, the value of the proposed integral is 
*^*^ + tan'0 + log(tan0). 



Again, to find 



4 

d9 



sin^d 008^0' 



Here the transformed expression is ^ — -5-^ — , and ao- 
•cordingly the value of the proposed integral is 

^tan»0--\^. 
2 tan^d 

In many cases it is more convenient to assume ^ = cot 0. 
f ///} 
Tor example, to find -^— itt. 
J sm*e 

Since rf(oot 0) = - -.-^, if cot = x^ the transformed 
integral is 

- \[i -v a?)dx^OT- QoiB . 

The following examples are added for illustration. 
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Examples. 



fAnHdB , tan*d 

Am, 



3. 



J C08*a ' '""" 4 

J coB«a' '3*5 



^ 2 tan'e tan5(> 
tan d + + ■ 



Jsin^d ^0 2 

cos^a ' 3 

f de^ 

J sin*^ c< 



tan^a. 



8 
8 eot2d--cot32«. 



6. =-. 2taiiia(i+ J. 

JBm4dcos*a A 5 / 

When neither of the preceding methods is applicable, the 
integration of the expression sin"»0 oo8**flfl?0 can be obtained 
only by aid of successive reduction. 

We proceed to establish the f ormulse of reduction suitable 
to this case. 



53. Formia89 of Beduction for sin'^0 008*6 

[sin'^e cos~0rf0= j cos"-^0 sin'"0c?(sin 0) : 

consequently, if we assume 

„ ,^ sin"»«0 

U = COS""itf, V = , 

the formula for integration by parts (Art. 21) gives 
r noa*^^0 sin"'+^0 w - i f 

sin»«0 oos«0rf0 = + ^-^ sin««*^e cos'^'Orfe. (2) 
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In like manner, if the integral be written in the form 



- j fiin"^^9eo8~0rf(oos9), 



we obtain 

fsin«ecos«0rf0=^— ^ [da^'eooB^^'ede- ^'^'^^'^'^ . (3) 
J n + I J n + I ^^^ 

It may be observed that this latter f onnula can be de- 

rived from (2) by substituting — ^ for 9, and interchanging 

the letters m and n, in it. 

54. 'Case of one Positive and one Negative Index. — ^The 
results in (2) and (3) hold whether m orn be positive or ne- 
gative : accordingly, let one of them be negative (n suppose), 
and on changing n into - n, formula (3) becomes 

rsin'^e^ sin^^e _ ^:ZJ f s^n^^'Q ^fl 

J oos«e^ " (n - i) cos~-^e n - I J cos^^^e ^^' ^^^ 

in which m and n are supposed to have positive* signs. 

sin''*0 
By this formula the integral of — -7^ dO is made to de- 
•^ ^ cos^e 

pend on another in which the indices of sin and cos are 
each diminished by two. The same method is applicable to 
the new integral, and so on. 

If m be an odd integer, the expression is integrable im- 
mediately by Art. 51. If m be even, and n even and greater 
than m, the method of Art. 52 is applicable; if m » n, the 
expression becomes J tsxL^OdO ; which will be treated subse- 
quently; if » < m, the integral reduces to that of sin"*""0 dO 

r /7fi * 
Again, if n be odd, and > m, the integral reduces to — ^j^^. 



* The fonnuln of reduotion employed in practice are indicated by the capital 
letters. A, B, &c. : and in them the indices m and n are supposed to haye always 
positive signs. By this means the formulas will be more easily apprehended 
and applied by the student. 

F 
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f fiin*^*'© dd 

and if n< w, it reduces to ^ — . The mode of find-^ 

J cos 

ing these latter integrals inll be considered sabsequently. 

Again, if the index of sin be negative, we get, by 

changing the sign of m in (2), 

fcos'^g^g cog»-^e n-i fco^^g 

Jsin*"© (//»-i)sin"^*© m-ijsin"^*fi ' ^ ^ 



vo 



We shall next consider the case where the indices are 
^ both positive. 

55. Indices both Positive. — ^If sin"*0 (i - cos*0) be written 
instead of sin"^^0 in formula (2), it becomes 



1 



• ma na^a C08«-' sin"^^ 
8m"*0 008*0 a0 = • 



+ 



^?— ^f8in«0(co8«-*0-cos»0)rf0 = 



cos""^ sin*"*^ 



+ 



^^— if8in"»0 co8'^^0c?0-^^— ifsin~0cos»0c?0; 



hence, transposing the latter integral to the other side, and 

^. ... - m-¥n , 

dividmg by ^^-j-^, we get 

f . /» «/» 7/» cos""^ sin*"** n-if . ^^ «_«/»,/» ,^x 

8in~0 cos" rf0 = + sm«0cos"^0e;0. [C] 

J m + n m + nj ^ 

In like manner, from (3), we get 

f . «./! «njn ^^-I r • «o/i «njn siu*""* COS**** ,_. 

8m*"0 cos"0e?0 = sm«-- cos* 0e;0 . (D) 

J w + nj w + n ^ ' 

By aid of these formulsB the integral of sin"*0 oo8'*0 dO is 
made to depend on another in which the index of either 
sin 0, or of cos 0, is reduced by two. By successive appli- 
cation of these f ormulaB, the complete integral can always be 
foimd when the indices are integers. 



1 



Indices both Negative. 67 

56. Formidad of Beduction for m^BdO and cos^OdB. 
These integrals are evidently cases of the general formulae 
{C) and (D) ; however, they are so frequenty^ employed that 
we give the f otmulse of reductioa separately in their case, 

f - /» 7/» sill ^ 008**"^ n - I f «_,/»,/» / X 

cos^e dB = + GOs'^^BdB. (4) 

J n n } 

f • «/i jn COS fl sin"-^ B w - I f . .^ ,^ .V 

sm*0 fl?d = + smT^^BdB. (5) 

J n n ] 

The former gives, when n is even, 

n \ n-2 

(»-2)(»-4) / 

^('»-i)(«-3)(^-5)...lg^ 
w (n - 2) (w - 4) ... 2 

A similar expression is readily obtained for the latter 
integral. 

Examples. 

i 2 V 3 xa 8/ 16 

coafiede. g fco8«d + -j +-i(8iiidoo8d + eJ. 

57. Indices both negative. — It remains to consider the 
case where the indices of sin and cosfl are both negative. 

Writing - m and - n instead of m and n in formula (C), 
it becomes 

dB - 1 n+iC dff 



r dB -J n-n r 

J sin** cos^fl ~ {m + /*) cos**t^ B sin"^^ & w + fi J si 



^sin'*tfoos'**-«^ 
r 2 
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m + n 



or, transpofiiiig and mtiltlplyiiig by 
dB 



n+ i' 



r dd I m + n r dB 

J sin^tf cos"*'© ~ (« + 1)008**^© 8in"^^tf n + i J sin"*0 oos*0* 

Agaiiiy if we substitute n f orn + 2 in this, it becomes 



r dB ^ I 

I sin~0oofl"O (n - i) cos*^^ B ain"*"^© 



m + w- 



+ n-2 r 



(^0 



8in«»oos«-^0* 



m 



Making a like transformation* in formula D, it l)eoome& 
dO -I 



1 



8in»*doo8"0 (w- i) sui"^^floos'*"^fi 



w-i J sin«»-*6lcos~e* ^ ^ 



m 



In eacb of these one of the indices is reduced by two- 
degrees, and consequently, by successive applications of the 
formulae, the integrals are reducible ultimately to th6se of 

one or other of the forms — ^ or -r— ^ : these have been 

cos & sm & 

abready integrated in Art. 17. 

The formulflB of reduction for t-—?. and — -7. are so- 

sm^S cos^O 

important that they are added independently, as follows : — 



* It may be obserred tbat formulse (B), (2>) and {F) can be immediately 
obtained from (^)y (C) and (^), by interchanging the letters m and n, and 

substituting - - ^ instead of e. For, in this case, sin 9, cos B and de^ transform 

into cos ^, ain ^, and — ef^, respectively, &c. 



Indices both Negative. 
dff sin0 



f dff sine n-i f 

loO8»0 (»-i)OOB"-'0 «-iJ 

i 



dO -cose 
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d9 

OOB-'^' 


(6) 


d0 


(7) 



sin"© (« - i) sin'^^ 

It may be here observed that, since sin*© + oos*9 = i, wo 
have immediately 

J sin*" cos" J 8in~-*0 oos^tf "^ J sin-'d cos*^'© ' 

jtnd a similar process is applicable to the latter integnds. 
This method is often useful in elementary cases. 

Examples. 

f dd CsaxiedB { dB » . , , ^ 

I. 1 = I ^ 1 = 1- lofftan-. 

Jsindcos^d J cos^a J Bind cosa * a 

r dQ t smBdB f dB 

Jsinacofl^9 J coB^a jBinOcos^d' 
4ind is accordingly immediately integrated by the last. 

r dB COBB I, ^ * 

4. f ^ . _i___£2!iL+3iogtan*. 

58. The formulae of reduction given in *the preceding 
Articles can also be readily arrived at by direct differen* 
iiation. 

ThuSy for example, we have 

d /sin*" 9\ _ fn sin*"-*0 n sin*"^^ ^ 
rfflVoo^y " co8"-^0 "^ cos«*'e ' 
:and, consequently 

pgjj^m+ig I sin'^fl m fsin'^'^O 



fsin"^^fl^ _ I sin'^O m f j 
J CO8'**^0 ~ wcos**© « J i 



cos'^^e 
This result is easily identified with formula (A) 



dO. 
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Again 

-^ (sm"* B cos** 0) = w sin"*"^ Q cob"*^ B-n sin"**^ B oob*»"^ &. 

If we substitute for cos***^© its equivalent cos'*"^0(i -sin-0)^ 
•we get 

^(8in'"0cos*0) = wsin*^^0cos'^'6-(m + n)sin"*+^0(>O8"-^0; 

hence we get 

wf^^Boo^'^^BdB = + -^ — sin"^* B cos"-^ BdB^ 

J »i + n • m+wj 

a result easily identified with (D). 

The other fonnulae of reduction can be readily obtained, 
in like manner. 

59* Integration of iAVl^BdB and 



tan-61' 

These integrals may be regarded as cases of the pre- 
ceding ; they can, however, be arrived at in a simpler 
manner^ as follows : — 

Since tan*© = seo'0 - i, we have 

[tan»9rfe = ftan'^'0(sec*fl-i)e;e = ftan«-*0rf(tan0) 

~ [tan'^'OrfO = ^?^^ - [tan-*0rfe. (9) 

By aid of this formula we have, at once 

r^ na^a tan»^'0 tan''-»0 tan«-«fl . ,. 

tan^Odtf « + &c. (io> 

J w - 1 w - 3 /J - 5 

(i.) If n = 2r+ I, the last term is easily seen to be 
(-!)•' log (cos 9). 

(2.) if » = iVy the two last terms may be represented 
"by (-O'^^Ctane-S). 
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In a siimlax manner we have 

Jtan«e J tan»e J tan«-'» "" (n-i)tan»-^t^ Jtan«-*0*^"^ 

Examples. 

I tan' 9 
iaji^ede. Am. tan9 + 9. 

4. I cot*d <ftf. - ^^ — + coto + a. 

60. Trigonometrical Transformations. — Many elementary 

integrations are immediately reducible to one or other of the 

preceding f ormulse of reduction by aid of the transformations 

given in Art. 23. For example, if we assume x = atan0, 

sf^ dos 
the expression 7-r — r- transforms into sin** cos**""*"' d9 

(neglecting a constant multiplier). 

In like manner, the substitution of a sin for 2? trans- 

- ,, . oT'dx . ^ a"»"'*+^sin*»0rf0 , .« 

forms the expression -r-r ^rz mto —77: — : and, if 

^ (a'-a:*)5 cos**" ^41 

/I ,, . af'da! ^ « . , cos^'^^'Orffl 

a; = a 8ec0, the expression ;-; — ^rz transforms mto — . ^, ^ 

(neglecting the constant multiplier). 

A similar transformation may be applied in other cases ; 

ixf^dx 

for example to find the inteeral of 7 ttt. 

° {lax-x^p 

Let a = 2asin*0, then rfa? = 4«sin0cos0rf0, 

and the transformed integral is 

2»+ia~Jsin'«ee;0; 

accordingly the formula of reduction is the same as that in (5), 



72 Integration by Successive Reduction. 



EXAHPLBS. 

f s^dx 1.3.1 x^i-x^ , „ 
'• JTF3^- ^«#. — am-t* g (3 + !.;«). 

I dx X x^ 

The integrals considered in this Article admit also of 

a more direct treatment. We shall commence with the 

following : — 

cif^dx 
61. Cases in which -p -^ is immediately integrable. 

We have seen, in Art. 48, that the proposed expression is 
integrable immediately when m is an odd positive integer. 

Again, when w is an even integer, if we assume a + ca^ 
= a?z^y the transformed expression is 



-(z^-g) ' ^g 



This is immediately integrable when n - m - 3 is even 
and positive, i. e., when m is either an even negative integer^ 
or an even positive integer kss than n - i. 

For example -: -^ becomes - ,./ , and 



{a + ca^)l 



a » s«-* 



accordingly is always intemble b^ this transformation, 
since n is an odd integer, by hypothesis. 
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Examples. 

f dx . X i ftg» \ 



z^dx 



f— 



(i- 



ar«)i' a» (a + cx'^)i (3 5 (a + «?») 



- (2g' + 3a;«) 
3{a»+a?«)* ' 



^.1 



dx 



a:* (« + fa?*) 5' 



The differentials considered in this Article axe cases of a 
more general class called binomial differentials. 

62. Binomial Differentials. — Expressions of the form 

af^{a + bafy dx, 

in which m, », p denote any numbers, positive, negative, or 
fractional, are called binomial differentials. 

Such expressions can be immediately integrated in two 
<»ses, which we proceed to determine by transformations 
analogous to those adopted in the preceding Article. 

(i). Let a-¥baf^ - z; then a = (""y^J » 
and 

hence 



■ -1 



af^{a-\-bafydx = ^^ ^ — —^ . 

nb~^ 

Consequently, whenever is a positive integer^ the 

transformed expression is immediately integrable after ex- 
pansion by the Binomial Theorem. 
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(2). Again, if we substitute - for Xy the diflferential 
becomes 

This is immediately integrable as in the preceding^ 
case whenever — ^ is a positive integer; i.e., when 

+ j» is a negative integer. In this latter case the in-^- 



n 
tegration is effected by the substitution of z for oar" + J. 



EXAHPXES. 
f a^ 



x^dx 2 (I + a^* (a^ - a) 

dx X 



f— 

f <te 

J 



dx 70^ 



^ 



When neither of the preceding processes is applicable, the 
expression, if j9 be a fractional index, is, in general, incapable 
of integration in a finite number of terms. Before proceed- 
ing with this investigation we shall discuss a few simple 
forms of integration by reduction, involving transcendental 
^ functions. 
H 63. Beduction of ^ of dx, 

where n is an integer. 

Integrating by parts we have 

[af" ^dx = ^-^ - - [x''-' e"^ dx. (12) 

J in m] 

By successive applications of this formula the integral 

is made to depend on \^^dx, i.e., on - — . 



Reductmi of af* (log af^)dx. 75 

Again, to find — dx. 

Afisnming u = e^, v = r ^ , and integrating by 

parts, we have 



m C^dx / ,v 



Bj means of this the integral is reduced to depend on 
C^dx 



The value of this integral cannot be obtained in a finite 
form : it however may be exhibited in the shape of an 
infinite series ; for, expanding ^ and integrating each term 
separately, we have 

Ce^dx , mx tn^a^ m^a^ ^ /,.\ 

= log a? + — + r + 1 + &o. (14) 

] x ® I 1. 2» 1.2.3* 

The integral of a^af^dx is immediately reducible to the 
preceding, since a* = ^^^*. Consequently, by the substitu- 
tion of log a for m in (12) and (13), we obtain the formulae 
of reduction for 

a^af^dx and — dx. 

In like manner we have immediately 

le^ixf'dx^ - e-^x" + nj e-^af^^^dx. (15) 

64. Beduction of J d?"» (log x^dx. 

Jjet y = log Xy and the integral reduces to that discussed 
in the last Article. 

The formula of reduction is 

[a^aogxYdx^^^^^^^-^^^^^-- -^ {af^aogx)^''dx. (16) 
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Examples. 
J a { a a^ ir ) 

:2. I x^ aog ^y dx. ^ I (log x)^ - ^-^ + 1 j. 



65. Beduction of Ja^ COS ax dx. 

^rr \ ^ J ^ sin flr^r n r ^, . , 

Here ^** cosaa:cto = ai"^^ sin aa?cM? ; 

J a a}^ 



^ain 
hence 



r «-i . J ^ cos flo; n - 1 r ^ 5 , 

jr**"^ sin aa;(fe = + x*"'^ cos oroa?, 

J a a J 

aJ"cos flfiref^ = ■ ^ ^—r—^ a^"^ cos axdx. 

J «- «' J 

The formula of reduction for aS^ ^vaaxdx can be obtained 
in like manner. 

Again, if we substitute y for sin'^a?, the integral 

J {^CDT^iJ^^dx 

transforms into 

ly^cosydy, 

«.nd accordingly its value can be found by the preceding 
formula. 

Examples. 

1. \a?QO&xdx, -4»«.a:38inj; + 2^cosa;-3. 2, a;smfl?-3. 2 . 1 .cosar. 

2. I x^ sin xdx, 

jLns, -aj*cos« + 4a;3sm« + 4. 3.«^cos«-4 . 3 . 2 .«8m«-4. 3 . a. i . cos «. 



Integration of oo^x sin nxdx. 77 



66. Beduction of / ^ oo^^xdx. 
Integrating by parts, we get 



\n^ ^ J CDS'* a? ^ n{ ^, ^, • 
ef^ QO^^xdx = + - U«* oos*~^a? sin xdx ; 



again 

e^oos*"^a?sinir&? 



i< 



6«*cos"~^a? sin 



a 



• ft 

ga» {oos"a?-(n- i)cos*^*a?sin*ir) efor 



^* oos""*ir8in a? (»» - i) 



a 



a J aj 



+ ^^ e"* O08*^*a:&? - - ^ oos^ajflte ; 



substituting, and solving for/ ^ ooB^xdXj we get 

f^ « ^ ^ oo8"""^a?(«oosiP+ n sina?) 

I ^ ooerxax = 1 ^ 

J fl* + n' * 

n(n- i) 



^J^Me^cos^^'irtfe. (17) 



The form of reduction for e^ sia^xdx can be obtained in 
like maimer. 

67. Beduction of / COS*" a? sin nxdx. 
Integrating by parts, we get 

f ^ • -7 cos*^a; Qosnx m { ^ ^ 

cos**a? smnxdx =^ cos'^'^a? cos nx sin xdx r 

J n n} 

replacing cos na; sin a? by sin na? cos a; - sin (n - i) x, after one- 
or two simple transformations we get 



I 



cos"* a; cos wa; 
cos"* a? sm nxdx = 

m + n 



+ cos"*"^a? sin (n - i)a?G^. (18) 

m + n} ^ ' 

The formulsB of reduction for cos"* a? cos nx dXy and 
sin"* a; sin nxdx can be easily found in like maimer. 
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Examples. 

e^ Bm*xdx, Ana. (a sin « - 2 cos «) + 5- • 

4 + «* «(4 + «*; 

f- . , cos* X COS 4* cos « . cos 34f coa 2af 
cos' « sin 4J?</«. ^ T • 

jS 6 12 24 

I_ , ^ ^-« cos a ("2 sin * — cos «) 2«"» 
r* cos' a: or. ^ . 
5 3 

68. We shall now return to the discussion of the integrals 
already considered in Arts. 60 and 61 ; and commence with 

the reduction of the expression -. -^,. This, as well as 

other formulflB of reduction of the same type, is best investi- 
gated by aid of a previous differentiation. 
Thus we have 

= i i ^ • 

{a + ca^)^ (a + CiT*)*' 

htence, transposing and integrating, we obtain 

r a?^dx __a^^{a + ca^)^ {m-i)aC af^^dx . . 

] {a + cx^) i " mc mc ][a + coi?y 

By this formula the integral is reduced lo one of lower 
•dimensions ; and by repetition of the same process the ex- 
pression can be always integrated when m is a positive 
integer. 

The formula (19) evidently holds whether m be positive 



or negative ; accordingly, if we change m into - (w - 2), we 
obtain, after transposing and dividing, 

{ ^ _ (^ + ^)^ (m - 2) c r dx 
J ««(a + car^)4 " (m - i)flWJ^^ " (w - i)aj a^»(a + car*)i' ^^^^ 

69. More generally, we have 

= (a+car*)""^ { (w- i)fliC»^'+ (fw+ 2n- i)(sa^). 
Eence 

J ^ ^ (w+2n-i)c 

(w + 2n-i)cj ^ '' ^ ' 

Hence, when m is positive the integral can be reduced to 
one lower by two degrees. If m be negative, the formula 
-can be transformed as in the preceding Article, and the inte- 
.gration reduced two degrees. 

We next proceed to consider the case where n is negative. 

f af^dx 

70. Beduction of 7 rrr, 

' J (a + car)"' 

m and n being both positive. 

Here [ ^"^^ - l^-i ^^ 

r xdx 
Let «*^^ = f/, and 7 rr- = t?, 

- I 

and we get 

J(a+c^" 2(n-i)c (a + ca?')**-^ "^ 2(n-i)cJ(rt+ca:^j«"^* ^^^^ 



So Integration by Successive Eeduction. 

By sucoessiye applioations of this form the integral admits 
of being reduced to another of a simpler shape. As ob- 
served already, the complete integral cannot be determined 
in general unless when n is either an integer, or is of th& 

T 

form . -, where r is an integer. 

2 



71. Beductionof 



f a^do! 
J {a+2bx-\-i 



-cx")^' 
By differentiation, we have 

— [af^^{a + 2bx+cx^yi) = [m'-i)Qf^^{a-\-2bx-^ca^)h 

iiif^'^{b-¥cx) __ {m- i)aaf^^ + {2^1" i)baf^^ + mcjf 
a-^2bx + caf^)^ {a + 2bx -^ cx^)^ ^ 

, f x^dx _ af^^ {a + 2bx+cx^)^ 

] {a -^ 2bx + cx^)^ " mc 

^(2m-i)6f af^^dx {m-i)aC a^^dx 

mc J {a + 2bx + ca^)^ mc J[a + 2bx + cx^y ^ ^^ 

This furnishes the formula of reduction for this case : by^ 
successive applications of it the integral depends idtimately 
on those of 

xdx - dx 

and- 



{a + 2bx + cr*)* {a + 2bx + ca^)^' 

These have been determined already in A^s. 9 and 12. 

dx 
Again, the integral of -^^^ 7 -v can be reduced to 

X [d 4* 2 OX "r CX J • 

the preceding form by making x--. 

z 

, 72. The more general integral 

af^dx 

{a-{- 2bx-\-cx'^)*^ 

admits of being treated in like manner. 



Reduction of 



af*efo 



8i 



(a + 2hx + ca^Y* 



For if a + 2&C + car* be reproeented by T, we haye, by 
ferentiatioii, 

(m- i)af*^{a + 2bx + ea^) - 2(w- i)af^^(ft + ro?) 
(m-i)aa^* 2j(m-n)af^^ (2n-m-i)ftr*" 

"" J'« J5|» Jin • 



Henoe, we get the formula of reduction 

Caf^dx ^ -af^* 2(m-w)6 Caf^^dx 

J T^ *■ (2»-m-i)cT^* "*■ (2w-m-i)cJ T* 



By aid of this, the integral of -j^9 when m is a positive 

t xdtXj dm 

j integer, is made to depend on those of -=^ and -=^. Again, 

I xdoi 

: it is easily seen that the integral of -=^ is reduced to that 

i of -yi^y for 



Jfn^ 



Cxdx _ I f (i + cjsjdx b Cda 



- I 



M 



dx 



(25) 
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73. In order to reduce -^^ we have 
\ d fb + cx\^ e 2n(ft+ca?)» 

c 2n{ac-b^) inc ^2n[ac-'b^) {2n-i)e 

TT - f <& b + CX (an - i)c f<fo . , 

^«^<». J 2^ = 2„(a, _ i.)y» + 2„(aC- J') J T^' ^'^^ 

By aid of this formula of reduction the integral of -=^ can 

be found whenever n is an integer, or when it is of the form 

A* 

- (r being an integer). 

f dx 

74. Beduction of 1 7 ; r- , 

'^ J(a + Jcosa?)«' 

when n is a positive integer. 

Let ?7= a-\-b cos a?, then-;- =-isina?, cosa?= — 7 — . 

dx 

Again, by differentiation, we have 

d I sin a? ^ cos a? (n - 1)6 sin'a? 

_ cos a? (n- i)b {n - i)i cos'a? 

substitute — t— for cos a? in the niunerators of these fractionB^ 

and we get 

rf(sina?) I a {n-i)b n-i 2(n-i)a 

dx\u^^] " bU^" JD^"*" tr^" bU^^ "*" b CT*"^ 

(n - i)a« - (n - 2) (2n-3)g (n-i)(a»-y) 



Reduction of -r r -. ^ 

(a+Jooso?)* 

Henoe, tronsposiiig and integratrng, we get 

dx 



^dx ^ -Jsin^ (2n - 3)a f di 

J ^* " (n-i)(a»-6^)Z7''-* "^ (n - i)(a^- 6«) J ^ 

- ^"^ f-^ (27) 

By this formula the proposed integral oan be reduoed to 
depend on 

r__^__ 

]a-\b cos x^ 

the value of which has been found in Art. i8. 

75. The integral considered in the last Article can also 
be found by aid of a transformation, as follows : 

^ dx 

(flf + 6 cos xY 



j(fl + i)oos*J+(a-6)sin»-r* 

dx (i-fWfyefe 

(^cos«| + -Bsin»^y (^ + -Btan'|Y 

^where A = a + hj.B =^ a-h). 

X (a 
Next, assume tan - = /-— tan ^, then 

( I + tan*-jcte= 2 /^ (i + tan'^)rf^: 



G 2 
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and we get 

f I + tan'-j dx \A\'^B *^^'*) ^* 



^-4+-Btaxi'|) 



(J? cos*0 + A sinV)''"^rf» 



Hence, replacing A and -B by a + i and a - 6, we get 

r (fa r (^-6cos2»)'*-^rf^ 

J (a + 6 cos a?f J (a' - V)"^ ' ^^^ 

When n is a positive integer, the integral at the right- 
hand side can be found by expanding (a - 6 cos 2^)**"^, and 
integrating each term separately by formula (4). 

fix) dx 
76. Integrration of ''-yt. 

*W >/«+ 2bx+CQ^ 

We shall conclude this chapter with the discussion of the 
above form, where /(a?) and ^ {x) are supposed rational alge* 
braic functions of x. 

lif{x) be of higher dimensions than ^(a?), the fractioa 
may be written in me form 



Again, since Q is of the fonn p + qx + ra^ + &c., the inte- 
gration of can be found by the method of 

Art. 71. 

The fraction —p\ ^^ ^ decomposed by the method of 
partial fractions (Ohap. II.) To any root a, which is not & 



r^ \' ^ f{x)dx 85 

Integratton of 

multiple root, corresponds a term of the form , and the 

corresponding term in the expression under discussion is 

Adx 
{x - a) ^a + 2hx + CO? 

the method of integration of this has been given in Art. 13. 
Next, to a multiple root correspond terms of the form 

Bdx 



{x - aY^a + 2bx + cx^ 

This is reducible to the form of Art. 71 on making 

4? - a = -. Again, to a pair of imaginary roots corresponds 

z 

an expression of the form 

{lx + m)dx 

\(x - ay + /3*) v/« + 2&P + c^* 

If z be substituted for x - a the transformed expression 
may be written 

{Lz + M) dz 



where i, Jf, -4, J?, £7, are constants. 

To integrate this form ; assume* 2 = j3 tan [Q + 7), where 
is a new variable, and y an arbitrary constant, and the 
transformed expression is 

{X)3 sin (g + 7) + 3f cos [B + 7)) d9 

^ y^cos'(fl + 7) + 25/3cos(6l + 7)sin{6l+7)+C/3'sin'(e + 7)' 



• For this simple method of determining the integral in question, I am in- 
debted to Mr. Cathcart. 
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Again, the expression under the square root is easily 
transformed into 

i {^ + C7/3» + (-4 - C7/3*) cos 2 (ff + 7) +2^3 sin2(fl + 7) J 

= J r^ + C/3» + cos 29 [{A - CJS") cos 27 + 2-B/3 sin 27} 

+ sin 2fl {2-Bj3 cos 27 - (-4- C)3') sin 27} L 

Moreover, since 7 is perfectly arbitrary it may be assumed 
80 as to satisfy the equation 

2-8/3 cos 27-(w4- (7/3') sin 27 = o, or tan 27 = _ .JT .^ : 

and consequently the proposed expression is reducible to the 
form 

{r cos g + 3f ^ sin ff) dO 
yP + Q cos 20 ' 

(in which Z', -M*', P and Q are constants), or 

Z^rf(sinfl) jrrf(cos 0) 

-/P + Q-2Qsin«tf v/P-Q+2Qcos*tf' 

each of which is immediately integrable. 
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Examples. 



I 0009081 



Bin 2Bd$. Ant, — eoe*0. 



J- 3 5 



3. [axL^BeoB^BdB. -^ | oosstf --ooi^294- ' ootB20 |. 

fooB*e<«9 co8«e ^ , / 9\ 

^ J-SiT- -_ + oo.» + log(t«»-). 

J(i + «»)» VS. 3 3 /(i + «»)» 

^' ^ J aia* a ooi»a " 8ixi"^*6 cos*"* a J sm*-** C06*6 ' 
deteimine the y alues of A and B by differentiation. 

II. p-- --• 2 tan - - a. 

', -r- tnmsformainto a"*^* | — 5r^~ , 

(i + coaa)" J coa»»-»^ 

irhece = a^. 
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dx 



I di 



Am. 



(02 - &*} (a + & COB g) 



14. 



J (5 + 4 cos •)« 9 5 + 4 coa a a7 \ 3 / 

15. j(8m-»ar)*£fea:a?{(sm-iiF)*-4.3.(«in-»*)» + 4.3. 2. 1} 

+ 4v/i - X* esDr^x {{amr^x)* -3.2). 

16. "Btotb by Art. 74, that any ezpresaion of the fonn /^ . — ^— r- is 
capable of beiiig integrated when / (cob x) oonsiBta of integral powers of cob x, 

17. Show, in like manner, that the ezpresaioa 

/{eoBXy mx)dx 
(a + ^ cos xy 

can be integrated when /(cos x, sin x) consists only of integral powers of cos j? 
and sin jT. 

f dx 

find the values of P, Q, and B, 

r ^g .^ (g + ^)» , (g-^)>gn2» 

^' J(acos2a + isin««)8* ^ ' (ab)l ^ a(a*)| ' 

where tan ^ = J- tan 9. 

so. The formula of reduction in (24 fails when m s sn — t ; show how to 
perform the integration in this case. 



( 89 ) 



CHAPTEE IV. 

INTEGRATION BY RATIONALIZATION. 

77. Integration of Monomials. — ^If an algebraio expression 
<K)ntain fractional powers of the variable x it can evidently 
be rendered rational by assuming x « s^y where n is the 
least common multiple of the denominators of the several 
fractional powers. JBy this means the integration of such 
expressions is reduced to that of rational functions. 
For example, to find 

r (i +gi)(fe 
J 1+^ • 

Let X = ss^y and the transformed expression is 

\^{i + z)dz 
I +s* 

Consequently the value of the integral is 

-^ + 2^-4ic* + 4tan~*(ar*) -2log(i +^). 
o 

Again, any algebraio expression containing integral 
powers of x along with irrational powers of an expression 
of the form a + i^ is immediately reduced to the preceding, 
by the substitution of 2 for a + bx. 



■\'- 



Examples. 



x^dx 



I 
(— 



V^*-! 5.7 

mdx a (2a + bx) 

(a + to)** ^ y/7Tbi' 
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78. Rationalization of F(xy ^a + ihx + co^) dx. It has 
been observed (Art. 28) that the integration, in a finite 
form, of irrational expressions containing powers of x beyond 
the second, is in general impossible without introducing new 
transcendental fimctions. We ^all accordingly restrict our 
investigation to the case of an algebraic function containing^ 
a single radical of the form ^a + ihx + cx^^ where a, 6, c, are 
any constants, positive or negative. 

Integrals of this form have been abeady treated by the 
method of Eeduction (Art. 76). We shall discuss them here 
by the method of rationalization. 

The expression* ^^j\— - — can be made ra- 

vn ^/a-¥2bx-¥cx^ 
tional in several ways; which we propose to consider in 
order. 



(i). Assume ^/a+ihx + cx^ = z-x^c. (i) 

Then a + ihx = z» - ixz^Cy .•. hdx = zdz - ^{xdz + zdx)^ 

or dx{Jb-\-z^/c) ^ dz{z-x^) = dz^/a + zbx + cx^. 

dx dz /\ 

.-. —====, = -7=.. (2) 

^a'^2bx-\-cx'^ b + z^c 

Ai z^-a 

Also X = — . 

2(6 + 2>s/c) 

This substitution obviously • renders the proposed ex* 
pression rational; and its intonation is reducible to that of 
the dass considered in Chapter II. 



* It will be ahown subsequently that the integration of all expressions of 

the form 

i^(«, v^a + ^bx + ea?') dx 

u reducible to that of the above when J^ is a rational algebraic ftmction. 

It may also be observed that, in general, the most expeditious method of in* 
tegration in practice is that of successive Reduction (Arts. 7I1 72). 



RatwnalizatUm ofFix, */a + ihx + cj?*) dx. 9 * 

When J = o, we get 

dx dz , 2* - « / » i X 
1, and a? = — (see Art. g)* 



By aid of the preceding substitution the expression 



transforms into 



^2 



(Art. 13) 



S- - 22j9 -v/c? - a - 2p6 

For example, to find 

J (j9 + ja?) -v/l 4- iC* 
TT 2*- I , C& 2(& 

Here, x = , and 



2« (i? + jip)-/i+aj> j«'+2;?«-y* 



J (i? + ja?) \/\ + iC* v^i?' + g' \j2+i? + -v/jp* + ^v 

When the coefficient c is negative the preceding method 
introduces imafi;uiaries ; we proceed to other transformations 
to which this objection does not apply. 

(2). Assume* ^a^-ibm^-cs^ = ^a^xz. (4) 

Squaiing both sides, we get immediately 

26 + a» = 2z^/a + a»% 

.*. dx{C'-'Z^) = 2dz{^ya-^xz) = 2^2-^/^+ 2&i? + c;c'. 

Hence . — = 5. (5) 



* This is reducible to the preceding, by changing x into -, and then em* 
ploying the former transformation. 
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And ^ = £ilv^. (6) 

This Bubstitation also evidently renders the proposed 
expression rational, provided a be positive. 
For example, to find 



1: 



dx 



Assume */i - a^ « i + a;«, and we get 



(3), Again, when the roots of a + zhx + cic' are real, there 
is another method of transformation. 

For, let a and /3 be the roots, and the radical becomes 
either of the form 

a/c [x -a){x- /3), or \/c(^-aJ(j3-iP), 

According as the coefficient of ai^ is positive or negative. 

In the former case, assume v^j?- a = z^x-fi, and 
we get 

^ = -^; hence ^-^ = -j-g. .-. ^ - :^, 

Acooidingly 

dx dx 2 d% 



^c{x-a){x-^) 2(«-/3)-/c v^»-«' 



(7) 



In the latter case, let ^x -a - z \/p-x^ and we get 



X = 



_ a + j32* 



I +«' 



-a » 



and ^ = 4= A- W 



RationaUzation o/F{xy ^/a + ibx + cx^) dx. 9 i 

For example, the integral 

r dx 

]{p-\-qx)yi-j^ 
transforms into 

f 2dz 

on making x = ^-j-^- 

The student oan compare this method of integrating the- 
preceding example with that of Art. 13, and he will find no- 
difficulty in identifying the results. 

It may be observed that in the application of the f orego*^ 
ing methods it is advisable that the student should in each 
case select whichever method avoids the introduction of 
imaginaries. 

Thus, as already observed, the first should be em- 
ployed only when e is positive : in like manner, the second 
requires a to be positive: and the third, that the roota 
be real. 

It is easily seen that when a and c are both negative, the- 
roots must be real ; for the expression 



y- a + 2bx- ca?% or y^ft' - ac - {cx-by 

is imaginary for all real values of x unless b^-acis positive :: 
i, e., unless the roots are real. 

' Accordingly, the third method is always applicable when 
the other two fail. 

Prom the preceding investigation it follows that the^ 
expression 

F{xy ^/a + ibx + car*) dx 

can be always rational ized; J^ den oting a rational algebraio 
function of x and of ^a + 2bx + cx^. 



^^,.il..V^4 + 2^^*-* 
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EZA3IPLSS. 

Idx 
[(a« + *«)» + *]*• ^ 

Assume s = («^ + fl^]^ + «> and we get for the yalue of the proposed integral 
3 5«4 



3. \dxV x-^Y2-\-xK Ans. . ^ i=r -* 

4. f x^ {{fl* + «2)l + x}*dx. 

Idaking the same assumption as in Ex. 2, the transformed expression is 

"Which is immediately integrahle when m is & positive integer. 

f <to . [(i-ha^'li+a?]"^^ [(i +a;»)i-l-a;]*-i 

^* J {(!+««)*-«}»• 2(n+i) ■*■ 2(n-i) • 

^. f ^ - ^^ ^. 

J V a + ibx + <?«* (v » + adiP + «c* ± » V <^)** 

Let V a + 2da? 4- ftc* ±xyc = a, then, as in Art. 78, we get 

dx dz 

\/a+2bx-j-cx* ^b±z\/o' 

li^nce the proposed expression transforms into 

^« 
7:7-, /. &c. 

»*(*± zy e) 
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79. General InTestigation. — The following more general 
investigation of the preceding may be worthy of the notice 
•of the student. 

Let E denote the quadratic expression a + zbx + ea^ ; 
ihen, since the even powers of v^ a^ rational, and the 
•odd contain y^ &s & factor, any rational algebraic fonction 
of X and of y^JB can evidently be reduced to the form 

P'+ Qf^E' 

"where P, Q, P^, Q^ are rational algebraic functions of x. 

On multiplying the numerator and denominator of this 
iraction by the complementary surd P' - Qfy/E the de- 
nominator becomes rational, and the resulting expression 
• may be written in the form 

■ M+If-yE, 

Inhere M and If are rational functions. 

The integration of Mda is effected by the method of 
■Chapter II. 

^hich is of the form 

f{x)dx 



! 



Also 



1 



0(a?)v^a+ 2ba-\-ca^ 



Let as before ^/a+ 2bx + car* = ^/cix-a) («-/:)), and 
substitute v; — —, 7-r iustcad of a?, when the radical becomes 

A + 2/«S+vV 



A' + a/4'« + /«* 

(9) 

Again, if the quadratic factors under this radical be 
made each a perfect square the expression obviously 
becomes rational. 
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The Bunplest method of fulfilling these conditions is hj 
reducing one factor to a constant, and the other to the ternx 
containing 2'. 

Accoroingly, let 

X - aX = 0, fi - afjL =0, fi - fifi =0, V - )3i/' = o ; 
I or fi = o, /It' = o, A = aX', V = /3v'. 

On making these substitutions the expression (9) becomes 



A + V « A + V s 

In order that y^-cX'v' should be real, X' and v' must 
have opposite signs when c is positive ; and the same sign 
when c is negative. 

It is also easily seen that without loss* of generality wo 
may assume X' = i, and v' = ± i. 

Hence, when c is positive, we get x = -j and when 

c IS negative, x = — ^. 

These a^e with the third transformation in the pre-^ 
ceding Artide. 

More generally, when the factors in (9) are each squares^ 
we must have 

(iU-a/uO'-CX-aXOCv-ai/O^ O, 

or |i*-Xv + (Xi/'+vX'-2/iM0«+(i^''"^'^')«' = o, (10) 

and a similar equation with /3 instead of a. 

Moreover, by hypothesis, a satisfies the equation 

a + iba + ca^ = o. 



♦ For the Bubatitution of y' for —7 tranaforma 

— ; — ^T-5- into x-» •*• &«• 



"TT7?" """ TT?"' 
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Aooordingly (10) is satisfied if we assume the constaats X, 
fly &o., so as to satisfy the equations 

/u'-Av = a, A'v + Ap'-2/ti/= 26, fi^-Xv^c. (11) 

Again, solving for z from the equation 

X (A' + 2flZ + vV) = X + 2/IZ + V2% (l 2) 

we obtain 

(v - irv> + /I - Xfi = ^fi^-Xv + (Ai/'+ A'v - 2fif/)x + (/u'' - Vv') x* 



= v^a+26a? + or*. (13) 

Also, by differentiation, we get from (12), 
(A' + 2f/z + vV) dx= 2 {/Lc + 1/3 ~ a? (jLc' + vz)]dz 



= 2 v^a + 2bx + ca?' cfe. 
(£r 2dz 



/«2* 



yflT26^+^ A' + 2fiZ + pV 



(14) 



' Now, since we have but three equations (11) oonneoting 

A, /£, &c., they can be satisfied in an indefinite number of 
ways. 

We proceed to consider the simplest cases for real 
transformations. 

(i). Let a be positive, and we may assume v = o, and 
/x' = o ; this gives 

fi = v^flf, Av' = 26, AV = - c. 

Again, without loss of generality, we may assume v' = - i, 
which gives 

' A = -2J, A' = c; whence x = — - — ^, 

, dx 2dz 

and == = ^. 

v^a + 26a? + car- ^"^ 

These agree with the results in (5) and (6). 
' H 
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(2). In like maimer if c be positive, we may assume 

v' = o, /i = o, and v = i, 
which gives 

fi = -v/ c, X = - a, and A' = 2b, 

z^ -a , dx dz 

,', X = — , and 



as in (2) and (3). 

It may be observed that since these results do not 
contain the roots a and |3, they hold whether these roots be 
real or imaginary ; as already shown in Art. 78. 

It is easily seen that if we make /ti = o, and // = o, we 
get the third transformation. 

80. If the expression to be integrated be of the form 

f{x)dx 



^a -^ 2bx -\- cx^ 



where f{x) is a rational algebraic function of x, it is often 
more convenient to proceed as follows : — 

The substitution of s — for a? transforms the proposed 



into 



c 

]dz 



/(^ " j^ ^ , , ac-b' 



-, where a' = 



^a' + cz^ 

If the even and odd powers be separated in the expan- 
sion oiflz — j, it can plainly be written in the form 

i^z') -^ zyp(z% 
and the proposed integral becomes 

r (l>{z^)dz z\P{z^)dz 

The former of these is rationalized (Art. 25), b y making 
y^a' + cz^ = yz, and the latter by making y^a' + cz^ = y. 
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It may be observed that in general the expression 

^(;r*) ya + ca^ 
is also evidently made rational by the transformation 
a/ a + cjr = xy, 

81. Case of a Becurring Biqiiadratic under the Kadical 
Sign. — Aa the solution of a recurring equation of the fourth 
degree is immediately reducible to that of a q^uadratic, it 
is natural to consider in what case an Elliptic Integral 
(Art. 28), in which the biquadratic under the radical sign is 
recurring, is reducible by the corresponding substitution. 

Writing the expression in the form 

(b(x)dx 6 (x) dx 

rjw _^ ^^ j^_y^ 



V^fl ■¥2bx + ca^ + 2bar^-^ax^ 



''Jx^^V'^K^^^'' 



and, assuming a? + - = s, the radical becomes ^/a^-\- 2bz+c-2a: 

X 

and also — [x — ) = tfe. 

X \ xj 

Consequently, in order that the transformed equation 
should be of the required type, it is obvious that {x) must 
be reducible to the form 



In this case 
transforms into 






^a+2bx-^cx^-V2bg^+a^ 

fi^J^ 

v/as*-f 2bz-\-c- 2§L 

H 2 
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In like manner, tlie expression 

transforms into — j by the assumption 

^az^- 2bz + 2a-c 

I 
X — = z, 
a 

When b = o the expression can in some cases he reduced 

by assuming 

ar^ + -;, or x- = z. 

x^ X" 

fexAMPLES. 






X 



This and -ihe preceding were given by Euler (CaL Int., torn. 4) : tli& 
connexion, however, of their solution with the method of recurring equations 
does not appear to have been pointed out by him. 

5. I — ^ ' Ans. 



M 



x2 v^a* + «« + I 

r 

(jc^ - i)dx 



Let ar' + -^ = 2| &c. 

x^ 



6. 



. , \/x* -h or + I + v^a;* + j3.r + i 
ui««. 2log-^^ . 

X 

f (i-^ ^)^^ . ^«,.sin-f~^). 



Exampka. loi 

Examples. 
f ' xdx 3(i**:Jf). ^ .f 

Assume a; « (i + d;*)ism9, &c. 

•^ (I + «*•) {(i +a;>')»-««}i \(i + jr»"J«"y 

xdx 

(i+«)l + (l+a:)4* 

Assume i + z = c«. 

• J (I - «*) (1+ «*)* * 

. I , {i+^^^xx/Z I .. ,(L±j^ 

ui««. — log ^^ — i + — TTi tan * — - 

4V^2 i-^* 4\/2 arv/2 

J i-^ • 2^/2 n i-^ r2v/2 ^r+^ 

!i — ax* dx 
_____-- 



I -ax* 



-4w«. log— — ^ ' — ^—- ,whenc>a. 



»' flin-M \ ; M .when 



L«>C. 



( ?02 ) 



CHAPTER V. 

MISCELLANEOUS EXAMPLES OF INTEGRATION. 

82. Integration of ^ r-^-- — • 

a cos ^ + 6 Bin ^ + 6* 

Let aco8x+ b sin X •¥ c - Uy then - aeinx -^ bcosx^ -7-. 

dx 

Now assume 

-4 COS a? + 5 sin 0? + C=\u + u -7- + v. 

^ dx 

and equating coefficients we have 

A-\a + fiby B = \b - iiGy C =Xe + v. 

Solving for X, /i, v, we get 

. ^ Aa + Bb _ Ab-'B a ___ (Aa + Bb)c 
^'' a' + b'' ^".a« + 6^' ""^^ ^TV^^ 

-CT f (^ cosa?+ ^ sin a? + C) dx 

J a cos a? + 6 sin a? + c 

{Aa'¥Bb)x Ab'-Ba, , 
= ^,^y + "^rrs^ ^^S (« cosa? + Ssina? + c) 

(a» + 6^) C-{Aa'¥Bb)c f ^fe 

a^ + b^ J a cos a? + 6 sin x +c' 

The ktter integral can be readily found ; for, if we make- 
« = r cos a, 6 = r sin a, we get 

« cos a? + J sin a? = r (cos x cos a + sin a? sin a) = r cos (a? - a)^ 



r . .. - f {cm Xy 9%n x) dx 103 

Integration of -^^ \ . ^ . ^ 

aco8a-\-0 8inX'\-c 

On making a? - a = 0, the integral reduces to the form con- 
Bidered in Art. 18. 

As a simple example, let us take 

r{A + Bta.nx)dx 
Here 



J a + b tan x 
A-\-B tan x A qo&x-¥ B^mx 



a + b tan x a oosx + b mix * 

and we evidently have 

{{A-^Bi8aix)dx (Aa-^Bb) Ab-Ba, , ^. , 

7-7 — - — = ^— ^ — n— + —i — 7r-log(flcos« + 6smjr). 

J a + b tan x a^ -^ b^ a* + 6' ° ^ 

Q, - . .. - /(cos Xy sin a?) (/^j 

83. Integration of — ^ , . ; 

a cos a: + 6 sm a? + c 

where/is a rational algebraic function, not involving frac- 
tions. 

As in the preceding Article, assume x = + a, and the 
expression becomes of the form 

(cos 0, sin 0) dO 
A QosO -^ B 

Again, since sin*0 = i - cos*0, any integral function of sin 9 
and cos can be transformed into another of the shape 

01 (cos 0) + sin 02 (cos 0). 

Accordingly, the proposed expression is reducible to 

01 (cos 0) dO 0a(cos0)sin0c?0 
-4 COS + J? -4 cos + 5 

The latter is immediately integrable, by assuming 

-4 cos + -B = s. 

To integrate the former, we divide by -4 cos + By and 
integrate each term separately. 
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84. Integration of 

/(cos x) dx 

[tti + hi COS x) [Oi + ^2 cos a) . . ..{ttn-h bn COS xY 

where/, as before, denotes a rational algebraic function. 
Substitute z for cos x and decompose 

/(2) 



(«! + biZ) {Oi + iaz) .... (an + 6«s) 

by the method of partial fractions : then the expression to be 
integrated reduces to the sum of a number of terms of the form 

dx 



-4 + J? cos a?' 
each of which can be immediately integrated. 

Examples. 



J COS a; (5 + 3 COS «) 10 \i — sin «/ 10 \ 2 / 

fdx 
8in'«(a+ b cos a?) 



cos^ 


(5 + 3 
dx 


cosa;)' 


sin^a 


dx 


cos a?)' 



. A-«cos» b , /i + flC08«\ 

Ans. r- cofl'i I ) . 

(a* - *2) sin X (a« - i')^ Vfl + * cos «/ 

r dx ^^_^\ tan ^ - -\ ^f— ^_ 

vr * J co8*a;(a+ * cos a?)* a a* ® \4 2) a^)a + b coax' 

\ 

85. Integration of lf{x)-h/{x)}e'dx. 

The expression ^ Pda is immediately integrable whenever 
P can be divided into the sum of two functions, one of which 
is the derived of the other. 

For, let P=/(a?)+/», 

then . J^ Pdx = J e'fix) dx + j e^f {x) dx. 
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Again, integrating by parts, we have 

J (ff{x) da: ^f{x) e'-je'/ {x) dx. 
Accordingly 

For instance, to find 



J (i+«, 



djc. 

J ii+«r 

Here 



{i+xy i-^x (i+ar)" 
and consequently the value of the proposed is . 



Examples. 

I . U« (cos « + sin «) dx. Am. tF sin ar. 

11 + a; log « , , 

«» 5_ dx, «• log ar. 

3- «• . ^ ^* 



a? — I 

« + I 

tF 



I +ap' 



,2* 



86. Differentiation under the Sign of Integration. — ^The in- 
tegral of any expression of the form (a?, a) dx^ where a is 
independent of ar, is obviously a fttnction of a as well as of a*. 
Suppose the integral to be denoted by F(xy a), i. e. let 

F{x^ a) =/^ (iP, a) efo, 
then — {F(x,a)] = (^, a). 
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Again, differentiating both sides with respect to a, we 
ha^e, since x and a are independent, 

d^.F{x;a) _ d . </> {ar, a) 
da dx da 

or (Art. 119, Dif. CaL), 

d (d . F(x, a)\ _ d , (a?, a) 



dx\ da J da 

Consequently, integrating with respect to x^ we get 



d.F{x,a) Cd.<l>{x,a) 



-\'- 



da J da 



dxy 



da 



In other words, if 

u = j ([i {Xy a) dxj 

then 3- = -r ^^-^j 

da J da 

provided a be independent of ^ ; in which case, accordingly, it 
is permitted to differentiate under the sign of integration. 

By continuing the same process of reasoning we obviously 
get 

d-u C d-<t> {x, a) ,. 

da-^] da^ '^•^' ^' 

where ti = J ^ (a?, a) cte, a being independent of x. 

For example, if the equation 

f e°^ 

\e^dx = — 
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be differentiated n times with respect to a, we get 

(See Arts. 49, 50, Dif. Cal.). 

Again, in Art. 2 1 we have seen that 



1 



, ef^iasinrnx -m 00s nix) 
e^ smmxax^ — ^ 



Accordingly 

fe^ (a smmx - m cos mx) 



I a^ e^ sin mx ax = {~\ { - 



w' + a* 



We now proceed to consider the inverse process, namely,, 
the method of integration under the sign of integration. 

87. Ihtepration under the Sign of Integration. — If in th& 
last Article we suppose <p {xy a) to be the derived with respect 
to a of another function v, i.e. if 

, . dv 

then t^ = j i> {^y a) da. 

Also by the preceding Article we have 

— y i:tfo j = I — r^u^ = J (^, a) efo = if'(a?, a). 

Hence . vdx ==\F{x, a) da. 

In other words, if 

F(Xya) = U [x,a)dx. 
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tlien F[x^ a) da-- [ / (^, a) da] dx. ' (3) 

It may be remarked that the results established in this 
und in the preceding Article are chiefly of importance in 
connexion with definite integrals. Some examples of such 
Application wiU be given in the next chapter. 

88. Integration by Infinite Series. — ^It has been already 
observed that in most cases we fail in exhibiting the integral 
of any proposed expression in finite terms. In such causes we 
can often represent the integral in the form of an infinite 
series. 

An example of an integral exhibited in such a form has 
been given in Art. 63. 

The simplest mode of seeking the integral of /(a?) c?a;inthe 
form of an infinite series consists in expanding f[x) in a 
series of ascending powers of a?, and integrating each term 
separately : then if the series be convergent, it represents the 
integral proposed. 

It can be easily seen that if the expansion of f{x) be a 
oonvergent series, that oilf{x)dx\a also convergent. 

For let 

f[x) = fl^o + aiX-\-a^ + . . . a^^ + &c., 
then 

f[x\ dx^ttifio^ + + , . . + + . . . 

J 2 3 W4- I 

Now (Dif. Cal., Art. 73), the expansion for /(a?) is 

a X 
oonvergent whenever -^ is less than imity for all values 

of n beyond a certain number ; and the latter series is con- 

n ax 
vergent provided — be less than unity, under the same 

conditions. 

Accordingly, the latter series is convergent whenever the 
former is so. 
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Examples. 



fdx X I sfi 1.3 a;" 1. 3.5 «!« ^ 

y/l _ a;» 1 26 2. 411 2.4.6 16 

fdx /-. — / I sm'a; 1.3 sin*^: 



I (I + <a»)« g^^ dx ^x«\ — -\- -- ^-^^ + "^^^ ^^" /. "' + &c. 



q m-i-n 1 . 2 . g* m + 2n 



89. Expansion of J log (i + 2m COS a; + m*) tfo. 

"We shall conclude by showing that the integral 

/ log (i + 2m cos X + m^) dx 

can be exhibited in the form of an infinite series. 
For, we have 

I + 2m cos a? + w' = (i + me^''-^) (i H-me"*''"^). 
Hence 

log (i + 2w COS X + m^) = log (i -\-me^'^''^) + log (i + me~^^^) 

= w (^"^^ + e-^^') - — (e^''=^ + e-^^0 + &c. 

= 2 w cos a: cos 2a; + — cos ^x - &c. . 

V -2 3 7 

Accordingly 

r / sm 2x Sin "Xx \ 

log {i + 2m cosa?+ m*)£fo= 2 ( wsin a; - m^ — r~"^^' — T" • • • )- 

This series becomes divergent when m is greater than 
unity. In that case, however, the corresponding series can be- 
easily obtained. 
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For I + 2m cos a? + m^ = w'f i + ] ( i + i, 



m J \ m 

and accordingly 

, , ,x T /cosar C082ir 00330? - 

loo:(i + 2moosx-rnr) = 2 log m4-2 r-+ r- -&c. 

° ^ ' ° \ m 2w* 3m^ 

"Consequently, when w > i, we have 

f, , _._ - /sin a? 8in2a? sinsa? \ 

Jlog(i + 2mcosa?+w')efe=2a?logm+2(^-^-^^ +-;^ -•••! 

From the above it is easily seen that the integral 
/log (i + fl cos x) dx 
can be exhibited in the form of an infinite series when a is 
less than unity : for, making a = ;, we have 

log(i +acosa:)=log(i + 2m cos a? + m') -log (i +m'). 
The relation between m and a admits of being exhibited 
in a simple form ; for let a = sin o, and we get m = tan -. 
Making this substitution in (4) we get 

log (i + sina cosar) dx = 2x log (cos- J 

+ 2 I tan - sin a? - tan* 5— + &c. 1. (5) 



Examples. 



Ill 



Examples. 



' (2 COB iT + 3 sin s) i!r 
3 cos « + 2 sin « 



J I - sii 



6in«0 

!*«(«*+«+ i)dx 

J sin 20 



^>«. ^ log (3 cos a? + 2 sin *). 

13 13 

- tan + r tan-i (tan^v/a)- 

* 2v/a 



v/i + 



I - I 2 

^— - = 2 log (i + cos 0) - - log(i - COS0) + - log (I -2 COS e' . 
sin 06" ' 2 ° 3 



sin - tan - dO 



COS 9 



I - sin - \ / >/* sin- + i 

= logl s) + -^lo?( 



. i + «in- 



«•/»" \v/; 



2 sin — I 

2 



€. When «* < i, prove that 



I a?« I . 3 a?9 1.3.5a:" 



J-/l+ar* » * 5 2.49 2.4.6 13 

and when as' > i 

f dx II J[^_i_Li ' , ''3-5 _J 

Jv/r+lc* « 2 5«4 2.4 9j;» 2.4.6 I3«i3 

7. Prove that 

Ie<» , , ( , „ , a b+x a» (* + a;)2 

— *. = ^jlog (» + ,) + - -p- + —L_2 + . 

and determine when the series is convergent, and when divergent. 

8. Prove that 
'e^^e-^... , sin***'* . x« + i' sin**"*- 



) 



re^+e-^ . ^ , sin- • . X»-H^ 

I smf^u dw = — ; — + — 

J 2 T /* + » I • * 



M+3 



^ (X»-f i^)(X^4-3») 55^^ 



1.2.3.4 



M + 5 



A«in"** 



Suhstitatew for sin~*« in the expansion of (Dif. Cal. Art. 87), &c. 



f 



sinf^M du • 



\ sin***'* 



/A+ 2 



X(\» + 2^) sin'^^w 
1.2.3 /A + 4 

I.2.3-4-5 M + 6 
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CHAPTER VI. 



DEFINITE INTEGKALS. 



90. Integration regarded as Summation. — We have in the 
commenoement observed that the process of integration may 
be regarded as that of finding the Kmit of the sum of the 
series of values of a differential /(a?) dx^ when x varies by in- 
definitely small increments from any one assigned value to 
another. 

It is in this aspect that the practical importance of inte- 
gration chiefly consists. For example, in seeking the area of 
a curve, we conceive it divided into an indefinite number of 
suitable elementary areas, of which we seek to determine the 
sum by a process of integration. Applications of finding 
areas by this method wiU be given in the "next chapter. 

We now proceed to show more fully than in Chapter I. 
the connexion between the process of integration regarded 
from this point of view and that from which we have hitherto 
considered it. 

Suppose (x) to represent a function of x which is finite 
and continuous for all values of ^ between the limits Xand x^ ; 
suppose also that X.-Xq is divided into n intervals Xy^ - Xny 
X2 -Xi^ X3- X2, ... X - Xn-i ; then by definition (Dif. Cal.^ 
Art. 6), we have 

0(^0-0(^0) ,. . 
in the limit when Xi-Xo\ accordingly we have 

^ (o-i) - [X,) = (^1 - Xo) {<p [Xo) + fo). 
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where co becomes infinitely small along with Xi - x^. Hence, 
we may write 

* (^1) - W = (a?i - iTo) {0'(«o) + €0) , 

* (^2) - (iTi) = (aJj - iTi) {0'(a?i) + €1 j , 

* (^3) - ^ (^2) = {x^ - iTs) {^'(arj) + £2) , 



(X) - ^ (a?^i) = (X - Xn^i) [^'{Xn^i) + €^1} , 

where €09 ci . . . c».i become evanescent when the intervals are 
taken as infinitely small. 
By addition, we have 

0(Z) - ^(aro) = (a?! - ^0) *'(a?o) + (a?a - a?i) ^'(iTi) + . . . 
+ (X-ir^i) ^'(ir,^.,) + (a?i-iPo) 60+ (ira-ari)€i + . ..+ (X-a?„.i) c^i. 

Now if i| denote the greatest of the quantities f 0, ci, . . . tn-u 
th0 latter portion of the right hand side is evidently less 
than (X - a?o) »i ; and accordingly becomes evanescent ulti- 
mately (compare Dif. Cal., Art. 39). 

Hence 

(X) - ^ (a?o) = limitof [(iTi - Xq) <i/{xq) + (Xi-Xi) ^\x) + . . . 

+ (X-a?;^0*>i.-i)] (0 

when n is increased indefinitely. 

This result can also be written in the form 

(X) - (afo) = S ^'(a?) (fa?, 

where the sign of summation 2 is supposed to extend through 
all values of x between the limits Xq and X. 

91. Definite Ihtegrals, Limits of Integration. — ^The result 
just arrived at, as already stated in Art. 3 1, is written in the 
form 

f[X)-f{x,)A'' f{x)dx, (2) 

J ^0 

where X is called the mperior^ and Xo the inferior limit of the 
integral. 

I 
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Again, the expression 
rx 

is called the definite integral of {x) dx between the limits ^,> 
and X, and represents tiie limit of the sum of the infinitely 
small elements {x) dx^ taken between the proposed limits. 
From equation (i) we see that the limit of 

{Xi - Xo)f{Xo) + {X2- iPi)/(^i) + . . . + (X - Xn.i)f(Xn,i)j 

when Xi~ Xo^xt- Xiy , . . X - a?»_i become evanescent, is got 
by finding the integral oif{x) dx (i.e., the function of which 
f\x) is the derived), and substituting the limits x^^ Xfor x in 
it, and subtracting the value for the lower limit from that for 
the upper. 

If we write x instead of X in (2) we have 



f{x)-f{x,)=\'nx)dx, (3) 



in which the upper limit* x may be regarded as variable. 
Again, as the lower limit Xq may be assumed arbitrarily,/(^o) 
may have any value, and may be regarded as an arbitrary 
constant. This agrees with the results hitherto arrived at. 

In contradistinction, the name indefinite integrah is often 
applied to integrals such as have been considered in the pre- 
vious chapters, in which the form of the function is merely 
taken into accoimt, without regard to any assigned limits. 

As akeady observed, the definite integral of any expres- 
sion between assigned limits can be at once found whenever 
the indefinite integral is known. 

A few easy examples are added for illustration. 



* The student should obfierve that in (3) the letter x which stands for the 
superior limit and the x in the element f {x) dx must be considered. as being 
entirely distinct. The want of attention to this distinction often causes much 
confusion in the mind of the beginner. 
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Examples. 



x^dx. Ant, 






dx 



10. I er«* cosmx dx. 
Jo 



»+i 



r. 

IiBinede 

Jo «» + 



•6, I r«« ifoj (a positive). 

Jo 

Jo I + 2x cos ^ -H d;>* 

r__£f__ 

Jo I + 2x COS ^ + a;« 

«. I e~»* sin ma? dx. -= l. 

^ Jo «• + »»a 



I 
a* 

2 8ill^' 



s ' ^' -♦ 



Bin^ 



a^ + m^' 



r* dx ir 
= -— p r when fltf - *' is positive. 
^a^-ubx-s-CT? ^ae-bt 

92. To prove that 

r ^-^ (I -x)^'dx^[af^^ (I -^r-^c^ar= ^ ' ^ ' 3 » » > (m - i) 
Jo ^ ^ Jo w(n+ i). . (n + w- I)' 



trA<?/i w and n are positive^ and m is an integer. 

12 
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The first relation is evident from (31) Art. 32. 
Again, integrating by parts, we have 

Moreover, since n and m - 1 are positive, the term 
ir(i - ir)"*"* vanishes for both limits, 

Jo '-'^ J 

The repeated application of this formula reduces the in* 

tegral to depend on ic****''dir,thevalueof whiohis . 

° ^ Jo m+n-i 

Hence we have 
J^^(i X) ^^- ^^^,,^,^__^^^^^^y (4) 

This result shows that when either w or w is an integer 
the definite integral 



af'-'ii 'xY-'^dx 



can be easily evaluated. 

When m and n are both firactional, the preceding is one 
of the most important definite integrals in analysis. 

"We purpose in a subsequent part of the chapter to give 
an investigation of some of its simplest properties. 



Examples. 

Jo ^ ' . 3.7.11.13 

f «« (i - x)l dx. 



5.7.9. 13. 17 
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* IT 

93. Values of m^xdx ejudi co&'^xdx. 



One of the simplest and most useful appKoations of 
definite integration is to the case of the circtilar integrals 
ccmsidered in the commencement of Chapter III. 

We begin with the simple case of 



^^xdx. 



If in the equation, (Art. 56), 



1 



. ^ _ cosarsm*^*a? ^-i f . «^ . 

sm^ajoa? = + siD!*^xax 

n « J 



<9r COS £B sm''^^ X 

we take o and — for limits, the term vanishes 

2 n 

for both limits, and we have 

IT V 

shi^xdx = sin*^'a?(fo- 

Jo n Jo 

Now if n be an integer the definite integral can be 
easily obtained ; its form, however, depends on whether the 
index n is even or odd. 

(i). Suppose the index even, and represented by 2;n, 
then 

IT W 

sin*~ir(fe = I sin*"*"*ir (fo. 

Jo 2m Jo 

Similarly 

W IT 

^Bin^'^'^xdx = ^^""^ psin'"^a?&?; 

Jo 2m -2 Jo 

and by successive applications of the formula, we get 



jo 



2.4.6.... zm 
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(2). Suppose the index odd, and represented by 2m + i, 
then 

» IT 

Jo 2m + I Jo 

Hence, it is easily seen that 

IT 

f^ • 2m+l ^ 2.4.6.... 2m ,.v 

sm^'^^xdx = r. (0) 

Jo 3 -5 -7 [2m-hi) 

Again, it is evident from (31) Art. 32, that 

VooB'^xdx = sin**irc^, 

and consequently (5) and (6) hold equally when cos a: i» 
substituted for sin a?. 

94. Investigation of sin"* a? cos** a? dx. 

From Art. 55, when m and n are positive we have 

» IT 

f 2 . W — I fa , 

sin'^iTCOS^iPdir = sin'^a? cos**"^ic e?ar, 

Jo m + nio 

and sin"*a?oos"ircte = sva^^xooB^^xdx. 

Jo m + wjo 

Hence, when one of the indices is an odd integer, the 
value of the definite* integral is easily found. 

* The result in this case follows also immediately from Art. 92, by making- 
€06^0? =: 2 ; for this substitution transforms the integral into 

II »-^ 
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For, writing im + i instead of w, we have 

W IT 

8in^*^a?0O8'»a?cfe = — — — \ wi^^^xoo^xdx. 

Jo 2W + W+1J0 

Henoe 

8in*"***a?cos'*a?cfe 



l: 



2m . (2w - 2) ... . 2 f 2 . ^ , 

(2/» + n+i)(2w + n- i) ('^ + 3) Jo 

- 2.^,6 ... {2m) / V 

" (w + i) (n + 3) . . . (n + 2w + i)' 
In like manner 



Henoe 



eiiL^'^XQOB^^xdx == r sin**»a:oos**^*i»dlr. 

Jo 2(W + »)Jo 



8in^a?00S'**a?<fe - , * 6 > 5- - ^ \ ) \ gyr^am^^ 

jo {2m-\-2) . . . (2W + 2») Jo 

= ^ ' 3 ' 5 ' " (^^ ~ ' I ' 3 ' 5 ■ - * (^^ - ^ 
2.4.6 {2m + 2n) 2* 



(8) 



in whioh m and n are supposed both positive integers. 

Many elementary de&iite integrals are immediately re- 
ducible to one or other of the preceding forms. 

For example, on m^ing x = tan 0, we get 

r^^J'^^ede^i^ ''l-\'''''l '^^ (9) 

Jo(l+iC')~ Jo 2.4.6 ...(2n-2) 2 ^^' 

Similarly, by a? = asinfl, \ of {a^-a^ydx transforms into 
^+«+i r sin'»floos~+*flrf6. 
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In like manner (zax-a^ydx^ 
on making a? = « (i - cos d), becomes 

ir 

The expressions for these integrals, when m and n are 
fractional in form, will be given in a subsequent Article. 

* 

Examples. 

I . y anfx cob* a; dx, Ans. 



2. I an^xcoa^dx, 
> Jo 

4. I (!-««><&. 



a/i - ««' 








4' 




3. 


5.7." 


, 


5. 


10 . 20 . 


30.40 


9- 


19 . 29 . 


39-49 


I 


.2.3.. 


. (m-i) 


ft 


(n+i). 


. .(» + m-i) 


2 


.4.6. 


. (2«) 


3 


.5 • 7 • 


.(2ii + iy 


I 


.3.5. 


..(2n-i) ir 


2 


.4.6. 


. . 2ft 2 


2 


.4.6. 
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1 x'^^^dx 

v^rr^' 3.5.7... (2»+o' 



7 . Deduce Wallis's value for ir by aid of the two preceding definite integrals* 
f * ss^dx 2 . 4.6 ... (ft~i) I 

3.5.7.... M y/a^*l 



where » is an o<£(f integer. 
9. I x^ {2ax - a^)^ dx. 
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95. Value of e"^ af^ dXj when n is a positive integer. 
In Art. 63 we have seen that 

\e-'afdx = - e"*ir» + n Ur^oj""^ dic. 

Again, the expression — vanishes when a? = o, and also 
when a? = c», (Dif. Cal., Art. 94, Ex. 2). 

Hence e^o^dx = n\ e^oT-^dx. (10) 

Consequently Mr'ir" rfla? = i . 2 . 3 . . . w. (i i) 

Many other f onns are immediately reducible to the pre- 
ceding definite integral. 

For example, if we make a? = as we get 

in which a is supposed to be positive. 

Again, to find af» (log xY dx; let a? = €r\ and the in- 
tegral becomes 

(- i)~ f r(~+^)^s'»rfs = (- i)" V'^'^:;'^ 
^ ^ Jo ^ ^ (m+i)**^' 



Since log a? = -logf-j, this result is often written in 
the form 
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The definite inteflral I er^af^'^ dx is Bometiines known as 



ategral I i 



The Sf cond* Eulerian Integral, and is fundamental in the 
theory of definite integrals. Being obviously a function 
of n it is denoted by the symbol r (n) ; and is styled the 
Ganmia-Function. 

It follows from (lo) that 

r(n+ i) = nT(n). (14) 

Also, when n is an integer we have 

r(n+ i) = 1 . 2 . 3 . . . «. (15) 

Again, when x is less than unity, we have 

= i+a? + a?* + ip' + &c. 



I -X 



log a? — — » logx {i^-x^- 01? -\-., ,)dx 

Jo I -^ Jo 

/ I • I \ TT^ 



(by a well known result in Trigonometry). 
In like manner we get 



1: 



I -^x " "/"JL " ^ ^ 



An account of the more elementary properties of Ghimma- 
Punctions will be given at the end of this chapter. 



* The integral I a?"*-^ (i - xY'^ dx, considered in Art. 92, is also sometimes 

called the First Eulerian Integral ; we shall show subsequently how it can be 
expressed in terms of Gamma-Fimctions. 
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Examples. 

f* ^ I . 2 ... ft 

Jo (loga)««i 

Jo I - «• 



4* 



96. ij^ f« anrf V be both Junctions of a?, and if v preserve t/te 
same sign while x varies from Xo to X, then we shall have 



uvdx = U vdx. 

J^o J'o 



where U is some quantity comprised between the greatest and the 
least values ofuy between the assigned limits. 

For, let A and B be the greatest and the least values of 
Uy and we shall have, when v is positive, 

Av > uv > Bv; 
when V is negative, 

Av <uv < Bv. 

Consequently, for all values of x between Xo and X the 
expression uvdx lies between Avdx and Bvdxj and accord- 
ingly, since the sign of v does not change between the limits^ 

uvdx lies between A vdx and B vdx : 

J'o J^o J'o 

which establishes the theorem proposed. 
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Cor. If f{x) be finite and contimiotis for all values of x 
between the finite limits Xq t^nd X, then the integral 

ynH also have a finite value. 

For, let A be the greatest value of f{x)f and JB the least, 

then f{x) dx evidently lies between the quantities 
A dx and B dx. 
\J .-. I f{x)dx>£{X~-Xo)sjii<A{X-Xo). 

i 

' 97. Taylor's Theorem. — ^The method of defimte integra- 
tion combined with that of integration by parts furnishes a 
eimple proof of Taylor's series. 
For, if in the equation 

ve assume « = X + A - 2, we get tfo; = - «fe, and also 
[ ' /(«;)<& = p/(X + A-s)rf2, 

/. /(X + A) -AX) = [V (X + A - «) dz. 
Again, integrating by parts, we have 
{/{X+h-z)d2 = z/(X+A-s) + [2/'(X+A-s)rf2. 

Hence, substituting the limits, we haye 

f /(X+A-2) dz = A/(X) + [ 2/'(X+A-z) dz. 
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In like manner 

[zf\X+h'z)dz = j/'(X+A-s) + [j/"(Z+A-s)rfs, 

which gives 

Jo 2 jo 2 

and so on. 

Accordingly, we have finally 

/(Z+ A) =/(X) + ^/(X) + ^/'(X) + . . . + j^/^-') (X) 

+ 



l/"'(^**-)g^- (■«) 



This is Taylor's weU-known expansion.* 

98. Remainder in Taylor's Theorem expressed as a 
Definite Integrral. — ^Let iJ» represent the remainder after 
n terms in Taylor's series, then by the preceding Article 
we have 

rh 






There is no difficulty in deducing Lagrange's form for 
the remainder £pom this result. 
For, by Art. 96, we have 

ij, = m —^, — - = u 



-^h 



2.3...(?i-l} 1.2 



where TJ lies between the greatest and least values which 
/(*•) (X + A - 2) assimies while z varies between o and Ju 

* The student will observe that it is essential for the yalidity of this proof 
(Art. 90) that the successive derived functions, /'(«), /"(a?), &c., should be 
finite and continuous for all values of x between the limits X and X-v h. 
Compare Articles 54 and 75, Dif. Gal. 
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Hence, as in Art. 75, Dif. Cal. (since any value of 2 between 
o and A maybe represented by (i - d) A, where > o and < i) ; 
we have 

1 • 2 • • • /» 

where is some quantity between the limits zero and unity. 

99. Bernoulli's Series. — ^If we apply the method of in- 
tegration by parts to the expression f{x) cfo, we get 



{/{x) dx = xfi^x) - [xf{x) dx ; 
.-. r/(^)efo = Xf(X) -^^f{x)xcb. 



In like manner 

Jo I '2 Jo 1.2 

and so on. 

Hence, we get finally 

pi::.)tfo=f/:x)-^/(x)+^/'(z)-&c.... (18) 

Compare Art. 66, Dif. Cal., where the result was obtained 
directly from Taylor's expansion. 

100. Exceptional Gases in Definite Integrals. — In the 
foregoing discussion of definite integrals we have supposed 
that the function fix)^ under the sign of integration, has a 
finite value for all values of x between the limits. We have 
also supposed that the limits are finite. We purpose now to 
give a short discussion of the exceptional cases.* They may 



* The complete investigatdoii of definite integrals in these exceptional cases 
is due to Cauchy. For a more general discussion the student is referred to M. 
Moigno's Calcul Integral, as also to those of M. Serret and M. Bertrand. 
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be classed as follows: — (i). WhenJlx) becomes infinite at 
one of the limits of integration. (2). When /{x) becomes 
infinite for one or more values of x between the limits of 
integration. (3). When one or both of the limits become 
infinite. 

In these cases, the integral /{x) dx may still have a 

finite value, or it mav be infinite, or indeterminate : depend- 
ing on the form of the function f{x) in each particular case. 
The following investi^tion will be found to comprise the 
cases which usually arise. 

1 01. Case in which /(:r) becomes infinite at one of the 
liimits.— Suppose that /{x) is finite for all values of x 
between Xo and X, but that it becomes infinite when x = X. 

The case tiiat most conmionly arises is where f{x) is of 

the form Jv .^ , in which ^L^x) is finite for all values 

(A - xY ^ 

between the limits, and n is a positive index. 

Let a be assumed so that ^|J{x) preserves the same sign 
between the limits a and X, then 

f -^ i/> (a?) dx _ [• \P{x)dx C ^ yf, {x) dx 
l^{X-xY'].^(X-xY^l{X-xr 

The former of the integrals at the right-hand side is 
finite by Art. 96. The consideration of the latter resolves 
into two cases, according as n is less or greater than unity. 

(i). Let n < I, and also let A and B be the greatest 
and least values of -^ {x) between the limits a and X : then, 
by Art. 96, the integral 

Moreover, since n < i, we have evidently 
dx (X- «)'-* 



1: 



^{X-xY I -n ' 

and consequently, in this case, the proposed integral has a 
finite value. 
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(2). Let n > ly and, as before, suppose A and JB the 
greatest and least values of \p (x) between a and X ; then 



dx 



r^^» lies-between ^|"(^„ and 5 j^' ^^ _ ^^.. 

'Agfldn, we have 

f dx -J 

J {X - ^)« "" (n-i) (X-o;)*-^ • 

Now 7^=^ rr-: becomes infinite when a? = X, but has a 

(X - a?)**"* 

finite value when a? = a ; consequently the definite integral 

proposed has an infinite value in this case. 

f dx 
When w = I, ^ ^ . = - log (X - x). This becomes 

infinite when a; = X ; and consequently in this case also the 
intcOTal proposed becomes infinite. 

The investigation when f{x) Jbecomes infinite for x = a*© 
f oUows from the preceding by interchanging the limits. 

102. Case where /(a;) becomes infinite between the Limits. 
— Suppose f{x) becomes infinite when a? = «, where a liea 
between the limits Xo and X; then, since 

|'^/(^) dx = ^ly{x) dx + ^y{x) dc, 

the investigation is reduced to two integrals, each of which 

may be treated as in the preceding Article. 

\L (x) 
Hence, if we suppose f{x) = ^ ^ , it foUows, as in 
^ {X - a) 

the last Article, that f{x)dx has a finite or an infinite 

value according as n is less or not less than unity. 

The case in which f{x) becomes infinite for two or more 
values between the limits is treated in a siTniUr manner. 
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For example, if 

/(«i) = 00, /(Oi) = 00, . . . /{an) = 00, 

where Ui, 02 . . . an lie between the limits X and Xo ; then 
f f{x) dx = f "^ /(«) dx + {"^/(x) &? + &c. + f f{x) dx, 

each of which can be treated separately. 

103. Case of Infinite Limits. — Suppose the superior limit 
X to be infinite, and, as in the prece^g discussion, let f[x) 

'dj(x\ 
be of the form . _ ^>^ , where \p{x) is finite for all values of x. 

As before we have 

[ f{x)dx = [ f{x)dx+\'^f{x)dx. 

The integral between the finite limits Xo and a has a finite 
value as before. The investigation of the other integral con- 
sists again of two cases. 

(i). Let n > I, and let A be the greatest value of \lf{x) 
between the limits a and 00, then 



i 



,^^ .^ is less than A 7 — ---- 



^^*' J.(^-< n-il{a-a)--' {X-^a)^'\' 

The latter term becomes evanescent when X = 00 ; accord- 
ingly in this case the proposed integral has a finite value. 

In like manner it is easily seen that if n be not greater than 
unity, the definite integral 

dx 



J. (^-«)" 

K 
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has an infinite value ; and consequently 

^ [x] dx 

(x-af 

is also infinite, provided •(p[x) does not become evanescent for 
infinite values of x. 

Hence, the definite integral 

r" ffj{x)dx 

has, in general, a finite or an infinite value according as n is 
greater or not greater than unity : y^ix) being supposed finite, 
and Xo being greater than a. 

If X become - 00, a similar investigation is applicable, for 
on changing x into - a?, we have 



\ 



f{x)dx = - /(- x) dxy 



"^<i in which the superior limit becomes 00. 

104. Principal and General Values of a Definite Integrral. — 
We shall conclude this discussion with a short account of 
Cauchy's* method of investigation. 

Suppose /(a?) to be infinite when a; = a, where a lies be- 
tween the limits Xo and X, then the integral f[x) dx \& tq- 
garded as the limit towards which the sinn 



J'a-fie rX 

/{x)dx + \ f[x)dx 



approaches when £ becomes evanescent : fi and v being any 
arbitrary constants. 



* This and the four following Articles have been taken, with some modifica- 
tions, from Moigno*s Oalcul Integral. 
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This value depends on the nature of f{x\ and may be 
finite and determinate, or infinite, or indetemunate. 

If we. suppose /x = v, the limiting value of the preceding 
sum is called the principal value of the proposed integral : 
while that given above is called its general value. 

ex ^^ 

For example, let us consider the integral — . 

Here T ^ = linut F T^ . T ^1 

Also, making ^r = - s, 

p^=r^=iogf^\ 

— islogf — ); while 

its general value is log f — j + logf-J- The latter expres- 
sion is perfectly arbitrary and indeterminate. 

f ^ dx 
Again, let us take ~. 

As before J^^ 5 = ^-^41! ^ "ll J} 

But r^=-L--;^:andr^ = -L-J-. 

]y^ it VI Jl J^^ m^ jne a'o 

...r5=iinutr-L.-i-±-±i 

Consequently, both the principal and the general value of the 
integral are infinite in this ease. 

K 2 
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In like maimer 

Hence the general value of the integral is infinite, while 
its principal value is- f—g - y^ )• 

It may be observed that the principal value of 

J^^ -IS equal to J^^-. 

This holds also whenever f[x) is a function of an odd 
order : i.e., when/( -x) = -f{x). 
For, we have 

f ' f[x)dx = \f{x)dx+ [ f[x)dx. 
But [" /{x)da; =-["/(- 3;)dx= \ /{- x)dx. 

.-. \''f(x)cbS'' [f{x) +f{-x)] dx (19) 

J-^Q Jo 

Accordingly if /(- x) = -f[x) we get 

f[x)dx=o. 
Again, if /(ip)be of an even order, i.e., if /(- x) =/(a?), we 
have f{x) tfo = 2 f[x) dx. 

J-«o Jo 

105. Sing^olar Definite Integrral. — The difference between 
the general and the principal value of the integral considered 
at the commencement of the preceding Article is represented 
by 

f{x)dx, 

J a + ye 

in which/ (a) = 00, and s is evanescent. 
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Such an integral is called by Canchy a singular definite 
integral^ in which the limits differ by an infinitely small 
quantity. The preceding discussion shows that such an in- 
tegral may be either infinite or itideterminate. 

106. Infinite Limits. — If the superior limit be infinite, we 

I 

regard f{x)dx as the limit of I /(a?) t&, when c becomes 

evanescent. 

I 

Also f{x) dx = limit of f{x)dx when c is evanescent. 

In the latter case the value of the definite integral when 
fi = 1; is, as before, called ^^ 'principal value of 



1: 



Ax)dx. 



In this we assume that/(^) does not become infinite for 

any real value of x, 

fix) 
107. Example. — ^Suppose —^ to be a rational algebraic 

fraction, in which /(a?) is at least two degrees lower in x than 
F{x)y and suppose all the roots of F[x) = o to be imaginary, 
it is required to find the value of 






Prom the foregoing conditions it foUows that —t-t cannot 

F[x) 

become infinite for any real value of x : accordingly the true 
value of the integral is the limit of 



iLFixY 



when c vanishes. 



dx 

^\x) 
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To find this value, suppose ^^ decomposed by the me- 
thod of paorfial firactions, and let 



A-By- I , A + B^ 
and 



x-a-h^-i x-a + b^-i 
bd the fractions corresponding to the pair of conjugate roota 

a + b^/- I and a - h^ - i, of F{x) = o : 
then the corresponding quadratic fraction is the sum of 
A - 5-/^ A^ By~ 



x-a- h^ - I a? - a + i-v/- i 

2 A (^ - flj) + iBh 



i.e., 



{x - «)* + 6« • 



•1 



'^ iBhdx 



- = 27r-B when e vanishes. 



Also 



1 



= 2 A log -, when c = o. 



Investigation of 'r~{ dx. ^^ 

■^ J.. F{x] 

f "« {zA (x-a) + 2Bb} da: . , //i\ t> / v 

J.L i^-af^b^ =2Alog{^y2.B. (20) 

lie 

Now, suppose F{x) to be of the degree 2ninx, and let the 
values of A and 5, corresponding to the n pairs of imaginary 
roots, be denoted by -4i, ^2, . . . -4„, and Biy -Bj, . . . ^n, re- 
spectively ; then we have 

1 

+ 27r(-Bi + £a + . . . + £„). 

Again, since/(a?) is of the degree 2» - 2 at most, we have 

Ai + A2+...+An-0. 

For, if we clear the equation 

/(^) _ 2^1 (a?-gi) + 25, J, 2 An {X - fln) + 2i?A 

"T • • • T ■ 



from fractions, the coefficient of ir*""* at the right-hand side is 
evidently 

2(^1+^2+ . . .+An)'y 

which must be zero, as there is no corresponding term on the 
other side. 

Accordingly we have, in this* case. 



* It may be observed that when/ (a:) is but one degree lower than F(x)y 
iheprmeipul value of I ^. .dx vi still of the form given in (2 1). 
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We proceed to apply this result to an important example. 

1 08. Value of I — —y when m and n are positive integers, 

and n> m. 

Let a be a root of a:^* + i = o, and, by Art. 37, we have 

A-B^- I = — —. = . 

znar*^^ 2n 

Again, by the theory of equations, a is of the form 

(2k + iVtt . / . (2k + i)7r 

COS -^ ^— + a/- I sin ^^ ^— , 

2n 2n 

in which A; is a positive integer and less than n ; 

/. o^«+i = cos {2k + i)0 + ^/-~^ sin {2k + i) 0, 

where = (£^i±ill. 

2n 

Hence J5 = — ^ — : and accordingly we have 

2n o ^ * 

-Bi + ^3+ .. . + -Bn = — {sin + sin 30 + . .. +sin(2n- i)0). 
2n ^ \ y J 

To find this sum, let 

5 = sin + sin 30 + . . . + sin (2n - i) 0, 
then 

2Ssin0=2 sin^0+2sin0sin30 + .. . + 2 sin 0sin(2»- i)& 
= I - cos 20+ cos 20 - cos 4© + . . . +COS {2n - 2)0 - cos 2nO 

= I - COS 2W0= 2 em^nO = 2 sin*(2m + i) - = 2. 

^ ^ 2 

sm . (2m + ijir 
2n 



Value qf\ -^-j-dx. '^^ 

Jo l+iC*** 



Accordingly, we have 



f" f^dx IT 

J-« I 



+;c*" . (2m+ i)7r 

w sin -^ ^ 

2n 

Hence, by (19), 



Jo I +3^ J.« i+ar*" " 2/1 . (2w+i)7r* ^ ' 



Bin- 

2n 



We now proceed to consider the analogous integral 
I "— 5^> where m and w, as before, are positive integers, 
and n> m. 






We commence by showing that 

Jo I -x^" 
This is easily seen as follows, 

r ^ _ p ^ r ^-g 

Jo I -^J^*" Joi -^ Ji I -ar** 
Now, transform the latter integral, by making a? = -, and 
"weget 

r dx r dz f' dz _ p dx 



dx_ 



•J. r^ = °- 

Again, proceeding to the integral 

o^d^ 



Jo i-^ 
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we observe that i + a? and i - x are the only real factors of 
I - a?'**, and that the corresponding partial quadratic fraction 
in the decomposition of 

IS 



Consequently, the part of the definite integral which corres- 
ponds to the real roots disappears. 

Moreover, it is easily seen that the method of Arts. 107 
and 108 applies to the fractions arising from the n - i pairs 
of imaginary roots, and accordingly 

where 5i, B2, . . . -B^i have the same signification as before. 
Again, since the roots of a?^** - i = o are of the form 

kir / . ktf 

cos — ± a/ - I sm — , 

it follows, as in Art. 108, that 

5i +-B2 + . . . + -Bn-i = — [sin 20 + sin40 + ... + sin 2(n- i)Q\ 

^ (2W+ l)7r - „ 

where B = ^^ -—y as before. 

zn 

Proceeding as in the former case, it is easily seen that 
sin 20 + sin 40 + . • . + sin 2{n - i) 

COS0-COsf2n-l)0 , (2W+l)7r 
= r^-5 ^=COt^^ '—. 

2 sm 2n 

_ , ^ ^^ „ 2m + I 

Hence = - cot tt, 



f 



2n 



x^dx IT , 2m ^ I , V 

- = — cot TT. (23) 

I -a?*** 2n 2n ^ ^ 
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Agein, if we transform (22) and (23) by making a?-" = z 

. - 2m + I , 

and a = , we get 

2>i ^ 

= -: , ~ = TT cot flTT. (24) 

Jo I + s sm «7r Jo I - S 

The conditions imposed on m and « require that_a should 
be positive and less than unity. 

Moreover, since the results in (24) hold for all integer 
values of m and n, provided n > m, we assume, by the law of 
continuity, that they hold for all values of a, so long as it is- 
positive and less than unity. 

1 10. The definite integrals discussed in the two preceding 
Articles admit of several important transformations, of which 
we proceed to add a few. 

For example, on making w = s** in (24), we get 

Jdu aw C ^^^ 
r = -; ; : = ttlT COt flfTT. 
• ^ sm^TT Jo r, 

l + U I - it 

On making- = r, these become 

C du TT C du TT . TT , . 

; = > ; = - cot -, (25) 

Jo I + w*^ . TT Jo I -e**^ r r' ^ ^^ 



r sm- 
r 



where r is positive and greater than imity. 
Again 

Jo I +;»''» "Jo I +iP' Ji I -^ixi'' 

Now, if in the latter integral we make a; =-, we get 

z 

. r af'da! _ __ p z-^dz _ H x-^dx 
li I +x^ Ji I + s'* Jo I + iP*'*' 

"Jo I +a?'~Jo I +x' 
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Moreover, from {22)^ when n is less than unity, we have 



2 008 

2 



Accordingly 



1 a? + a:"^ X rnr 

2 cos — 

2 



(28) 



In like manner, it is easily seen that 



C^af' -ar^ dx V ^ mr , . 
r — = - tan — . (29) 

It should be noted, that in these results n must be less than 
unitv. 

Again, transform (28) and (29) by making x^ e^ and 
n-K = a, and we get 

a , a 

^00- -, ^, sec- ^, ^, _^, tan- 

dz = , — - dz = . (30) 

We add a few additional examples for illustration. 





Examples. 


f- dx 




, i 

(a»-a:»)» 




Jo («»+ ««)(»« + **)• 




' Jo i-^ 





nsrn- 



20^ (a + b) 

IF 
4' 



f* IT 

4. I tan»a<W, where « lies between + i and- i. — — 
Jo 



2 cos- 
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— , where n>m. Am, - 



mir 
2fi cos — 

2f» 



Jo ,1^ + r.r* -__—- 



i: 



dx. 



gtr* — g-w» COS a + COS 6 

It should he ohserved, that in these we must have a+ b<ir, 
8. Hence, when b<ir prove that 




- sin MTao; => 



J «'* — ^"* * C«-f2C0S^ + tf" 

fi «•-«-« I 

I ftz. ir cot air . 

J I -« « 



III. Differentiation of Definite Integrals. — ^It is plain from 
Art. 86 that the method of differentiation under the sign of 
integration applies to definite, as weU as to indefinite inte- 
grals, provided the limits of integration are independent of 
the quantity with respect to which we differentiate. 

On account of the importance of this principle we add an 
independent proof, as follows : — 

Suppose u to denote the definite integral in question, Le.,. 
let 



W = (iP, a) tfo, 



where a and b are independent of a. 

To find — let Au denote the change in u arising from the 
da 

change Aa in a ; then, since the limits are unaltered, 
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Aw = {^(;r, a + Aa) — ^fa?, a)} dr, 

A«* f * d> f^, a + Arr) - <b [x. a) , 
Aa J a Aa 

Hence, on passing to the Kmit,* we have 



du __ [^ d(fi{xy a) , 



du^i 
da ]a 



da 



Also, if we differentiate n times in succession, we ob- 
viously have 

d^u _ f*c^0(ir, a) 

~da-~]a'~di^ 

The importance of this method will be best exhibited by a 
few elementary examples. 

112. Integrals deduced by Differentiation. — If the equa- 
tion 

f e^d^=- 
Jo a 

be differentiated n times with respect to a, we get 

I . 2.3. ..n 



I 



^e-<''dx = - — , 

(l 



as in Art. 95. 

Again, from the equation 

r dx _ IT I 

\o ixr + a 2 ak^ 
we get, after n differentiations with respect to «, 



dx 



^ TT I .3 .5,..(2n-i) ^i^ ^ 

[x" + a)"*^ 22.4.6... 2;i a'»^i ' 

which agrees with Art. 94. 



1: 



* For exceptions to this general result the student is referred to Bei-tiand's 
*' Calcul Integral," p. 1 8 1 . 
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Again, if we take o and 00 for limits in the integrals [21) 
and (24) of Art. 21, we get 

e~^^ QO^mxdx = '-z ;,, e"^^sinma?rfir = -- -. U2) 

Jo aHm"' Jo a' + m^ ^^ ^ 

Now, differentiate each of these n times with respect to «, 
xind we get 

e-^iT^cos fwjrrfic=(- i) -7- 1 1 A 

_ In . cos(n + i)0 

r .--^sin^/^c^a^i'^^^^^-^^)^ 

ijv^here m = a tan 6. (See Ex. 17, 18, Dif. Cal., pp. 55, 56.) 
Next, from (24) we have 



Jo I - X 



IT cot aTT. 



Accordingly, if we differentiate with respect to a, we have 

^dx w^ 



Jo I - X 

Again, if the equation 



uX 

le transformed by making y = 7-, it evidently gives 



Jo (a + 



Ixf^"^ nab"" 
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Now, differentiating with respect to a, we have 
r af^'dx I 



Jo (a+fta?)~+' n{n+ i)a^6*»' 
L to differentiate m - i tim( 

a^^'-^da; i . 2 . 3 . . . (m- i) 



If we proceed to differentiate m - i times with regard to 
a we have 



Jo (a+bx)"*^' n . (w + i) (w + 2) . . . (n + w - i) " a"*6~* 

113. By aid of the preceding method the determination 
of a definite integral can often be reduced to a known integral ; 
we shall illustrate this statement by one or two examples. 
Ex. I. To find 

f"" log (i + sin a cos x) 
— ^— — — ^— — — ax* 
cos X 

Denote the definite integral by tiy and differentiate with 
respect to a ; then 

du f' 00s adx /I. A«i. o\ 

-T- = : '• = T, (by Art. 18). 

da J I + sm a COS a? ^ "^ ' 

Hence, we get 

f' dx log (i + sinacos x) 

I = 7ra. 

Jo COS a? 

No constant is added since the integral evidently vanishea 
along with a. 

f" e'^'^&iamx , 
Ex. 2. u = \ dx. 



H 



In this case 

a 



du^r 
dm Jo 



6r^ cos mxdx- 



.\u = a\ - ^ 3 = tan-^ ( — ). 
No constant is added since u vanishes with m. 



Here 
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Ex. 3. Next suppose 

r iog(xH-aV) 



da J, 



2a!^dx 
(i + aV) (1 + 6V) 



~ fl*-6*Ljo I + 6V Jo i + ovj 

- —L—d- \ = ^r 
a^-b\b V 6 (a + 6)' 

To determine the constant ; let a = o, and we obviously 
have w = o. 

Consequently, the constant is - -r log 6. 

The method adopted in this article is plainly equivalent 
to a process of integration under the sign of integration. 
Before proceeding to this method we shall consider tne case 
of differentiation when the limits a and h are functions of 
the quantity with respect to which we differentiate. 

114. Differentiation where the Limits are variable. — ^Let 
the indefinite integral of the expression ^{x^ a)dx be denoted 
by F(x^ a) ; then, by Art. 91, we havo 

w = j ^{Xja)dx = F{by a) - F{a, a), 

du d'F{h,a) 



db db 

L 



* (J, a), 
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and 

Again, taking the total differential coefficient of ti re- 
garding a and h as functions of fi, we have 

du __ p d<p (x, a) - du db du da 
db da da da 



du __ r* d(^ {Xy 
da ]a da 

-i 



By repeating this process, the values of -7-:, -r-:, &o., can 

da da 
be obtained, if required. 

115. Integration tmcler the Sign of Integration. — Be- 
turning to the equation 



tt = ^{Xya)dxy 



where the limits are independent of a ; it is obvious, as in 
Art. 85, that 

uda = ^ (^, a) ei'a dx^ 

provided a be taken between the same limits in both cases. 
If we denote the limits of a by ao and oi, we get 

uda = i^{Xya)da\ dx. 

or 

r I I «(a?,a)(&|efa = { iri,{Xya)daldx. (34) 

This result is usually written in the form 

i^{Xya)dxda = i^{x^a)dadx. (35) 

J«oJ« J«J*o 
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These expressions are called double definite integrals^ as in- 
volving successive integrations with respect to two variables, 
taken between limits. 

It may be observed that the expression 



Jao J< 



(or, a) dx da 



is here taken as an abbreviation of 



((^{Xy a)dx\ day 



in which the definite integral between the brackets is sup- 
posed to be first determined, and the result afterwards 
integrated with respect to a, between the limits oo and ai. 

The principle* established above may be otherwise stated 
tthus, In the determination of the integral of the expression 

^ (Xy a) dx da 

•heitceen the respective limits Xoy Xi; and a©, ai; we may effect the 
integrations in either order ^ provided the limits of x and a are 
independent of each other. 

In a subsequent chapter the geometrical interpretation of 
this, as well as of a more general theorem, will be given. 

We now proceed to illustrate the importance of this 
method by a few examples. 

116. Applications of Integrration under the Sign J. 
Ex. I. From the elementary equation 



1: 



xT^dx = - 
a 



we get 



* It should be noted that this principle fails whenever ^(x, a), or either of 
its integrals with respect to a, or to j;, becomes infinite for any values of x and a 
contained between the limits of integration. The student will find that the 
examples here given are exempt from such failure. 

L2 
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Hence 

Jo logj» VV 

Again, if we make a? = r* in this equation, we get 

j: ^=^- - '»«©■ . 

Ex. 2. We have abeady seen that 

j: 



_ a 

(T^ oosmxdx = 



o*+ m^' 



Hence 



or 



^(T^da QOSmxdx = -r r 

Jo LJ.o j La'+m' 

Jo a? ^V«o- + wjV 

Ex. 3. Again, from the equation 

1: 



m 
e'^Bmmxdx = 



a*+w*' 



we get 

Jo Ja„ J.oa' + w' 

r ^ ° "^ ^ gji3^ ^^ ^jj. = tan-1 ( ~ ] - tan""* ( — ]. 

• " Jo ^ \W \W 

Compare Ex. 2, Art. 113- . , , x^ ix 

If we mfiie oo = o and ai = 00 m the latter result, we 

obtain 



Jo ^ 



ma? - V 
ax - —. 

2 



Value of { e^'^dx. ''^^ 

Ex. 4. To find the value of 

Denoting the proposed integral by A, and substituting 
ux for Xy we obviously have 

[ 6r*"'" adx ^ k, 
.-. [ 6-'(»+'-)aefo = ke^\ 

r-'C*") adadx = k\ e^* da = ¥. 

Jo Jo Jo 

^Jo 1 + ^' 4 

Hence 

r r^' efe = A = i y^. (3^) 

This definite integral is of considerable importance, and 
several others are readily deduced from it. 
1 1 7. For example, to find 



Hence 
But 



(A) u = ^ 

du _^ r 

da Jo 



/""'"•(fo. 



Here 

du f* -«»-^ dx 

— - — "I ^ ^Za 



Again, let s = -, and we get 

X 
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#.0D O* /»ao a* 

j _x« I -a"- — 

e *'flfl?> = e ^' dz == u, 
J — 7,- J 



ei^a 



= - 2u, hence w = Cfe*^". 



To determine (7, let a = o, and, by the preceding example^ 

V becomes — — . 

2 

Consequently 

f .■""-- c/^ = -^.-. (37) 

. Jo 2 

Again, to find 

(B) u = e-^^'^^QO&2bxdx. 

Jo 

Here 

-;r = - 2 ^""''^''fiin ibxxdx. 
do Jo 

But, integrating by parts, we have 

2 Xe^'^vnihxxdx^ r- + —rXe-'"'' aoAihxdx. 

J a' fl'J 

/. 2 e"^"**sin2Ja?a?&? = -r e-^*""* QOQ 2hx dx, 

Jo « Jo 

Hence 

ffw 26W dit 2b db 

db a^ u a^ 



Hence u = Ce"^'. 

Also, when J = o, « becomes ^^^— , 



e-«'^' cos 2&a? dx = ^^^-^ c"«-' (38) 

Jo 2a 
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Again, if we differentiate n times with respect to a the 
equation 

Jo :^ya . 

and afterwards make a == i, we get 

Next, to find 

/-pwv r COS mx dx 

^ ^ Jo 1+^ • 

We ohyioTisly have 

Jo l+a:' . 
.-.2 a6™ vi+*) COS »M? or aa = :t-- 

Jo Jo Jo I-^X" 

But, by (38), we have 

2 e'^*'^' QOBfnxdx = e^iiF* 

jo a 

Hence, by (37), we have 

rcosmxdx^.^^^ (39) 

Jo 1+^' 2 

Again, differentiating with respect to tn, we obtain 



Jo I+iP' 2 ' 
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Examples. 

I. I ««r. Am, -Bee*-. 

Jo e»*-r»« 4 2 



2 

when a > o and < i. 



> o and < I. 

Jo I— « log* Vsinair/ 
ir 
4. [*log(X+CO80COBiC)— ^. if 9P\, 

Jo 'cosa; "^ \ 4 / 

A -. . Bin — 

^^ . f * g^ logg <fe IT* 2 

<Si ' Jo l+«» ' T a^ir* 

. COB*—- 

118. The values of some impoitant definite integrals oan 
be easily deduced from formula (31), Art. 32. 
For example,* to find 



1 



log(8ine)fl?fl. 

Here | * log (sin 0) rfO = j ' log (cos 0) dO. 
Hence, denoting either integral by u^ we have 

ir 

2ti = j * {log (sin 0) + log (cos B) ) dB 



* These examples are taken from a paper, signed H. 6., in the *' Cambridge 
Hathematical Journal," Vol. 3. 
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= I log (sin 20) rffl - — log 2. 

Jo 2 

Again, if s = 2fl, we have 

log (sin 2O) rffl = -J- log (sin z) dz 

= i log (sin s) (fe + -J- log (sin z) dz ; 
lut, since sin (ir - s) = sin s, 

IT 

log (sin 2) (£5 = log (sin 2) dz. 

~2 

Consequently 

f ' log (sin 2fl) rfe = f' log (sin 0) dd, , 

IT 

.-. f' log (sin $) dd ='-- log (2). (41) 

Jo 2 

Again, to find 

\'dlog{mie)de. 

{' e log (sin 9) dO = [' (tt - 9) log (sin 0) dO, 
.-. rfllog(sinfl)rfe = -riog(8ine)rffl = --log (2). 

Jo 2 Jo 2 

119. Theorem of Frullaai. — To prove that 



Here 
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I Let u = ^-^ — rxJ. dz ; substitute ax for a, and we get 

) Jo S 

Jo iX> 

\ If we substitute h for «, we get 

Jo . a? 

I Hence 



Jo X Jo X " *^^^J* 



X 



= ♦(o)log(- 



a 

If we suppose A = oo, we get 

|-,M^^.^«,)I„g(i). (43) 

proTided | ^-^^ — -dx «= o when A = oo. 

ft 

For example, let ^ (x) = cos Xj and, since the integral 

A 

r* cos &r 
J* X ^ 

a 

evidently vanishes when A = oo, we have 

f* cos OP - cos Jo? ^ , h 

^ = log-. 

\ts X ^ a 
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As an exceptional case to the theorem of FruUani let u» 
consider the integral 

f" tan"' or - tan"* ^i? , 

Jo ic 

Since ^ (o) =0 in this case, equation (40) gives 

*. 
f * tan"* ax - tan"* bx , f* tan"* hx dx 
ax 



X \h X 



=r 



where A = 00. To find the latter integral, we observe that hx 
is infinite for all values between the limits, and consequently 

tan"* hx ^ — for all values of x in the definite integral. 



1 



Accordingly we have 
f * tan"* ax - tan"* kv 



*-7J:?=>a 



120. Oamma-FunctionB. — It may be observed that there 
is no branch of analysis which hais occupied the attention 
of mathematicians more than that which treats of Definite 
Integrals, both single and multiple ; nor in which the resulta 
arrived at are of greater elegance and interest. It would 
be manifestly .impossible in the limits of an elementary 
treatise to give more than a sketch of the results arrived at. 
At the same time the Gamma or Eulerian Integrals hold so 
fundamental a place, that no treatise, however elementary, 
would be complete without giving at least an outline of their 
properties. With, such an outline we propose to conclude 
this (Chapter. 

The definitions of the Eulerian Integrals, both First and 
Second, have been given already in Art. 95. 

The First Eulerian Integral, viz. : 

I ^'"-*(i-a?)"-*cte, 

is evidently a function of its two parameters, m and n ; it is 
usually represented by the notation, jB(w, n). 
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Thus, we have by definition 

r ^^-1 (i -ar)«-^ dx = B{m, n). 

(44) 
[ e-^x^^dx = r{p). 

The constants m, n^ are supposed positive in all cases. 
It is eyident that the result in equation (14), Art. 95, still 
holds when p is of fractional form. 
Hence, we have in all cases 

r(;? + i) =pr{p). 

This may be regarded as the fundamental property of 
Gamma-Functions, and by aid of it the calculations of all 
such fimctions can be reduced to those for which the para- 
meter p is comprised between any two consecutive integers. 
For this purpose the values of r(jo), or rather of log r(jt?), 
have been tabulated by Legendre* to 1 2 decimal places, for 
all values of p (between i and 2) to 3 decimal places. The 
student will find tables to 6 decimal places at the end of this 
chapter. By aid of such tables we can readily calculate the 
approximate values of all definite integrals which are re- 
ducible to Gamma-Functions. 

It may be remarked that we have 

r(i) = I, r(o) =a>, r(-i?) =00, 

p being any integer. For negative values of p which are 
not integer the function has a finite value. 

Again, if we substitute zx instead of a?, where a is a con- 
stant with respect to a?, we obviously have 

f^^-rf^^lM. (45) 



* See Traits des Fonctions Elliptiques, Tome 2, Int. Euler. chap. i6. 
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With respect to the First Eulerian Integral, we have 
already seen (Art. 92) that ^ 

.-. B{rn^ n) = jB(n, »t). 

Hence, the interchange of the constants m and n does not 
alter the value of the integral. 

Again, if we substitute for x^ we get 

Jo ^ ^ Jo (i+yr*** 

Hence J' J^^ =5(;,,, n). (46) 

We now proceed to express B{my n) in terms of Gamma- 
Functions. 

121. To prove that 

^, , r{m)r[n) 

B (m, n) = —rr^ — V« 

From equation (45) we have 

r(m)= er'^z'^^-'dx. 
Hence 

r {m) e-» z**-^ = [ r^ (^**) 2«^> aJ~-i;tfe. 
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But, if s(i + a?) = y, we get 

Jo (i+^r^lo ^' ^ 

r(w + n) 



(i H-rc)" 
Accordingly, by (46), we have 



•. r(m)r(«) = r(m + n)j^ -^^-^ 



5(^,„) = £MJ>). (47) 

^ ' r (w^ + n) 

Again, if w = i - w, we get, by (24), 

r(«)r(i-«)=r?^^=^^^. (48) 

^ ' ^ ^ Jo I +ilJ Bin WIT 

If in this n = i, we get 
"^ This agrees with (36), for if we make a? = s, we get 

^ i22rBy aid of the relation in (47) a number of definite 
integrals are reducible to gamma-functions. 
&or instance, we have 

r - "y*"-^ dy _^ n y'^'^dy r y'^^dy 
Jo (i+yr^'"Jo (i+y)"*^^Ji (i+yr«' 

now, substituting - for y in the last integral, we get 



Ji (i+yr*""Jo(i+ir; 
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Hence 

f • a;"-' + «»-' J r (m) r in). , . 



Next, if wo make x = -j-,yr& get 






J« (I +«)«•« Jo (ay + J)" 

. r r-^rfy ^ rMr(«) , > 

■■Jo (ay + 6)"'*" arb^r[m + n)' ^^ ' 

Again,* let x = sin'd, and we get 

IT 

j «!«-• (i - «)"-' (& = 2 [' 8in'<»->fl 008»»-'flrffl. 

.-. f'sin-'e co8-Wfl =i#i^. (51) 

Jo 2r(w + «) 



This result maj also be written as follows : 



If we make g = i, we get 



2T'^^^ 



P wDr^QdB = 






(52) 



2 p/z'-^A' (53) 



♦ These results may be regarded as generalizations of those given in Arts. 
^3, 94, to which the student can readily see that they are reducible when the 
andices are integers. 
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Again, if ^ = $' in (52) it becomes 

2 r[p) Jo 2^'Jo 

Let 2fl = s, and we have 

Hea» r(£)r(^±l).^rw. 

If we substitute 2m ioxpy this becomes 

rwr(m + i)=^r(2m). (54) 

Again, make y = tan^0 in (50), and we get 

^ rr sin'^^^flcos'^^-'gc^g _ r(m) r{n) . . 

' J (a sin'^e + b cos*e)"»^» " lanf" r (m + w)* ^^^^ 

123. To find the Value'^ of 

r(i)r©r(^...r(«-..) 

n being any integer. 

Mmtiply the expression by itself, reversing the order of 
the factors, and we get its square under the form 



* This important theorem is due to Euler, by whom, as already noticed, tli» 
Qamma-fimctionB were first inyestigated. 



r*./rQr(i)r@...r(l^). ■^■ 



that is by (48)9 



. IT . 27r . 3ir . (w-i)ir 

Bin — sm — Bin — . . . sm ^ — 

n n n n 

To oaLcnlate this expression, we have hj the theory of 
equations 



I -«* 



= [ l-2XC0B--^X^jri-2X0OB —+a^\,J I-2iP0OS^^ ^+ar*j. 

Making successiyely in this, ^ = i, and ^ ~ - i, and re- 
placing the first member by its true value n, we get 

/ ■ . irV/ . 27rY / . {n - i)7rY 
w=2 sm — 2 sm — ...2 sm^ ^ ^ 



znj V 2nj V 2n 



« = 2 COS 2 COS — ... 2 COS ^^ ^— , 

\ 2nJ \ 2nJ \ 2n J 

whence, multiplying and extracting the square root, 

,, , . IT . 27r . . (n-i)ir 
n = 2""* sm - sm — . . . sm ^ ^. 



n n 
Hence, it follows that 



r©K3--^"^^-^ 



■(^)=^- w 



TA 
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124. To find the values of 

f* CD »» 

e-^ cos Ixaf^^dxj and e^ sin bxixf^^dx. 

If in (45) a-h ^ - i be substituted* for s the equation 
becomes 

r ,.^,.W--^...^ r(m)^ r(m) (a^l./^iY 

Jo (a-Jy/-i)»» (a* + &*)~ 

Let a = (a« + J*)*cos 0, then & = (a« + 6^)* sin 0, and the 
preceding result becomes 

e^ (cos JiT + v^- I sin hx) af^'^ dx 

r{m) __ 

= ;; (cos B + v^- 1 sin 0)*" 

(a' + 6')' 

r(m) ' ^ 

= m (cos wfl + v^- I sin mO). 

(a»+J*)» 

Hence, equating real and imaginary parts, we have 
^"^ COS &ra^"^ rfiT = ^— ^ cos mO ] 

!: ■ ^"^"'^^ I (37) 

I g-*^ sin bxixf'^ dx == F (m) . » 1 
Jo ^-^smw0 

(a« + b'Y J 



in which fl = tan-^(^ 



If we make a = o, fl become -, and these formulae become 

2 



* For a rigid proof of the validity of this transfoimation the etudent is 
referred to Seirett's CaL Int., p. 194. 
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r* n ^ 1 jr ^ (''0 WITT "^ 

cos ox (xf'^ dx = — , — ^ cos — -, 

Jo ^'" 2 I 

sin Ja? a:*""^ efe = — , — sin — ^. 
Jo i'" 2 J 

It may be observed that these latter integrals can be ar- 
lived at in another manner, as follows. 
From (45) we have 

„ , . COS 6s f * ., ^, , , 
p U) - -- = c--^ (xf^^ CDS bz dx. 
^ "^ s« Jo 

^, J* cos hzdz r r ^ r ^.. . 

Jo S Jo Jo 

But, by (32), we have 

c"** cos fo(fe = 



6» + ^^' 



f * cos 6s (fe _ I r* aJ* (fe 



,by(27). 



r (n) nir 

^ ' 2 cos — 
2 



in which n must be positive and < i . 
In like manner we find 



r sin bzdz 6^'^ 

Jo s** " rw 



) . WIT 

' 2 Sin — 

2 



The results in (58) follow from these by aid of the relatioa 
t^ontained in equation (48). 



M 2 
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I. I x^ (i - se»)Pdx. A»8. i. 



2. 



1i a:m-i(i - /c)n-i fit: T (m) T (tf) 

(a + af)"»^ * a»»(i +<?)"» r(w + >/)* 



3. Prove that 

Jo (i-a^)*''Jo(i +;r*)i"4- 

I* * 

cos {l/z'^) dz. 



r(n + i 



)eos(*^) 



125. Numerical Calculation of Gamma-FunctionB. — The 
following Table gives the values of log r [p] to six decimal 
places, K>r all values of ^ between i and 2, (taken to three 
decimal places). 

It may be observed that we have F (1) = i, r (2) = i, and 
that for all values of j9 between i and 2, T{p) is positive and 
less than unity ; and hence the values of log T [p] are negative 
for all such values. Consequently, as in ordinary trigono- 
metrical logarithmic Tables, the Tabular logarithm is obtained 
by adding 10 to the natural logarithm. The method of calcu* 
lating these Tables is too complicated for iusertion in an 
elementary Treatise. 







Logr(p). 








165 


p 


1 


2 


3 


4 


6 


6 


7 


8 


9 


I.OO 




9750 
7285 


9500 


9251 


9003 


8755 


8509 


8263 


8017 


7773 


I.OI 


9.997529 


7043 


6801 


6560 


6320 


6080 


5841 
3489 


5602 


5365 


J. 02 


5128 


4892 


4656 


4421 


4187 


3953 


3721 


0981 


3026 


1.03 


2796 


2567 


2338 


2110 


1883 


1656 


1430 


1205 


0775 


1.04 


0533 


0311 


0089 


9868 


9647 


9427 


9208 


8989 


8772 


8554 


1.05 


9.988338 


8122 


7907 


7692 


7478 


7265 


7052 


6841 


6629 


6419 


1.06 


6209 


6000 


5791 


5583 


5378 


5169 


4963 


4758 


4553 


4349 


1.07 


4145 


3943 


3741 


3539 


3338 


3138 


2939 


2740 


2541 


2344 


1.08 


2147 


195 1 


1755 


1560 


1365 


1 172 


0978 


0786 


0594 


0403 


1.09 


0212 


0022 


9833 


9644 


9456 


9269 


9082 


8900 


8710 


S525 


1. 10 


9.97834^ 


8157 


7974 


7791 


7610 


7428 


7248 


7068 


6888 


6709 


I. II 


6531 


6354 


6177 


6000 


5825 


5650 


5475 


530J 


5128. 


4955 


1. 12 


4783 


4612 


4441 


4271 


4101 


3932 


3764 


3596 


3429 


3262 


1. 13 


3096 


2931 


2766 


2602 


2J38 
0835 


2275 


2113 


1951 


1790 


1629 


1. 14 


1469 


1309 


1 150 


0992 


0677 


2521 


0365 
8S38 


0210 


0055 


1-15 


9.969901 


9747 


9594 


9442 


9290 


9139 


8988 


8688 


8539 


1. 16 


8390 


8243 


8096 


7949 


7803 


7658 


7513 


7369 


7"§ 


7??^ 


1. 17 


6939 


6797 


6655 


6514 


6374 


%ll 


6095 


5957 


5818 


5681 


1. 18 


5544 


5408 


5272 


5137 


5002 


4734 


4601 


4469 


4337 


1. 19 


4205 


4075 


3944 


3815 


3686 


3557 


3429 


3302 


3J75 


3048 


1.20 


2922 


2797 


2672 


2548 


2425 


2302 


2179 


0867 


1936 


1815 


1. 21 


1695 


1575 


1456 


1337 
0180 


1219 


IIOI 




0751 


0636 


1.22 


0521 


0407 


0293 


0067 


9955 


9843 


9732 


9621 


95" 


1-23 


9.959401 


9292 


VM 


9076 


8968 


8861 


8755 


8649 


8544 


8439 


1.24 


8335 


8231 


8025 


7923 


7821 


7720 


7620 


7520 


7420 


1.25 


7321 


7223 


7125 


7027 


6930 


f4 


6738 


6642 


6547 


6453 


. 1.26 


6359 


6267 


6173 


6081 


5989 


5807 


5716 


5627 


5537 


1.27 


5449 


5360 


5273 


5185 


5099 


5013 


4927 


4842 


4757 


^^Jl 


1.28 


4589 


4506 


4423 


4341 


4259 


4178 


4097 


4017 


39|f 


3858 


1.29 


3780 


3702 


3624 


3547 


3470 


3394 


3318 


3243 


3168 


3094 


130 


3020 


2947 


2874 


2802 


2730 


2659 


2588 


2518 


2448 


2379 


I-3I 


^§^2 


2242 


2174 


2106 


2040 


1973 


1907 


1842 


1777 


1712 


1.32 


1648 


1585 


1522 


iz 


1307 


1336 


1275 


1214 


"54 


1094 


1-33 


1035 


0977 


0918 


0803 


0747 


0690 


0634 


0579 


0524 


1.34 


0470 


0416 


0362 


0309 


0257 


0205 


0153 


0102 


0051 


0001 


• 1.35 


9.949951 


9902 


9853 


9805 


9757 


9710 


9663 


9617 


9571 


9525 


1.36 


9480 


9435 


9391 


9348 


9304 


9262 


9219 


9178 


v^i 


9095 


1.37 


9054 


9015 


.8975 


8936 


8898 


8859 


8822 


8785 


8748 


8711 


r.38 


8676 


8640 


8605 


8571 


8537 


8503 


8470 


8437 


8405 


W 


r.39 


8342 


8311 


8280 


8250 


8221 


8192 


8163 


8135 


8107 


8080 


1.40 


8053 


8026 


8000 


7975 


7950 


7925 


7901 


7877 


7854 


7?3i 


1.41 


7808 


7786 


7765 


7744 


7723 


7703 


7683 


7664 


7645 


7626 


1.42 


7608 


7590 


7573 


7556 


7540 


7524 


7509 


\'^ 


7479 


7465 
7348 


1.43 


7451 


7438 


7425 


7413- 


7401 


7389 


-7378 


7357 


1.44 


7338 


7329 


7321 


7312 


7305 


7298 


7291 


7284 


7278 


7273 


1.45 


7262 


7263 


7259 


7255 


7251 


7248 


7246 


7244 


7242 


7241 


1.46 


7240 


7239 


7239 


7240 


7240 


7242 


7243 
7282 


7245 


7248 


7251 


'•^Z 


7254 


7258 


7262 


7266 


7271 


7277 


7289 


7295 


7302 


1.48 


7310 


7317 


7326 


7334 


7343 


7353 


7363 


7373 


7384 


7395 


1.49 


7407 


7419 


7431 


7444 


7457 


7471 


7485 


7499 


75H 


7529 
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Log 


•rO>) 


• 










P 





1 


2 


3 


4 


•6 


6 


7 


8 


9 


'.50 


9-947545 


7561 


7577 


7594 


7612 


7629 


7647 


7666 


7685 


7704 


1.51 


7724 


7744 


7764 


7785 


7806 


7828 


7850 


7873 


7896 


7919 


1.52 


7943 


7967 


7991 


8016 


8041 


8067 


8093 


8120 


8146 


8174 


1.53 


8201 


8229 


8258 


8287 


8316 


8346 


8376 


8406 


S! 


8468 


1-54 


SS"^ 


8532 


8564 


8597 


8630 
8983 


8664 


8698 


8732 


8802 


1.55 


8837 


8873 


8910 


8946 


9021 


9059 


9097 


9135 


9174 


1.56 


9214 


9254 


9294 


9334 


l^ 


9851 


'& 


9500 


9543 
9989 


9586 


'•57 


9629 


9672 


9716 


9761 


9942 


0035 


1.58 


9.950082 


0130 


0177 


0225 


0274 


0323 


0372 


0422 


0472 


0522 


1.59 


0573 


0624 


0676 


0728 


0780 


0833 


0886 


0939 


0993 


1047 


1.60 


1 102 


"57 


1212 


1268 


1324 


1380 


1437 


1494 


1552 


1610 


1.61 


1668 


1727 


1786 


1845 


1905 


1965 


2025 


2086 


2147 
2780 


2209 


1.62 


2271 


2333 


2396 


2459 


2522 


2586 


2650 


2715 


2845 


1.63 


291 1 


2977 


3043 


3110 


3177 


3244 
3938 


3312 


3380 


3449 


3517 


1.64 


3587 


3656 


3726 


3797 


3867 


4010 


4081 


4154 


4226 


1.65 


4299 


4372 


4446 


4519 


4594 


4668 


4743 


4819 


4894 


4970 


1.66 


5047 


5124 


5201 


5278 


5356 


5434 


5513 


5592 


5671 


5750 


'il 


5830 


591 1 


5991 


6072 


%lt 


6235 


6317 


6400 


6482 


6566 


1.68 


6649 


6733 


6817 


6901 


7072 


7157 


7243 


7322 


7416 


1.69 


7503 


7590 


7678 


7766 


7854 


7943 


8032 


8122 


8211 


8301 


1.70 


8391 


8482 


8573 


8664 
9598 


8756 


8848 


x 


9034 


2127 


9220 


1.71 


9314 


9409 


9502 


9693 


9788 


9980 


0077 


0174 


1.72 


9.960271 


0369 


0467 


0565 


0664 


0763 


0862 


0961 


1061 


1162 


1-73 


1262 


1363 


1464 
2496 


1566 


1668 


1770 


1873 


1976 


2079 


2183 
3238 


1-74 


2287 


2391 


2601 


2706 


2812 


2918 


3024 


3131 


'•7| 


3345 


3453 


3561 


3669 


ni^ 


3887 


3996 


4105 


4215 


4326 


1.76 
1.78 


4436 


4547 


4659 
5789 
6953 


4770 
5904 
7071 
8270 


4882 
6019 
7189 


4994 
6135 
7308 


5 107 
6251 

7427 


5220 
6367 

7547 


7666 


7787 


1.79 


7907 


8023 


8149 


8392 


8514 


8636 


8759 


8882 


9005 


1.80 


9129 


9253 


9377 


9501 


9626 


9751 


9877 


6008 


0129 


6255 


1.81 


9.970381 


050Q 
1798 


0637 


0765 


0893 


102 1 


1 150 


\'^ 


1408 


1538 
2852 


1.82 


1929 


2060 


2191 


2322 


2454 


2719 


1.83 


2985 


3118 


3252 


3386 


3520 


3655 


3790 


3925 


4061 


4197 


1.84 


4333 


4470 


4606 


4744 
6132 


4881 


5019 


5157 


5295 


i^!S 


5573 


'•fl 


5712 


5992 


6273 


6^14 
7840 


6555 


6697 


6980 


1.86 


Vl^ 


K 


7552 


7696 


7984 


8128 


8273 


X 


Hi 


8564 


8710 


9002 


9149 


9296 


9443 


9591 


9739 


1.88 


9.980036 


0184 


0333 


0483 


0633 


0783 


0933 


1084 


1234 


1386 


1.89 


1537 


1689 


1841 


1994 


2147 


2299 


2453 


2607 


2761 


2915 


1.90 


3069 


3224 


3379 


3535 


3690 


3846 


4003 


4159 


4316 


^^ 


1.91 


4631 


4789 


4947 
^544 


w^ 


5264 


5423 


5582 


5742 


5902 


1.92 


6223 


6383 


6867 


7029 


7192 


7354 


7517 


7680 


1.93 


7844 


8007 


8171 


8336 


8500 


8665 


8830 




9161 


9327 


1.94 


9494 


9660 


9827 


9995 


0162 


0330 


0498 


0666 


083s 


1004 


'•^1 


9.991173 


1343 


1512 


1683 


1853 


2024 
374<5 


2195 


2366 


2537 


2709 


1.96 


2881 


3054 


3227 


3399 


3573 


3920 


4094 


4269 


m 


1.97 


4618 

If?! 


\\t^ 


4969 
6740 


5145 


5321 


5498 


5674 


5851 


6029 


1.98 


6919 


7098 


7277 


7457 


7637 


7817 


7997 


1.99 


8359 


8540 


8722 


8903 


9085 


9268 


9450 


9633 


9816 
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Examples. 



,. p — — — . . Am, 2V^«. 

Jo A^a-x 

2. If f{x) =f{a + x) for all values of x, prove that 

^fix)dx=^n\l'^Ax)dx, 
where n is an integer. 
dx 



'■L 



Yax-X* 



^t 



dx jr 

x\/x^--l 3 



pi X 

5. I 8in"*a?£ir. V ~ '' 

6. f <fe -J!L,. 
Jo (i+a?)v^i + 2*-aj« 4V» 

JOB Ji IP 
; -, ae - b^ being positive. . . 



8. Prove that 



f ^ = -^, where A = aCv^ac + b). 

Jo a + 2te» + cic* a<v/aA 

Jo I + cos cos a; ' si^i ^ 



Jo I + cos© COS a;' sin© 



(5" ^ ^ 

Jo fl2sin*a; + *«cos*/ *«* 

Jo (a2 sin« « + ^» cos* a:)^' 4«'^ 
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13. ^y^^^^xiOB'^-dx. ^»w. z!f! + 

Jo a 16 



p«a2 a» 
16 "•■ 8' 



dx 



14. r "'^ y > «>*• y, 

J-1 (a - *;r) v^i - ar« ^a^-lfi 

Cdx 
V(^-a)(/5-a?) 






17. Show that I dx = -, or o, according as « > or < J ; and 

Jo a? 2 



that when a « & the value of the integral is -. 

4 



.19. I tan^ jT ^o;. } (log a - 1). 

[T siniPrfa? -Jr . , i 

*°- ""! T* — +tan-i— -T=. 

Jo i + cos^j; 4 ^^ 

21. If every infinitesimal element of the side c of any triangle be divided 
by its distance from the opposite angle (7, and the sum taken, show that its 
value is 

log f cot— cot —J. 

22. Being given the base of a triangle ; if the sum of every element of tho 
base multiplied by the square of the distance from the vertex be constant, show 
that the locus of uie vertex is an ellipse. 

IT 

"2" cos'Osinflefd ^ I tan~^tf 



f2 C08»( 

'^- J. -IT 



e^COS^e • <;2 tfS 



24. 



p- cos^flsine^O . V^Lti* log(gH-\/i-fg«) 

Jo V^ I + #» COb- d 2«» " 2«3 • 
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35. Deduce the expansions for sin x and cos j; from Bemonlirs series. 

26. Show that the integral 

f a:»(log«)"*</a; 

Jo 4 

«an be immediatelj evaluated by the method of Art. 1 1 1, when m is an integer. 

— . V. ov ■ Am. - log ( 1 4 a). 

Q x(i+x^) 3 ** ' 

28. Find the value of 

I log (i — 2a cos X + a*) dxy 

distinguishing between the cases where a is >, or < i. 

Ana. a< r, its value is o. 
„ a > I , its value is 2 log a. 

29. lif{x) can be expanded in a series of the form 

oo + «i cos* + 02 cos 2« + . . . + a» coa na; + . . . , 

«how that any coefficient after oq can be exhibited in the form of a definite 
integral. 

Ana. a« = — I f(x) cob nxdx. 



30. Find the analogous theorem when f(x) can be expanded in a series of 
«ine8 of multiples of x ; and apply the method to prove the relation 

(sin 2a? sin ^x ^ \ 
sm X + &c. I , 
a 3 / 

when X lies between + ir. 

31. Prove the identical relation 



— r X 1 ^Bmede = 
V sin e Jo 

32. Express the definite integral 

IT 

-f2 de 

Jo v^l - |c2 



in the form of a series, k being < i . 



-•i(-(;)"-*(a"'*(^9"-"-) 
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f2 log{i + cosaco8fl;) <fa; . 1/11^ „\ 

— ^^ • ^"'- AT - " j • 



Jo COS a; 



*'• H- 



COS rx dx 



I — 2a COB X + a^ 



41. Find the sum of the series 



34. xer^' sm bx dx, where a > o. . - , .-^„ . 

Jo (»■* 4- ©v 

f * tan-i ax tan"' jSar ^ x , ( (a + 3K/5 ) 

IT 

36. F log (o« cos^e + fi^ 8in«fl) £fe. x log ^5±^. 
Jo a 

f2- , fa + b8m0\ d0 . . ,/*\ 

38. f-^. 

39- ]« 1- 7- 



w sm — 
n 



n n n n 

. 4. 1 h . . . H . 



ti2 + i« «» + 2* n2 + 32 

whpn fi is increased indefinitely. 

This is evidently represented by the definite integral 

fi dx 



fl dx IT 

I -, or = — . 

Jo i+x** 4 



42. Find the limit of the sum 
I I 



v/«2 _ ,8 v^«2 - a« v^«2 - 3a v^»« - (It - I )•* 

when fi = 00. Ans. 
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43. Prove that 

IT IT 

(T ,fn(m— i)f2 , , 

\ C08"»« COB MX ax = — \ ~ I C08"-' coanxax: 

Jo rn^-n^ Jo 

and hence, deduce the yalues of the integ;ralB 

IT W 

I C08^:p cob (211 + i) « dXf and I cos*"*^^ :p cob inx dx, 
-when m and n are integers. 



44. log (i - 3a cob 9 + a') cob wfl </•, when a* < i. ' -4»«. . 

Jo 3 91 

irar2 



45. I COB — dx. 

J-ae a 
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CHAPTEE VII. 



AREAS OF PLANE CUBVES. 



126. Areas of Curves. — ^The simplest method of regarding 
the area of a curve is to suppose it referred to reotang^ar 
axes of co-ordinates; then, the area included between the 
•curve, the axis of x^ the two ordinates corresponding to the 
values a?o and Xi of x^ is represented by the definite integral 



ydx. 



^ 



For, let the area in question be represented by the space 
ABVTy and suppose ^BF divided into n equal intervals, and 
the correspondmg ordinates drawn, 
as in the accompanying figure. 

Then the area of the portion 
PMNQ is less than the rectangle 
pMNQ, and greater than PMNq/ 

Hence the entire area AB VT is 
less than the sum of the rectangles 
represented hjpMNQ, and greater 
than the sum of the rectangles -^p 



M N 



V X 



PMNq ; but the difference between 
these latter sums is the sum of the rectangles Pp Qq^ or (since 
the rectangles have equal bases) the rectangle under MN and 
the difference between TV and AB. Now, by supposing 
the number n increased indefinitely, MN can be made in- 
definitely small, and hence the rectangle MN{TV-'AB) 
also becomes infinitely small. Consequently the difference 
between the area ABVT and the sum of the rectangles 
sPMNq becomes evanescent at the same time. 
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If now the oo-ordinates of P be denoted by x and y, and 
JOT by Z^a?, it follows that the area ABVT is the limiting^ 
value* of 2 (y Aa?) when the increment Aic becomes infinitely 
small. 



Or area ABVT = ydx\ where a?i = OF, Xo = 

Ja?o 



05. 



It should be observed that this result requires that y 
continues finite, and of the same sign, between the limits 
of integration. 

If y change its sign between the limits, 1. e., if the cun^e 
cut the axis of a?, the preceding definite integral represents 
the difference of the areas at opposite sides of the axis of x. 

In such cases it is preferable to consider each area sepa- 
rately, by dividing the integral into two parts, separated by 
the value of x for which y vanishes. 

The preceding mode of proof obviously applies also to- 
the case where the co-ordinate axes are oblique ; in which 
case the area is represented by 

sin (a) yclx^ 



where a> represents the angle between the axes. 

In applying these formulaB the value of y is found ini 
terms of a; by means of the equation of the curve: thus,, 
if y =/{x) be this equation, the area is represented by 

^f{x)dx 

taken between suitable limits. 

Conversely the value of any definite integral, such as 

r /w dx 



* This demonstration is substontiallj that given by Newton ; (see Prinoipia^ 
Lib. I., Sect, i., Lemma 2) ; and la the geometrical representation of the result 
established in Art. 90. 

The modification in the proof when the elements of ^F are considered 
unequal, but each infinitely small, is easily seen. It may be remarked that the- 
result here given is but a particular case of the general principle laid down in 
Arts. 38, 39, Dif. Cal. 
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may be represented geometrioally by the area of a definite 
portion of the curve represented by the equation 

Again, it is plain that the area between the curve, the 
^xis of y^ and two ordinates to that axis, is represented by 

I xdyy 

taken between the proper limits : the co-ordinate axes being 
supposed reotang^ar. 

We proceed to illustrate this method of determining 
areas by a few applications, commencing with the simplest 
examples. 

127. The Circle. — Taking the equation of a circle in the 
form 

a?-vy^ = a^y we get y = ^a--x\ 
and the area is represented by 

I v^a* - x^ dxj 

taken between proper limits. 

For instance, to find the area of 
the portion represented by APDE 
in the accompanying figure. Let x « a cosO, then the area 
in question is plainly represented by 

a' tajD?QdO = — (a - sino cosa) ; where a = L DCA. 

This result is also evident from geometry ; for, the area 
DPAE is the difference between DCAP and DCEy or is 

a^a fl*sinacoso 




The area of the quadrant ACB is got by making a 



irar 



«nd accordingly is • — : hence, the entire area of the circle 

4 
is Tra*. 



128. The Ellipse, 
and the element of area is 
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■Prom the equation of the ellipse 



= I, we get y = — v^a* 
(I 



■A 



a 

l)ut this is - times the area of the corresponding element 
of the circle whose radius is a : consequently the area of any 
portion of the ellipse is - times that of the corresponding 

part of the circle. This is also evident from geometry. 

The area of the entire ellipse is ira(. 

Again, if the equation of an ellipse be given in the form 
Jj}^ + Btf^ = (7, its area is evidently 



As an application of the case of ohlique axes, let it be 
|)roposed to find the area of the 
segment of an ellipse cut off by 
any chord DiX. 

Draw the diameter AA con- 
jugate to the chord, and BB 
parallel to it. Then,^ C being 
the centre, let 




y' 



CA =. a\ CB = h\ ACS^ w, 

and the equation of the ellipse is ^ + ^ = i ; hence the 
area I) A If is represented by 



V 
2 -jsmcii 
a 



rCA' 

^d^ - ix^ dx = a'6'sinw(a-smocosa), 



where 



coso = 



CE 
CA' 
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Again, fl' J' sin a> « aJ, by an dementaxy property of tha 
ellipse, a and b being the semiaxes. 

Henoe the area of the isegment in question is 

ab (a - sin a cos a). 

This result can also be deduced immediately from the 
circle by the method of orthogonal projection. 

i^Q. The Parabola. — ^Taking the equa- 
tion of the parabola in the form 

y2 = 4pir, we get t/ = 2^/px. 

Hence the area of the portion APN is 



=..|^*.orl^^,U.|^. 




Consequently, the area of the segment 
PAP^ cut off by a chord perpendicular to 
the axis, is | of the rectangle PMM'P^. 

It is easily seen that a similar relation holds for the seg« 
ment cut off by any chord. 

More generally, let the equation of the curve be y = r/^", 
where n is positive. 



Here 



ydx^ a 



(xf^dx^ ~ — + const. 
n+ I 



If the area be coimted from the origin, the constant 
vanishes, and the expression for the area becomes 



flWJ^* 



n+ I 



or 






Hence, the area is in a constant ratio to the rectanglo 
under the co-ordinates. A corresponding result holds lor 
oblique axes. The discussion when n is negative is left to th^ 
student. 

130. The Hyperbola. — ^The simplest form of the equation 
of an hyperbola is where the asjrmptotes are taken for co- 
ordinate axes ; in this case its equation is of the form xy = c^. 



The Myperhola. 



177 



Hence, denoting the angle between the asymptotes by w, 
the area between the curve and the asymptote is denoted by 

c^ sin 10 — , or c^ sin cu log ( — ), 

where a?i and Xq are the abscissae of the limiting points. 
If the curve be referred to its a^es, its equation is 

and the element of area ydx becomes 



Hence the area is represented by 

-1 ^x^ - a^ dxy 

a] ^ 

taken between proper limits. 

Again Wo? - a^ dx = | ■ ^ - a^ T 

J iy^^^' J 

Also, integrating by parts, we have 




dx 



y/x'-a^ 



f y y f X'dX 

Adding, and dividing by 2, we get 
I ^x^ - a 



'dx^ 



p-v/ar» - a^ a^ 



zj^x'-a 



log (x + A/m^-a*) 



N 
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Accordingly, if we suppose the area counted fipom the 
summit -4, we have 



APN^—xy^ 

2a ^ 



_log/^___j 



ah 

2 



xy 

2 



ah , fx y\ 

Again, since the triangle CPN = ^ xy^ it follows that 
sector ^CP = ^logg + |\ 0) 

131. The Catenary. — If an inelastic string of uniform 
density be allowed to hang freely from two fixed points the 
curve which it assumes is called the Catenary. 

Its equation is easily shown 
from mechanical considerations, 
when reduced to its simplest form, 
to be 



,.f(^.4 




N 



jT 



The shape of the curve is 
exhibited in the accompanying 

figure, in which the distance from the origin to the lowest 
point V of the curve is equal to a. 

The area of any portion VPNO^ is 






(2) 



* If NL be drawn perpendicular to the tangent at P, it will be shown in 
tho next chapter that NL = a, and consequently that PL = -^y» - a*. Accord- 
ingly, the area VFIfO is double that of the triimgle FJfL. 



^= 
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Exi.MPLES. 



1. In the equilateral hyperbola, x^ — y^ = i, if double the sectorial area 
ACP (figure of Art. 1 30) be denoted by 5, prove that 

These may b3 written in another form, viz. 

X = cos (S\/ ^^, y = v/ - I sin {S\/ - i). 

These functions are called the hyperbolic sine and cosine of S, and have many 
Analogies to ordinary sines and cosines. 

2. To find the area of the oval of the parabola of the third dt^gree with a 
double point 

The area in question is represented by 

2 rb y A 

— -^ I {b" x)yx- adx. 

Let x-a = z^, and we easily find for the area* 

3-5** * 

3. Find the whole area of the curve 

«2y2 = a;3 (iflf — x), Ans, -jra*. 

4. Find the whole area between the cissoid 

aj3 = y2 (/I - x) 

:and its asymptote. 

Since a; - a = o is the equation of the asymptote, the area in question is 
represented by 

x^dx 




i« x^dx 
(a - «) 



. * The student will find little difficulty in proving that this area is -^— 

times the rectangle which circumscribes the oval, having its sides parallel to the 
co-ordinate axes. 

N2 
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Let x^a sin'd, and this becomes 



'i: 



2a2 r sin^Qde: 



hence the area in question ia | tca^. 

5. Find the area of the loop of the curve 
aSya ^x^(h-\- x). 

This cnnre has heen considered in Art. 263, Dif. 
Cal. Its form is exhibited in the annexed figure ; and 
the area of the loop is plainly 






+ xdx. 



Let b -h x^s^, and it is easily seen that the area 
in question is represented by 

8 ,b^ 

3 . 5 . 7 . «^ * 
6. Find the area between the witch of Agnesi 




and its asymptote. 



xf/^ = 40^ (2a - a?) 



Am. 4ira2. 




132. In finding the whole area of a closed curve, such a» 
that represented in the fig^e, we 
suppose lines, PMy QNj &o., drawn 
parallel to the axis of y ; then, as- 
suming each of these lines to meet 
the curve in but two points, and 
making PM = y„ P^M = yi, the 
elementary area PQQfP^ is repre- 
sented by (ya - yi) cfo, and the en- 
tire* area by 

COB' 

in which OJJ, OJB' are the limiting values of x. 

For example, let it be proposed to find the whole area of 
an ellipse given by the general equation 

aa^ + 2hxt/ + bj/^ + 2gx + 2^ + (? = o. 

* This form still holds when the axis of x intersects the curve, for the ordi- 
nates below that axis have a negative sign, and (ya - ffi)dx wiU still represent 
the element of the area between two parallel ordinates. 
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Here, solving for y, we easily find 

Ui-Vi = T VW^ oh)^^2 {hf- bg)x +/* - le. 

Also, the limiting values of x are the roots of the quad- 
I xatic expression under the radical sign. 
' Accordingly, denoting these roots by a and j3, and ob- 
serving that h^ - ab is negative for an ellipse, the entire area 
J is represented by 

j To find this, assume x-a = (j3 - a) sin'^0 : 

! then ^-x = (/3 - a) cos' 0, and we get 

1 ^ z 

I a/i-^ - «) (/3 - X) dx ^ 2{fi- aY [* sin'^flccs'e 

-f((3-.)-. 
A^. (3-„).-4 (^^-W-»-.p)(»>->') 

46 («/' + hg^ + cA^ - ifgh - «Jc) 
" (a6 - K'Y • 

Hence the area of the ellipse is represented by 

TT {ap + hf + ch^ - zfgh-abc) 

(ab - K'Y 

\ This result can be verified without difficulty, by deter- 
\mining the value of the rectangle under the semiaxes of an 
tellipse in terms of the coefficients of its general equation. 

It is worthy of observation that if we suppose a closed 
curve to be described by the motion of a pomt roimd its 
entire perimeter, the whole inclosed area is represented by 
iydxy taken for every point around the entire curve. 
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Thus, in the preceding figure, if we proceed from A to A'' 
along the upper portion of the curve, the corresponding part 
of the integral jydx represents the area APA'B'B. Again,, 
in returning from A' to A along the lower part of the curve,, 
the increment dx is negative, and the corresponding part 
of jydx is also negative (assuming that the curve does not 
intersect the axis of x)^ and represents the area A'P^ABB^y 
taken with a negative sign. Consequently the whole area of 
the closed curve is represented by the integral lydxy taken 
for all points on the curve. 

The student will find no difficulty in showing that this 
proof is general, whatever be the form of the curve, and 
whatever the number of points in which it is met by th& 
parallel ordinates. 

To avoid ambiguity the preceding result may be stated aa 
follows : — The area of any closed curve is represented by 

taken through the entire perimeter of the curve, the element of the 
curve being regarded as positive throughout. 

133. In many cases, instead of determining y in terms of 
./*, we can express them both in terms of a single variable,, 
and thus determine the area by expressing its element in 
terms of that variable. 

For instance, in the ellipse, if we make x = a sin ^, we 
get y = booa^y and ydx becomes ab cos*^ c?^, the integral of 
which gives tne same result as before. 

In Eke manner, to find the area of the curve 



Let x = a sin'0, then y = b cos'^, and ydx becomes 

^ab sin^ <p qob!^ iji diji : 
hence the entire area of the curve is represented by 



IT 

\2ab " sin'0 cos*^ rf^ = ^irab. 



The Cycloid. 
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Examples. 



I. Find the whole area of the eyolute of the ellipse 



a* 



*2 



An8. 



lab 



a. Find the whole area of the curve 

2 



^ ,.3.5-(2m+0...3.5...(»n+0^ 
3.4.6 3(m + «+i) 

134. The Cycloid. — ^In the cycloid, we have (Dif. Oal., 
Art. 273) 

ir = a(O-sinO), y = «(i-cosO): 

.-. [ydx - a^ [(i -QO^eydB = 4fl'* f sin'^-rfO. 

Taking d between o and w, we get 37ra' for the entire 
area between the cycloid and its base. 

The area of the cycloid admits also of an elementary 
geometrical deduction, as follows : — 



B 




/-"T^ 


^^^^^-'r 




X 1 *" 


T ^ 


M 


i \. 


/ V 


^ 



It is obviously sufficient to find the area between the 
semicircle BPD and the semi-cycloid BpA. To determine 
this, let points P and P' be taken on the semicircle such that 
arc BP = arc DP^ : draw MPp and MP^p' perpendicular 
to BB. Take MN and M'N' of equal length, and draw 
Nq and iVV, also peiyendicular to BB : then, by the 
fundamental property of the cycloid, the line Pp = arc PP, 
and P'/ = arc PP' : 

.*. Pp + Pp' = semicircle = ttat 
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Now, if the Interval MN be regarded as indefinitely 
small, the sum of the elementary areas PpqQ and JP^p'q^Qf is 
equal to the rectangle imder MN and the sum of Pp and 
P^p\ or to wa X MIf. 

Again, if the entire figure be supposed divided in like 
manner, it is obvious that the whole area between the semi- 
circle and the cycloid is equal to wa multiplied by the sum of 
the elements JOT, taken from JB to the centre &, i. e., equal 
to va^. 

Consequently the whole area of the cycloid is 37rfl*, as 
before. 

The area of a prolate or curtate cycloid can be obtained 
in like manner. 

135. Areas in Polar Co-ordina4ies. — Suppose the curve 
APJB to be referred to polar 
co-ordinates, being the pole, 
and let OP^ OQ, OB represent 
consecutive radii vectores, and 
PL, QMy arcs of circles described 
with as centre. Then the 
area OPQ = OPL + PLQ ; but 
PLQ becomes evanescent in com- 
parison with OPL when P and 
Q are infinitely near points; 
consequently the elementary area ^^q 

OPQ = area OPL (in the limit) = ; r and 9 being the 

polar co-ordinates of P. ^ 

Hence the sectorial area AOJB is represented by 




*r 



'd9, 



where a and /3 are the values of corresponding to the 
limiting points A and JB. 

136. Area of Pedals of Ellipse and Hyperbola. — ^For 
example, let it be proposed to find the area. of the locus of 
the foot of the perpendicular from the centre on a tangent 
to an ellipse. ^ ^2 

"Writing the equation of the ellipse in the form —3+7-2 = ^> 

the equation of the locus in question is obviously 
r^ - aUoa^e+b^sm^e. 
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Hence its area is 

— cos*Orf0 + — sm'Of/O = + smOoosO. 

2] 2j 4 4 

The entire area of the locus is 

2 ^ ' 

The equation of the corresponding locus for the hyperbola 
is 

r" = fl'cos^e-^^^sin'fl. 

In finding its area, since r must be real, we must have 
ii*cos*0 -^*sin'0 positive : accordingly, the limits for are o 

and tan"^—. 


Integrating between these limits, and multiplying by 

4, we get for the entire area 

a6 + (a'-J')tan-^-|. 

In this case, if we had at once integrated between = o 

«.nd d = 27r, we should have found for the area (a* - 6') — . 

This anomaly would arise from our having integrated 
through an interval for which r^ is negative, and for which, 
therefore, the corresponding part of the curve is imaginary. 

The expression for the area of the pedal of an ellipse with 
respect to any origin will be given in a subsequent Article. 

Examples. 

1. Show that the entire area of the Lemniscate 

f» = a^ cos 20 
is a*. 

2. In the hyperbolic spiral 

r9 = flf, 
prove that the area bonnded by any two radii yectores is proportional to the 
■difference between their lengths. 

3. Find the area of a loop of the curve 

r* = fl*co8wd. Ans, — . 
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4. Find the area of the loop of the Folium of Descartes, whose equation is 

«* + y^ = saxy. 

Transforming to polar co-ordinates, we hare 

3a cos $ sin e 

r = . 

sin^d + cos^d 

Again, the limiting yalues of are o and — , 

rea - — j^ ______ 

Let tan 9 = ti, and the expression hecomes 

9a' f * u^du 3rt* 

2 Jo (i + M^/ ~ 2 ■ 

5. To find the area of the Lima9on 

r = a cos 6 + ^. 
Here we must distinguish hetween two cases. 

(i). Let b>a. In this case the curve consists of one loop, and its area i» 
f Sir / «a N 



J f ' (a cosa + b)^d0 = (b^ + — ] ». 



When b = ay the curve becomes a Cardioid, and the area - — . 

2 

(2). Let b<a. The curve in this case has two loops, as in the figure (se» 
Dif. Cal., Art. 270), the outer loop corresponding to r = a cosO + ^, the inner to 
r = a cos — b. 

To find the area of the inner loop, we 
take $ between the limits o and a, where 

a = cos'i (- J ; and the entire area is 
r (a cone -by do 

= I («2 cos* e-aai 0086 + *•)<?« 

(at \ a* . 
— + i* ] o + — sin o cos o - 2ab sin a 

= (j + bAcotf^^-hy/'i^^^. 

It is easily seen that the sum of the areas of the two loops is ohtained hy 
integrating between the limits o and 2ir, and accordingly is 




as in the former case. 



{i^^y 
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137. In finding the whole area of a closed curve by polar 
co-ordinates we distinguish between two cases. When the 
origin is outside, we suppose tangents OT, OT^ drawn 
from 0, and vectors OP^ OQy &c., 
drawn to cut the curve ; then, if /^ ^b 

these lines intersect it in but two "^^ 

points each, the element of area 
PpqQ is the difference between 
the areas POQ and pOq; or in 
the limit, is | (n* - ra*) dO, where 
OP = r„Op = r^. 

Hence, the expression 

i J (ri' - r,') d0, ^ ^ 

taken between the limits corres- * 

ponding to the tangents OT and OT', represents the entire 
included area. 

If the origin lie inside the curve, its whole area is in 
general represented by ^ / (ri' + ra*) dOj taken between the 
limits = and = tt. 

We shall illustrate these results by applying them ta 
the circle 

r* - 2rc cos + c* = a^. 

If the origin be outside, we have oa, and ri + ra = 2c cos Oy 
and ri^a = c^-a^ : .*. n - ra = 2^/^a^ - c^ sin*0. 

Hence (ri* - r^^) dd = 4c cos 6 y^a* - c* sin' 9 dO ; and the 

limiting values of are ± sin~* -. 

c 

Hence the whole area is 



20 



? OQ&O^/a^-c^sin^Ode. 

J-8in-l- 

Let c sin = a sin 0, and this integral transforms into 

IT 

20^ cos'^ d^ = Tra'. 
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Again, if the origin be inside, we have c < «, and 
^{n^^ri) = a* + c' cos 20, 

••• i [ {n^-^r^^)dB = r(fl' + c'cos20)rffl = 7ra\ 

The method given above may be applied to find the area 
included between two branches of the same spiral curve. As 
an example let us consider the case of the spiral of Archimedes. 

138. The Spiral of Archimedes. — The equation of this curve 
is r = flS, and its 
form, for positive* 
values ofOyis repre- 
sented in the ac- 
companying figure, 
in which is the 
pole and OA the 
line from which 
is measured. Let 
any line drawn 
through meet the 
different branches 
of the spiral in 
points P, QyEy&Q.: 
then, if OP = r, and 
POA = 0, we have, 
from the equation of the curve, 

OP^aB, OQ = a{9-\-2ir)y OiJ = a (0 + 47r), &c. 

Hence PQ = QR = &c., = law = c (suppose) ; i. e., the 
intercepts between any two consecutive branches of the spiral 
are of constant length. 

Again, let OQ = ri, OP = ra = ri + c, and the area between 
the two corresponding branches is 

i [(r2^-n^)^0 = c[rit^fl + -[rf0. 

Now, suppose MN and mn represent the limiting lines, 

* It should be noted that when negative values of $ are taken, we get for 
the remaining half of the spiral a curve symmetrically situated with respect to 
the prime vector OA, 
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i8^ 



and let j3 and a be the corresponding values of 9 ; then the 
area nMNm will be equal to 



/ 



Ja 2 Ja 2 



= -(/3-a)(0ilf+0«). 



(3> 



If j3 - o = TT, this gives for the area of the portion be- 
tween two consecutive branches Q^Q[ and RF^Ry inter- 
cepted by any right line RK drawn through the pole> 

- RQ.QKy i. e., half the area of the ellipse whose semi-axesr 

are RQ and KQ, 

139. The formula in Article 137 still holds obviously 
when AB and ab represent portions of different curves. 

It is also easily seen, as in Article 132, that if a point be^ 
supposed to move round any closed boundary, the included 
area is in all cases represented by i Jr*c?0, taken round the 
entire boimdary, whatever be its form ; the elementary anglo 
dO being taken with its proper sign throughout. 

Again, if we transform to rectangular axes by the relatione 
ij? = r cos 0, y = r sin 0, we get 

y dO xdy-ydx 

tan0=-, .-. — ^= 1 . 

X cos^O X* 

Hence i^dQ = xdy - yd^ ; 

and the area swept out by the radius vector is represented by 
the integral 

\ J {xdy - ydx\ 

taken between suitable limits; a result which can also b& 
easily arrived at geometrically. 

1 40. Area of Elliptic Sector, 
of importance in Astronomy to 
be able to express the area AFP 
swept out by the focal radius 
vector of an ellipse. This can 
be arrived at by integration from 
the polar equation of the curve; 
it is however more easily ob- 
tained geometrically. 



Lambert's Theorem. — It is 
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For, if the ordinate FN be produced to meet the auxiKary 
•circle in Q, we have 

Area AFP = - x area AFQ = - {ACQ - CFQ) 
a a 

= y (w - ^ sin u), (4) 

-where u^ lA CQ. 

By aid of this result, the area of any elliptic sector can be 
expressed in terms of the focal distances of its extremities, 
And of the chord joining them. 

For, let QFF represent the 
sector, and let FF = /o, FQ^p\ 
FQ = c ; then, denoting by u 
and u' the eccentric angles cor- 
responding to F and Q, the 

area of the sector QFPy by (4), a^ c r is. n il 

is represented by 




— \u - u' - e (sin u - sin w') > . 



Wp proceed to show that this result can be written in the 
form 

Y {*-*'- (sin ^- sin ^0) J (5) 

where ^ and ^' are given by the equations 



*-it-^- ^u^ 



- c 
sin 



For, assume that ^ and *' are determined by the equations 

u - u' = ift - (j/f e (sin w - sin u') = sin ^ - sin ^'. (a) 

The latter gives 

. w - w' u-¥ ti' .0-0' + 0' 

e sm cos = sm - — - cos - — - , 

2 2 2 2 

or 

« + t/ + 0' 

e cos = cos - — ~, 

2 2 
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J Again, sinoe the co-ordinates of P and Q are a cos t^y 

h sin w, and a cos u\ h sin u\ respectively, we have 

i c- = fl' (cos u - COS vTjl^ + 6' (sin t* - sin t/)' 



I 

I 



= 4 sin* [a^ sm' + ¥ cos' j 

= 4a* sin'' I I - r cos'' 1 



= 4a»sin**^sin'^-:^; 
2 2 

•*. c = 2a sin - — ^ sin ^ — ^ = a (cos ^' - cos ^). (6) 

Again, from the ellipse we have 

p = a (i - e cos w), p' = fl (i - c cos w'), 

^\ p + p ^ 2a- ae (cos u + cos u)-2a- lae cos cos- 



2 2 



« 2a - 2a cos ^ — ^ cos ? — ^ = 2a - a (cos ^ + cos 0'). (r) 

Hence, adding and subtracting (6) and (c), we get 

^- — ^^ = 2 (i - cos 0) = 4 sin' -, 

a ^ ^' 2 

^- — = 2 (i - cos 0O = 4 sm' ^ ; 

, a \ r / 2 ' 

j uirhich proves the theorem in question. 

1 Consequently, the area* of any focal sector of an ellipse 

I -can be eocpreased in terms of the focal distances of its extremitiesy 

j <f the chord which Joins them^ and of the axes of the curve. 

1 * This remarkable result is an extension, by Lambert — Insig, orb, comet, 
•op., 1761 — of the corresponding formula for a parabola given by Euler in 
" " ~ - . < ■ ' the " 



ell. Berolin., t. yii. (p. 20}. It furnishes an expression for the time of 
\ describing any arc of a planet's or a comet's orbit, ill terms of its chord, 
.the distances of its extremities from the sun, and the major axis of the orbit; 
' neglecting the disturbing action of the other bodies of the solar system. 
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141. We next proceed to an elementary principle which 
is sometimes useful in determining areas, viz. : — 

The area of any portion of the curve represented by the equatiorh 






is ah times the area of the correywnding portion of the curve 

F{x,y)=c. 
This result is obvious ; for the former equation is trans* 

a b 



formed into the latter, by the assumption — = a?', r =y'; and 



hence, ydx becomes ah\fdx\ 

.'. \ydx = ah\\fdx\ 

the integrals being taken through corresponding limits ; a 
result which is also easily shown by projection. 

Thus, for example, the area of the ellipse — + 4^=1 
reduces to that of the circle ; and the area of the hyperbola 
— - ^ = I to that of the equilateral hyperbola ij?* r- y« = i . 

Again, let it be proposed to find the area of the curve 

\a^ V) P m»* 
The transformed equation is 

or, in polar co-ordinates, 

, a'cos^e hHm^O 

But the whole area of this (Art. 136) is - ( ~ + — j j. 
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Consequently the whole area of the proposed curve is 

It may be remarked that the equations 



■& «-)=" 



represent similar curves, and their corresponding linear di- 
mensions are as a : i . Consequently the areas of similar curves 
are as the squares of their dimensions ; as is also obvious from 
geometry. 

142. Area of a Pedal Curve. — ^If from any point perpen- 
diculars be drawn to the tangents to any curve, the locus of 
their feet is a new curve, called the pedal of the original 
(Dif. Cal., Art. 187). 

lip and wbe the polar co-or- 
dinates of Ny the foot of the per- 
pendicular from the origin 0, then 
the polar element of area of the lo- 
cus described by iV is plainly"^- — , r 

and the sectorial area of any por- 
tion is accordingly 




i I P'dw, 



taken between proper limits. 

There is another expression for the area of a closed pedal 
curve which is sometimes useful. 

Let 81 denote the whole area of the pedal, and 8 that of 
the original curve ; then the area included between the two 
curves is ultimately equal to the sum of the elements repre- 
sented by NTN' in the figure. 

Hence 8,^8+ ^NTN' = S + ^ \PN'dw. (6) 

Again, by the preceding, 

Si = I [ ON'dw. 
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\OI"dw. 



(7) 



Accordingly, by addition, 

2/8i = /8 + i[( 

It is easily seen that equation (6) admits of being stated 
in the following form : — 

The whole area of the pedal of any closed curve is eqtml to 
the sum of the areas of the curve and of the pedal of its evolute : 
both pedals having the same origin. 

For, PN is equal in length to the perpendicular from O 
on the normal at P: and hence ^PN'^dw represents the ele- 
ment of area of the locus described by the foot of this perpen- 
dicular, i. e., of the pedal of the evolute of the original curve. 

For example, it follows from Art. 136 that the area of 

the pedal of the evolute of an ellipse is - {a- i)', the centre 

being origin. 

143. Area of Pedal of Ellipse for any Orig^. — ^Suppose 
to be the pedal origin, and 
OMy OM' perpendiculars on 
two parallel tangents to the 
ellipse ; draw CiVthe perpen- 
dicular from the centre C ; let 
OM^p,, OM' ^p^, CN^p, 
OC^C,LOCA^ayLACN^(o) 
then 

Pi = MD - 02) =jE? - c cos (w - a), 
jt?2=jE? + c cos (o) - o). 
Again, the whole area of the pedal is 

\^{Pi +i?2')rfa)= f'{jt?» + (? cos'*(w - a)) &i 




= fV^w + c^ roos*(w - a)rfa) = ~ (a'* + 6^ + (?). 
Jo Jo 2 



(8) 



That is, the area of the pedal with respect to as origin 
exceeds the area of its pedal with respect to C by half the 
area of the circle whose radius is 0(7. 

If the origin lie outside the ellipse, the pedal consists 
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of two loops intersecting at and lying one inside the 
other ; and in that ease the expression in (8) represents the 
8um of the areas of the two loops, as can be easily seen. 

The result established above is a particular case of a general 
theorem of Steiner, which we next proceed to consider. 

144. Steiner's Theorem on Areas of Pedal Curves. — ^Sup- I 
pose A to be the whole area of the pedal of any closed curve 
with respect to any internal origin 0, and A' the area of its \ 
pedal with respect to another origin (/ ; then, \ip andjp' be \ 
the lengths of the perpendiculars from and (/ on a tangent | 
to the curve, we have 

^ = i [ 'v«?ai, A' ^\ rv'^<^- ^ 

Also, adopting the notation of the last article, 

y = j9 - c cos (w - a) = JO - 0? cos 01 - y sin 01 ; 

where a?, y represent the co-ordinates of (X with respect to 
rectangular axes drawn through 0. Hence we get 

-4' - -4 = ^ (a? cos a> + y sin wY dvj 

p cosw rfoi - y p BiRwdfo. 

nn pr ^ (r»ir ^ 

But cos^o; dta^TTy sm *oi fl?w = tt, sm to oosw d<o = o. 

r2ir r2rr 

Also, for a given curve, p cosw dw and p sino> dw are 

constants when is given. Denoting their values by g and 
Ji, we have 

-4' - ^ = - iV ■^f)-gx- hy. (9) 

This equation shows that if be fixed, the locus of the 
origin (/, for which the area of the pedal of a closed area is 
constant^ is a circle* The centre of this circle is the same, 

♦ It can be seen, without difficulty, from the demonatration given above, 
that when the ourye is not closed the locus of the origin for pedaU of equal area 

O 2 
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whatever be the given area, and all the circles got by varying- 
the pedal area are concentric. 

If the origin be supposed taken at the centre of this 
circle, the constants g and h will disappear; and, in this case, 
the pedal area is a minimum, and the difference between the 
areas of the pedals is equal to half the area of the circle whose 
radius is the distance between the pedal origins. 

For example, if we take the origin at the centre, the 
pedal of a circle is the circle itself. For any other origin the 
pedal is a limafon : hence the whole area of a lima9on is. 



'(«-4). 



as found in Art. 136, Ex. 5. 



145. Areas of Boulettes. — The connexion between the 
areas of roulettes and of pedals is contained in a very elegant 
theorem,* also due to Steiner, which may be stated as fol- 
lows : — 

When a closed curve rolls on a right line, the area between 
the right line and the roulette generated in a complete revolution 
by any point invariably connected with the rolling curve is double 
the area of the pedal of the rolling curve, this pedal being taken 
with respect to the generating point as origin. 

To prove this, suppose to be the describing point in any 




position of the rolling curve, and P the corresponding point 

is a conio : a theorem due to Pro£ Baabe, of Zurich. See *' Crelle's Journal,*' 
vol. 1., p. 193. 

The student will find a discussion of these theorems by Prof. Hirst in the 
** Transactions of the Royal Society, 1863/' in which he has investigated th» 
corresponding relations connecting the volumes of the pedals of surfaces. 

• See " Crelle's Journal," vol. xxi. The correspondiiig theorem of Steiner 
connecting the lengths of roulettes and pedals will be given in die next chapter^ 

By the area of a roulette we. understand the area between the roulette, thd- 
fixed line, and the normals drawn at the extremities of the roulette. 



♦ * 
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of contact. Let 0' represent an infinitely near position of the 
describing point, Qf the corresponding point of contact, and Q 
a point on the curve such that PQ = FQf ; then Q is the point 
which coincides with Qf in the new position of the rolling 
curve ; and, denoting the angle between the tangents at P 
and Q (the angle of contingence) by dtjy we have 0P(/ = dw, 
since we may regard the curve as turning round P at the in- 
stant (Dif. Cal., Art. 275). 

Moreover, QQf ultimately is infinitely small in comparison 
with QPy and consequently the elementary area OPQIO is 
ultimately the sum of the areas POCf and Q^CfP^i neglecting 
an area which is infinitely small in comparison with either of 
these areas. . 

Again, if OF = r, we have POO = , and area Q,OP 

= QOP in the limit. 

Also the sum of the elements Q,OP in an entire revolu- 
tion is equal to the area {S) of the rolling curve. Conse- 
quently, the entire area of the roulette described by is 

& + \\)Hi^. 

But we have already seen (7) that this is double the area of 
the pedal of the curve with respect to the point ; which 
establishes our proposition. 

Again, from Art. 144, it follows that there is one point in 
any closed curve for which the entire area of the correspond- 
ing roulette is a minimum. Also, the area of the roulette 
described by any other point exceeds that of the minimum 
roulette by the area of the circle whose radius is the distance 
between the points. 

For instance, if a circle roU on a right line, its centre de- 
scribes a parallel line, and the area between these lines after 
a complete revolution is equal to the rectangle under the 
Tadius of the circle and its circumference ; i. e., is 27ra*, denot- .1 
ing the radius by a. ^ 

Consequently, for a point on the circumference, the area / 
generated is iira^ + Tra^ or 37ra* ; which agrees with the area i 
foimd abeady for the cycloid. 

In like manner, by Steiner's theorem, the area of the or- 
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dinaxy oyoloid is the same as that of a eardioid ; and the area 
of a prolate or curtate cycloid the same as that of a limafon. 

Again, if an ellipse roll on a right line, the area of the 
path described by any point can be immediately obtained. 

For example, the pedal of an ellipse with respect to a f ocua 
is the circle described on its axis major. Hence, if an ellipse 
roll upon a right line, the area of the roulette described by its 
focus in a complete revolution is double the area of the auxHiari/ 
circle. Also, the area of the roulette described by the centre 
of the ellipse is equal to the sum of the circles described on 
the axes of the ellipse as diameters, and is less than the area- 
of the roulette described by any other point. 

146. If the curve, instead of rolling on a right line, roll 
on another curve, it is easily seen that the method of proof 
given in the last article still holds ; provided we take, instead 
of diOf the sum of the angles of contingence of the two curves 
at the point P. 

Hence the element of area OPC/ is in this case 

i OP'dw ( I + ^\ or i OP'dijj ( I + ^\ 

where p and p' are the radii of curvature at P of the rolliag* 
and fixed curves, respectively. 

Hence, it follows that the area between the roulette, the 
fixed curve, and the two extreme normals, after a complete 
revolution is represented by 



8 + 



iW"*?} 



If a closed curve roll on a curve identical with itself, hav- 
ing corresponding points always in contact, the formula for 
the area generated becomes 

8 + Sr'dtj. 

In this case, the area generated is four times that of the 
corresponding pedal ; a result which can also be shown imme- 
diately geometrically by drawing a figure. 
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EXAICPLES. 



I. If A be the area of a loop of the curve r« = «»»» cos m8, and Ai the ai'ea of 
its pedal with respect to the polar origin, prove that 



-(-1) 



For, it is easily seen that the angle between th& radius vector and the per- 
pendicular on the tangent is mQ ; and .*. w = (m + i)9. 
Hence, by Art. 142, 

^Ai = A-¥ *!^^^if^de = (m + 3) ^. • 

2. If a circle of radius b roll on a circle of radius a, and if A denote the 
area, after a complete revolution, between the fixed circle, the roulette described 
by any point, and the extreme normals ; and if ^' be the area of the pedal 
of the circle with respect to the generating point, prove that 

Aa-k- Bb^ 2{a + b) A\ 

where B is the area of the rolling circle. 

3. Apply this result to find the area included between the fixed circle and 
the arc of an epicycloid extending from one cusp to the next. 

147. Holditch's Theorem.* — If a line CC'oi a given length 
move with its extremities on two fixed closed curves, to find, 
in terms of the areas of the ^^ _,^^ ^ 

two fixed curves, an expres- ^^^^ — ^^ 

sion for the whole area of 
the curve generated, in a 
complete revolution, by any 
given point P situated on 
the moving line. 

Let CP = c, PC = c', and suppose (iTi, yi), (a?, y), and 
(^> ya) to be the two co-ordinates of the points 0, P, and C, 
respectively, with reference to any rectangular axes. 

Then, rf be the angle made by CC with the axis of y, 
we have evidently 

a?! = a? - c sin 0, yi = y - c cos 0, 

a?a = a? + c' sin 0, yt^y -^ c' cos 0, 

* This simple and elegant theorem appeared, in a modified form, as the 
Priae Question, by Mr. Holditch, under the name of *' Petraich," in the "Lady's 
and Gentleman's Diary'' for the year 1858. 
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Hence we have 

t/idxi = ydx - c cos {dx -^ ydO) + c* cos*OrfO, 

y^fila^ = ydx + / cos {dx + y(3?0) + c''^ Qo^ddB. 

Multiplying the former equation by c', and the latter by e^ 
and adding, we get 

c^yidxi + cy'4x2 = (c + (f)ydx + (c + c')cc' cos^OefO, 

.'. c'jyidxi + cjy2^ = (c + c') Jyda? + (c + (j') cc' Jcos' efO. 

If we suppose the rod to make a complete revolution, so 
as to return to its original position, and if we denote by (C), 
(C), (P), the areas of the curves described by the points, 
(7, C, and P, respectively, we shall have (since in this case 
the angle revolves through zir) 

(f {C) + c{C') = {c + c') iP) + 7r(c + c')cc\ 

This determines the area (P) in terms of the areas [C)^ 
(C) and of the segments c, (f. 

When the extremities (7, C move on the same* identical 
curve we have [C) = {C% and hence [C) - (P) = Trcc\ 

Consequently, if a chord of given length move inside any 
closed curve, having a tracing point P at the distances c and c 
from its ends, the area comprised between the two curves is equal 
to Trcc\ 

Should the extremities, instead of revolving, oscillate 
back to their former positions, then (C) = o, ((?')— o, and 
.'. (P) = - tree'. The negative sign implies that the area is 
described in a direction contrary to that in which the rod re- 
volves. Should the rod also oscillate, we have (P) = o, which 
indicates that the area described consists of two equal loops, 
one positive and the other negative. 

* This holds also where the extremities move on curves of equal area. 
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148. Areas by Approximation. — In many cases it is \^ 
necessary to approximate to the value of the area included 
within a closed contour. The usual method is by drawing a 
convenient number of parallel ordinates at equal intervals ; 
then, when a rough approximation is sufficient, we may 
regard the area of the curve as that of the polygon got by 
joining the points of section of the parallel ordinates. 
Hence, if A be the common distance between the ordinates, 
and if 

yo, yi, ^2, &o., Vn, 

Tepresent the system of parallel ordinates, the area of the 
polygon, since it consists of a number of trapeziums of equal 
oreadth, is plainly represented by 



^{^^4^+yi + y2+&o. + y„.,j. 



Hence the rule : add together the hakes of the extreme 
ordinates, and the whole of the intermediate ordinates^ and 
multiply the result by the common interval. 

When a nearer approximation is required, the method 
next in simplicity supposes the curve to consist of a nimiber 
of parabolic arcs ; each parabola having its axis parallel to 
the equidistant ordinates, and being determined by three of 
those ordinates. 

To find the area of the parabola passing through the 
points whose ordinates are yo, yi, y%\ let y = a + /3« + yx^ be 
the equation of the parabola, and, for simplicity, assume the 
origin at the foot of the intermediate ordinate yi, then we 
have 

yo = a - i3A + yh^j yi = a, y, = a + /3A + yh\ 

Again, the area between the first and third ordinate is 
(a + /3a: + yx^) dx = 2A f a + 7 — j. 

But yo + y% = 2yi + 27A* : hence the area in question is 
hi \ 
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Now, if we suppose the number of intervals n to be even> 
and add the different parabolic areas, we get, as an approxi- 
mation to the area, the expression 

-{yo+ yn + 4 (yi + 2^3 + &o. + yn-i) + 2(^2 + 2/4 + &c. + y«-2) }. 

Hence the rule : add together the first and last ordinateSy. 
twice every second intermediate ordinate, and four times each 
remaining ordinate; and multiply by one-third of the common 
interval. 

We get a closer approximation by supposing the number 
of equal intervals a multiple of 3, and regarding the curve 
as a series of parabolse of the third degree, each beings 
determined by four equidistant ordinates. To find the area 
corresponding to one of these parabolic curves, let y©, yi, yz, y^ 
be four equidistant ordinates, and for convenience assume 
the origin midway between yi and ^2 ; then if the equation 
of the parabolic curve be 

y = a + j3^ + 70?' + 8ar*, 

and the common interval on the axis of x be denoted by 2^> 
we have 

yo = a - 3j3A + 97A' - 27oA% 

y, = a-l3h-^yh^-U\ 

y2 = a + /3A + 7A' + 8A' 

2/3 = a + 3j3A + gyh^ + 2jSh\ 
Hence 

yo+ys -- 2{a + 97*'*), yi + ^2 = 2 (a + 7*'). 

Again, the parabolic area between yo and y^ is 

'3* 

{a + (ix + yx^ -\- Bix!^) dx = ^h{2a + 6yh^). 



J-zh 



Substituting in this the values of a and 7 obtained fron^ 
the two preceding equations, the expression for the area, 
becomes 

'\h 

^{^0 + ^3+3(^1 + ^2)). 
4 
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If the corresponding expressions be added together we 
easily arrive at the following rule.* Add together the first 
and last ordinateSy tioice every third intermediate ordinate, and 
thrice each remaining ordinate; and multiply by ^ths of the 
common interval. 

It is readily seen that these rules also apply to the 
approximation to any closed area, by drawing a system of 
Imes, parallel and equidistant, and adopting the intercepts 
made by the curve instead of the ordinates, in each rule. 

Since every definite integral may be represented by a 
curvilinear area, the methods given above are applicable ta 
the approximate determination of any such integral. 

In practice the accuracy of these methods is increased by 
increasing the number of intervals. 

149. Planimeters. — Several mechanical contrivances hava 
been introduced for the purpose of practically estimating the 
area inclosed within any curved boundary. Such instruments 
are called Planimeters. The simplest and most elegant is 
that of Professor Amsler of Schaffhausen. It consists of 
two arms jointed together so as to move in perfect freedom 
in one plane. A point at the extremity of one arm is made 
a fixed centre round which the instrument turns ; and a 
wheel is fixed to, and turns on, the other arm as an axis, and 
records by its revolution the area of the figure traced out by 
a point on this arm. From its construction it is plain that 
the revolving wheel registers only the mbtion which i& 
perpendicular to the moving arm on which it revolves. 

In the practicaL application of the instrument it is neces* 
sary that the two arms, CA and AB, should return to their 
original position after the tracing point B has been moved 
round the entire boundary of the required area. 

We shall commence by showing that the length registered 
by the wheel in a complete revolution is independent of ita 
position on the moving arm ; i.e., is the same as if the wheel, 
be supposed placed at the joint. 



•This and the preceding are commonly called " Simpson's rules** for cal- 
culating areas : they were however previously noticed hy Newton (see Opuscula^ 
Method. Diff., Prop. 6, scholium) as a particular application of the method of 
interpolation. The student is referred to Bertrand's Cal. Int. ch. xii., for thd: 
more general and accurate methods of approximation of Cotes and Graqss. 
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To prove this, suppose P to represent the point on the 
«,rm at which the centre of the revolving wheel is situated. 
Let A'B^ represent a new position of AB yqtj near to ABy 
And P' the corresponding position of the point P. Draw 
PN perpendicular to A'ff; then PN is the length registered 
by the wheel while the arm moves 
from AB to the infinitely near 
position A'B^. 

Next, draw AN^ perpendicular, 
And AL parallel, to A^B^. 

Let PN= dd, AIT^ ds, AP = c, 
PAL = (^: then PN=PL + AN\ 
or flfe'= ds + cdifi. 

Now, if we suppose AB after 
-a complete circuit of the curve, to 
return to its original position, we 
have obviously S (c?^) = o ; and . 
therefore S {ds") = S (rfs), i.e., the 
whole length registered by the revolving wheel at P is the 
same as if it were placed at A. 

Next, let X and y be the co-ordinates of B with respect to 
rectangular axes drawn through C, and let -40 = a, AB = 6, 
/. ACX = ; and suppose ^ the angle which BA produced 
makes with the axis of x ; then we shall have 

ic = a cos + J cos 0, y = asinO + b sin 0. 
Hence xdy - ydx = a^dd + b^d<^ + ah cos (0 - ^) c? (0 + ^) . 
Also da = AN' = AA' sin AA'N -^ ad0 cos (0-0). 

But + = 20~(0-0), 

.-. aJcos(0-0)rf(0 + 0) 

= 2rt6 cos {9 - 0) c?0 - aft cos (0 - 0) J (0 - 0) 

= 26flfe-a6cOs(0-0) G?(0-0). 

Consequently 

xdy-ydx = a'(i0 + 6^^6/0 + 26(fe-aJcos(0-0) ^(0-0). 
But, by Art. 139, the area traced out by P in a complete 



Amsler's Planimeter. 
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revolution is represented by \l{xdy-ydx) taken around the^ 
entire curve. 

Also, since AC and AB return to their original positions,, 
the integrals of the terms aHQ^ b^dfp and ab cos (0 - 0) c? (0 - ^) 
disappear; and hence the area in question is equal to bSy 
where S denotes the entire length registered by the revolving 
wheel. 

On account of the importance of this principle, the fol- 
lowing proof, for which I am indebted to Prof. Ball, based 
on elementary geometrical princi- 
ples, is also added. 

Let 0, A, B represent, as before, 
the positions of the fixed centre, the 
joint, and the tracing point, respec- 
tively; and suppose R to represent 
the position of tiie roller, or revolv- 
ing wheel ; then draw CP and RS 
perpendicular to AB, 




Let 



AC = a, AB ^b, AR^ /, BC^r. 



Now, if the instrument be rotated about C through an 
angle without altering the angle CAB^ it is easily seen 
that the circumference of the roller is rotated through an aro 
represented by 



PR 



,.(,.!--),. 



Again, if the instrument be rotated about 8 through a 
small angle the roller does not revolve. 
Hence a curve can be drawn through By 
such that, if the tracing point B be 
moved along it, the roller will not 
revolve. V 

Now, let Xfc, XV ^^ ^^ ^^ adjacent 
circles described with C as centre, and 
suppose ao' and /3|3' two adjacent non- — -.^^^^ • 
rolling curves, such as just stated : and P ^ 

suppose the tracing point B to move round the indefinitely 
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small area aafi'^ : then the arc through which the roller has 
turned is represented by 

rSrSe area of aa'/3'/3 



«ince aj3 = rS0; and Sr = aa' sin j3. 

Now suppose the instrument works correctly for the area 
AXVa, then it will work correctly for the area XX'/3'j3 ; for, 
start from a to X, X', a, then the area aXX'a must be regis- 
tered, since the roller does not turn in moving from a' to a ; 
proceed then from a to (i\ /3, o, then, by what has been just 
proved, the area a'j3'/3a will be added. Hence the instrument 
will work correctly for the strip XXf/fi. 

Again, suppose the instrument works correctly for the 
tirea X/i/o, then it will work correctly for X'/x'/o ; for, suppose 
we start from X to p, //, and back to X : then start from X to 
fi, fi, X' and X ; the two journeys from X to // and /x to X 
will neutralize each other, and it follows that if the instrument 
works correctly for the area X/i/o, it will work correctly for 
the area XVp • hence, if the instrument works correctly for 
any portion of the area, however small, it works correctly for 
the entire area. 

The student will find a description of Amsler's Planimeter, 
with another mode of demonstration, in a communication by 
Mr. F. J. Bramwell, C. E., to the British Association. — See 
Eeport, 1872, pp. 401-412. 
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Examples. 

I. Find the whole area between the curve 

a;V + «'^ = fly 



1 its asymptotes. 


Jm. iirah. 


2. Find the whole area of the curve 




flV = a;*(a2-ic2). 


8«» 
" T 


3, Find the whole area of the curve 




0"* (!)•- ■• 


" I'"*- 



4. Find the whole area included between the folium of Descartes 

«^ + y^ - lazy = o 

and its asymptote. ^^ ^, 

2 

5. In the logarithmic curve y = a*, prove that the area between the axis of 
4C and any two ordinates is proportional to the difference between the ordinates. 

€. Find the area of a loop of the curve 

irn'i 
r = acoBne. „ . 

7. Find the area of a loop of the curve 

r = acQBne-^- bBinnB. „ (aS^.^?)?!. 

n 
The equation of the curve may be written in the form 

r = y^a* + *« cos {ne + o), 

where tan a = — ; and consequently its area can be found from the pre- 
ceding example. 

8. Find the area of a loop of the curve 

f^ = a^C0Bne + h^Bmne. .. V;W** 
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9. Find the area of the tractriz. 

The characteristic property of the tractrix is that the intercept on a tangent 
to the curve between its point of contact and a fixed right line is constant. 

Denoting the constant by a, and taking the origin at the point for which 
the tangent OA is perpendiculflr 
to the axis, we have, F being 
any point on the curye. 



dx 



= -tanPra'=- 




^ Q^^yt 



.'. ydx = -^a^-y^dy. 

Hence the element of the area of 
the tractrix is equal to that of a 
circle of radius a. 

It follows immediately that the whole area between the four infinite branches 
of the tractrix is equal to ira^. This example furnishes an instance of our being 
able to determine the area of a curve from a geometrical property of the curve^ 
without a previous determination of its equation. 

If the equation of the tractrix be required it can be derived from its differ* 
ential equation 



dx ^ -- 



from which we get 



X + ^a^ + y« = a log 



f + ^/a2-y2 



\ 



10. If each focal radius vector of an ellipse be produced a constant length c^ 
show that the area between the curve so formed and the ellipse is ice {ib + 0» 
b being the semi-axis minor of the ellipse. 



^ 



II. Find the area of a loop of the curve r" = a" cos ne. 



Ant. 



V IT \ 2 n) 

12. If a right line carrying three tracing points A, B, C, move in any manner 
in a plane, rotuming to its original position after making a complete revolution ; 
and if (A)^ (B), {C) represent the entire areas of the closed curves described hy 
the points -4, B, C, respectively, prove that 

AB X (C) + BCx {A) ■{■ CAx{B)+ir, AB.BC. CA = o, 

in which the lines AB, BO, &c., are taken with their proper signs ; i. e.» 
AB = - BA, &c. 

13. If a curve be roferred to its radius vector r and the perpendicular j? on 
the tangent, prove that its area is roprosented by 



if Prdr 
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14. Show that the whole area of the inverse of the ellipse -^ + f; » i is 
represented by 






i8«\ 3 la2 + A« "*" U' *V U' " *V i* 



-where a, jB are the co-ordinates of the origin of inversion, and k is the radius of 
the circle of inversion. 

15. A given arc of a plane curve turns through a given angle round a fixed 
point in its plane ; what is the area described ? 

16. A chord of constant length (c) moves about within a parabola, and 
tangents are drawn at its extremities ; find the total area between the parabola 
and the locus of intersection of the tangents. irc^ 

3 

17. From tbe centre of an ellipse a tangent is drawn to a semicircle 
described on an ordinate to the axis major ; prove that the polar equation of the 
locus of the point of contact is 

" *2 + 4a2tan2(?' 



and that the whole area of the locus is - 



\ 



2 2a + 3 

18. Apply the three methods of approximation of Art. 148 to the calculation 

(^ dx I 
, adoptmg — as the common - 

interval in each case. Ans,\i)f .693669. (a), .693366. (3), .693324. 

The real value of the integral being log 2, or .693 147, to the same number 
of decimal places. 

19. Prove that the sectorial area bounded by two focal vectors r and r' of a 
parabola is represented by 

where c is the chord of the arc, and a the semiparameter. 

20. Given the base of a triangle, prove that the polar equation of the locus 
of its vertex, when the vertical angle is double one of its base angles, is 

a(2C0S2fl + l) , 

a COS e 
Hence show that the entire area of the loop of the curve is — r — . 

o 

31. Prove that the area of the pedal of the cardioid r = a (i - cos 9) taken 
with respect to an internal point at the distance c from the pole is 

^(Sa' - aatf + 2o»). (Canib. J^tposSxam,, 1876). j 
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CHAPTER VIII- 

LENGTHS OF CURVES. 

150. length of Curves referred to Sectangrular Axes. — The 
usual mode of considering the length of a curve is by treating 
it as the limit of a polygon when each of its sides is infinitely 
small. If the curve be referred to rectangular axes of co- 
ordinates, the length of the chor d joining the points (a?, p) 
and {x + (fo?, y + dy) is ^/da^ + dy\ and, consequently, if s 
represent the length of the curve measured from a fixed point 
on it, we shall have ds = ^da? + dy^ ; 



taken between suitable limits. 

The value of -^ in terms of a? is to be got from the equa- 
tion of the curve, and thus the finding of a is reducible to a 
question of integration. 

The determination of the length of an arc of a curve is 
called its rectification. 

It is evident that if y betaken for the independent variable 
we shall have 



=1>/^KS) 



dy. 



Again, when x and y are given functions of a single 
vaxiaUe ^, we have 



■IPHDT^- 



In each case the f onn of the equation of the curve deter- 
mines which of these f ormulse shoidd be employed. 



The Catenary. 
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The curves whose lengths oan be obtained in finite tenns 
are very limited in number. We proceed to consider some 
of the simplest applications. 

151. The Parabola. — ^Writing the equation of the parabola 

in the form y^ = zmx. we get -- = ^ 



m 



Hence 



'i,\^ 



+ m^dy. 



The value of this integral can be obtained from that of 
the area of a hyperbola (Art. 130), by substituting y for a-, 
and m* for - a*. 

Thus we have 



2m 2 *^\ m 



=■) 



(■) 



the arc being measured from the vertex of the curve. 

152. The Catenary. — ^The equation of the catenary, as 

before observed, is 



Hence 



dy 
dx 






di 



=(^-^SJ=<^^''"") 




.-. « = ^ c*f& + ^ U'** dx ^ -(ef* - e *» j + oonst. 
If 8 be measured from the vertex Fi we have 



-i(^ -«"'•) 



w 



Comparing this with Art. 13 1, we see that 

area OVPN^ a x arc VP. 
p 2 
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Again, if NL be drawn perpendicular to the tangent PLy 

we have sin LPN =—- = -. Hence NL = y sin LPN = « ; 

ds y 

and PL = (y* - a*)* = arc FP. This result shows that the 
catenary is the evolute of the tractrix (see Ex. 9, page 208). 

153. Semi-cubical Parabola. — The equation of this curve 
is of the form ay^ = ar^. 

Hence 

_ ^ dy 7, fx^ ^^ ^ f 9^Y 
^~d''''d^~2\a)' di~\^'^'^)' 

.•.«=( I + ~ I dx = — [ I + — I + const. 
If the arc be measured from the vertex, we get 



'-m 



9^V 
I +— - I 

4«/ 



154. Rectification of Evolutes. — It may be noted that the 
rectification of the semi-cubical parabola is an immediate con- 
sequence of its being the evolute of the ordinary parabola 
(see Dif. Cal., Art. 239). In like manner the length of any 
curve can be found if it be the evolute of a known curve, 
from the property that any portion of the arc of the evolute 
is the difference between the two corresponding radii of cur- 
vature of the curve of which it is the evolute. 

For example, we get by this means the lengths of the 
cycloid, the epicycloid and the hypocycloid. 

Again, since the equation of the evolute of an ellipse is 

{ax)t + {by)t = {a''b')r 

the length of any arc of this curve can be at once found. 

This can also be readily got otherwise ; for, writing the 
equation in the form 



©'^(1)'- 
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and making x- a sin'^, we get y = /3 oob'^, and 

ds = [da? + d^)^ = 3 sin cos (a* sin*0 + /3* cos*^)Jrf^ 

3(0'^ sin'^ + /3^ co8»i . 0.0, 02 2^\ 
= ^ i(^^i) — ^ ^(« s^ * + ^ ^^»*)- 

Hence 

« = ^^ -. — -^ ^^ + const. 

If the arc be measured from the point a? = o, y = j3, wo 
get the constant 

_ -/3^ _ (g' sin> + jS^ co8»* - /3^ 

If a = jS, the expression for ds becomes 3 a sin ^ cos 0e/^ ; 
ice we get « = - a 
same point as above. 



•2 
hence we get « = - a sin*^, the arc being measured from the 



Examples. 

I. Fiii4 the length of the logarithmic curve y » ctL*. 

dx b I 

•• -, where = •« — 
y log* 



Here log y = « loga + log <?, .•. t" = -> where b = ^ • 

^'' ^ dy y' log a 



f (y + y«)i^y f yrfy f ^a 

J y J(*» + y»)» Jy(«* + 

.(,a,,,),^nog(i^±^?2L:i. 
y 
2. Find the length of the tractrix. 

Here, hy definition (see fig. page 208), we have PT = a, 

V da a 

.-. sin FTN^ -, hence ^ = - -, 

or dy y' 

.'. » = - a I — as — a logy + const. 

If the arc be measured from the vertex A^ we get 

arc-4P= a log (-) 
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3. Find in what oases the curves represented by a^ = «^»» are rectifiable. 
Here we have 

2m 

Substitating b for ^, and making i + 3« ** s 2*, this becomes 

This expression is immediately integrable when — is a positive integer. 
Hence if — = r, the equation becomes of the form ay^r = x'*^^. 

Again, if — be a negative integer, the expression under the integral sign 

SffI 

becomes rational, and can accordingly be integrated. This leads to the form 
y«r a aa^^. Accordingly, all curves comprised in the equation ay« a a?"*** 
are rectifiable, m being any integer. (Compare Art. 62). 

155. The EUipse. — ^The simplest expression for the arc of 
an ellipse is obtained by taking ^ = a sin ^9 whence 

y = i cos ^, and da = (a* oos*^ -f h^ sin'0)irf^, 

.-.«=/ (a* oos'^ + V sin*0)irf^. 

It is often more convenient to write this in the form 

« = a J (i - e* sin*^)W^, (3) 

e being the eccentricity of the ellipse. 

It may be observed that ^ is me complement of the eccen'- 
trie angle belonging to the point (a?, y). 

The length of an elliptic quadrant is represented by the 

IT 

definite integral a I (i - e* sin'0)irf^. 

We postpone the further consideration of elliptic arcs to 
a subsequent part of the chapter. 

156. Bectiflcation in Polar Oo-ordinates. — ^If the curve be 
referred to polar co-ordinates we plainly have (Dif. Cal., Art. 
180) ffe' = rfr* + f^d8^ ; hence we get 
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For example, the length of the spiral of Arohimedesy 
r = a9j is given by the equation 

Comparing this with the formula (i) for the parabola, it 
follows mat me length of any are of the spiral measured 
from its pole, is equal to that of a parabola measured from its 
vertex. 

Examples. 

I. Gardioid, r « a (i + cos 6). 

dr 
Here -;- s — a sin 9, and hence 
d9 

B B 

« = a / { (l + cos 9)^ + sin*9} i d& = 2a J cos - rf6 ««: 4a sin - + constant. 

The constant becomes zero if we measure s from the point for which $ - o. 
a. Logarithmic spiral, r = afi. 

Here, if i = , , we get 

log a' 

Accordingly, the length of any arc is proportional to the difference between 
the yectors of its extremities ; a result which also follows immediately from the 
property that the curve cuts its radius vector at a constant angle. 

3. rmrs(fin cos mB, 

dr 
Taking the logarithmic differentials, we get -^r = - tan i»i0 ; 

^' 
... — = sec«a. 

1 
Hence « = a I [cos me\ "* dB, 

Or, writing ^ for m6. 



■^IW 



1 
- -1 



d^ 
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I 



This is readily integrated when — is an integer (see Art. 56). 

Whatever he the value of m we can express the complete length of a loop of 

the curve in Gamma-functiors. For if we integrate between o and -, we ob- 

\iously get the length of half the loop. 

Hence the length of the loop (Art. 123) is 



/- r (-) 

W) 



' r 



157. Formula of Legendre on Rectification. — ^Another for- 
mula* of considerable utility in rectification follows imme- 
diately from the result obtained in Art. 192, Dif. Cal. For, 
if this result be written in the form 

— - — ' = jo, we get » - ^ = jpduf. (5) 

Consequently, the total increment oi s - t between any two 
points on a curve is equal to J pdoj taken between the same 
two points. 

For example, in the parabola we have j» = , and 



hence 



- ^ = a I = a log tan (- + -) + const. 

J cos 01 ° \4 2/ 



If we measure the arc from the vertex of the curve, and 
observe that t = -^. this gives 



a sm (o 1 i /t ai\ 

= = — + a log tan - + - . 

cos*(i> ° \4 2/ 



The student can without difficulty identify this result vrith 
that given in Art. 151. 



* This theorem is due to Legendre. See Traits des Fonctiona Elliptiquea, 
tome ii., p. 588. 
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158. Application to Ellipse. Fagnani's Theorem. — In 
the ellipse we have 

p^ = a^ cos^cu + 6* sin^w. 

Hence, measuring the axe 
from the vertex A, and observ- 
ing that in this case PIf is to be 
taken with a negative sign, we 
have 

arc AP + FN = {a^ cos'w 4 b^ sm^to)^ dtoj 

where a = z: ACN. 

But, in Art. 155, we have found that if ^ be measured 
from the vertex £, the arc is represented by 

Consequently, if we make z £CQ = a = z ACN', and draw 
QJf perpendicular to the axis major meeting the curve in P', 
we shall have 

arc £F = arc -4P + PiV, 

or, taking away the common arc PF, 

BP-AP"^ PN. (6) 

This remarkable result is known as Fagnani's theorem*, 
and shows that we can in an indefinite number of ways find 
two arcs of an ellipse whose difference is expressible by a right 
line. 

"We add a few properties connecting the points P and P' 
in this construction. 

* Fagnani, Produzioni Mathematice, 1750. It may be noted that if we in- 
tegrate the equation of Art. 116, Dif. Cal., taking the angle C as obtuse, and 
adopting zero for the lowest limit in each integral, we obtain 

f "\/i-F8in2a£fa+ f */ i - k^ siu«J^ db 

c . 

V^ I — A* ginZ^ dc + A:* sin a sin h sin c, 



i; 



where «, i, e are connected by the relation 

cos tf = cos a cos J — sin a sin i 'v/ I - A* sin'c. 
This equation fiimishes a relation between three elliptic arcs, from which 
Fagnani's theorem can be readily deduced, as well as many other theorems con- 
nected with such arcs. See Legendre, Fonc. Ellip., tome i., ch. 9. 



J 
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Examples. 

1. If {Xy y) and (a?', y') be the co-ordinates of P abd P*, respectiyely ; ppove^ 
the following : — 

(i). PN^ -^, (2). PN^ FN\ (3). CiV. CN' = CM . C», 

Q 

(4). CP2 + CiV"2 « Cii* + CB*. 

2. Diyide an elliptic quadrant into two parts whose difference shall be equal 
to the difference of the semiazes. 

This takes place when P and P' coincide; in which case CN- *y ah^ and 
py = a - 4. 

We shall designate the point so determined on the elliptic quadrant as Fag> 
nani's point. 

3. Show that if a tangent be drawn at Fagnani's point, the intercepts be> 
tween its point of contact and its points of intersection with the axes are re- 
spectiyely equal in length to the semiaxes of the ellipse. 

4. If the linee PN and P'N* be produced to meet, show that they intersect 
on the oonfocal hyperbola which passes through the points of intersection of the 
tangents to the ellipse at its yertices. Show also that this hyperbola cuts tho 
ellipse in Fagnani's point. 

159. The Hyperbola. — ^In the hyperbola we have 

Hence, measuring the arc from the vertex A of the curve, we 
find, since co is measured below the axis. 



PN-AP= [" (a' cos'w - V sin'ai)irfa;, 



(7) 



where a = z ACN. 

As we proceed along the hyperbola 
the perpendicular p diminishes, and 
vanishes when the tangent becomes 
the asymptote. 

Moreover, as the limit of oi in this 

case becomes tan"^ y> it follows that the 
b 

difference between the asymptote and 

the infinite hyperbolic arc, measured 

from the vertex, is represented by the 

definite integral 




tan 5 



(a* cos'^fti - b^ sin'fti)irfw. 
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Examples. 
J. If a > 3, prove that 



Cf 

2. If a < i, prove that 



is represented by an elliptic arc, a^d that the semiaxes of the ellipse are the 
greatest and least values of (a + ^ cos 0)^. 



J (a + d cos 0> d^ 
is represented by the difPerence between a right line and a hyperbolic arc. 

160. Landen's Theorem on a Hyperbolic Arc. — ^We next 
proceed to establish an important theorem, due to Landen ;* 
namely, that any arc of a hyperbola can be expressed in terms of 
the arcs of two ellipses. 

This can be easily seen as follows: — ^In any triangle> 
adopting the usual notation, we have 

(5 = fl cos jB + 6 cos A. 

Now, representing by C the external angle at the vertex 
(7, we have G = A + B^ and hence 

cdO={a cos 5+ 6 cos -4) dA + (a cosjB+ 6oos-4) dB. 

Consequently, supposing the sides a and b constant, and 
the remaining parts variable, we have 

J cdC=jaoo&BdA +jbooaAdB-\- 2asin -B+const., 
or 

J ya^+b'+zaboosC dC=^y?-b'&iii'A dA +y(/'-a'&iri'B dB 
+ 2a sin jB + const. (8) 

Now, if we suppose a > 6, ^a^-b^&m^A dA represents 
(Art. 155) the arc of an ellipse, of axis major 2a and eccen- 
tricity -. Also ^b^ - a" sin'^ dB represents (Art. 159) the 

• Landen, Philosophical Transactions, 1775. 
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difference between a right line and the arc of a hyperbola 
whose axis major is b and eocentrioity t • 

Again, y^a^ + 6"^ + 2ab cos C= I {a - 6)* sin* — +(a+6)*cos*— , 

\ 2 2 

and consequently the integral 

V^a^ + b^ + zab cos GdC 

represents an arc of the ellipse whose semiaxes are a + i and 
<i - b. 

Hence, Landen's theorem follows immediately. 

It should be noted that the limiting values -4, B and C 
are connected by the relations 

fl sin 5 = 6 sin -4, and C = A + £. 

Again, if we suppose the angle A to increase from o to tt, 
the external angle C will increase at the same time from o to t, 
while jB will commence by increasing from o to a, and after- 
wards diminish from a to o, ( where a = sin"^ - i. Moreover, in 

the latter stage b cos A is negative, and dB also negative ; 
consequently the term b oos A dB is positive throughout the 
entire integration, and the total value of 

I \/b^ - a^ sm^BdB is represented by 2 yb--a:'sm'BdB. 

•/ Jo 

C 
Hence, substituting ^ for -, and integrating between the 

limits indicated, we get, after dividing by 2, 

IT 

!'{(« + by 6in> + (a - by cos'^^jirf^ 

IT 

= f ' (a' - J' 8in'^)i dA + {'{P-(^ Bm'5)i dB. (9) 



Theorem of Dr. Graves. 
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Accordingly, the difference between the length of the asymp- 
tote and of the infinite arc of a hyperbola is eqtml to the differ^ 
ence between two elliptic quadrants. This result is also due to 
Landen. 

We next proceed to two important theorems which may be 
regarded as extensions of Fagnani's theorem. 

1 6 1 . Theorem* of Dr. Graves. — If from any point P on the 
exterior of two confocal ellipses, tangents FT and FT' be 
drawn to the interior, then 

the difference {FT + FT' ^^ H::^© 

- TT) between the sum of ^ R^.^-'^K^s 

the tangents and the arc 
between their points of con- 
tact is constant. 

For, draw the tangents 
Q8 and Q,& from a point Q, 
regarded as infinitely near 
to P, and drop the perpen- 
diculars PiVand Qi\r'; then, 
since the conies are confocal, 
we have 

LFQiN^LQFN', .\FN'=QtN. 

Also FT==TR + EN=TE + E8+8N=T8 + SN 

=^T8+SQ-QN. 
In like manner 

Fr = FN' + 8'Q - r8\ 
. py ^ py, = Qfif + Q8' + T8- r8\ 
or FT+Fr -Tr^Q8+ Q8' - 88\ 




* This elegant theorem was arrived at "by Dr. Graves, now Bishop of Lime- 
rick, for the more ^neral case of spherical conies, from the reciprocal theorem, 
viz : — If two spherical conies have the same cyclic arcs, then any arc touching^ 
the inner will cut from the outer a segment of constant area. (See Graves* 
translation of Chasles on Cones and Spherical Conies, p. 77, Dublin, 1841). 

It should be remarked that the theorems of this and of the following article 
were investigated independently by M. Chasles. The student will find in tho 
Comptea Bmdua, 1843, 1844, a number of beautiful applications by that great 
geometrician of these theorems, as well to properties of confocal conies, as also 
to the addition of elliptic functions of the first species. 
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Hence, PT + FT - TT does not change in passing to 
the consecutive point Q; which proves the proposition. 

The analogous theorem, due to Professor Mac Cullagh, 
may be stated as follows : — 

162. Theorem. — If tangents PT, PT' be drawn to an 
ellipse from any point on a con- 
focal hyperbola, then the differ- 
ence of the tangents is equal to 
the difference of the arcs JjTand 
KT. 

The proof is left to the stu- 
dent, and is nearly identical with 
that given for the previous theo- 
rem. 

This result still holds when 
the tangents are drawn from a 
point on an ellipse to a confocal 
hyperbola, provided that the tan- 
gents both touch the same branch of the hyperbola ; as can be 
seen without diflGlculty. 

As an application* we shall prove another theorem of 
Xianden ; viz., that the difference between the lengths of the 
asymptote and the infinite branch of a hyperbola can be ex- 
pressed in terms of an arc of the hyperbola. 

For, let the tangent at A meet the 
asymptote in D, and suppose a con- 
focal ellipse drawn through!). Then, 
regarding DT as a tangent to the 
hyperbola, it follows, by the theorem 
just established, that the difference 
between DjT and JTTis equal to the 
difference between DA and AK. 

Consequently the difference be- 
tween the asymptote CT and the 
hyperbolic branch AT i& equal to 
DA + DC - 2KA. Consequently 
the required difference is expressible 
in terms of given lines and of the 
-hyperbolic arc AK. 




« I am iudebted to Dr. Ingrain for this application of Pro£ Mac Cullagh*s theorem. 
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We next proceed to consider two important curves whose 
rectification depends on that of the elKpse. 

163. The liimagon. — Prom the equation of the lima9on, 

dr 
r = a cos © + 6, we get -^ = - « sin 0, 

and hence 

d8 = (fl»+i»+2fl5ioose)Me, 



.'. 8 = [[(fl + J)'^cos'-+(a-6)'8in^-j^ 



dO. 



Accordingly, the rectification of the lima9on depends on 
that of the eflipse whose semiaxes are a + 6 and a-b. 

164. The Epitrochoid and Hypotrochoid. — The epitrochoid 
is represented by the equations (see Dif. Cal., Art. 284) 

X = {a-\-b) oobO - c cos — T—9y 



y = (a + 0) sm 6 - c sm —v-- 9. 



Hence 



g = -(«+J){8me-|8mi±^flj, 
Squaring and adding we get 

/. 8 = — jT- j6* + c'-26cCOS-r-| dO. 

Hence, substituting — - for ©, we get 

^(^)f{(6 + c)'sin'^+(6-c)*cos»^)irf^. 



« = 
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ConBequently the length of an arc of the epitrochoid is equal 
to that of an ellipse. This theprem was discovered by Pascal. 

The corresponding form for the hypotrochoid is obtained 
by changing the sign of b. 

165. Steiner'B Theorem on Rectification of Roulettes. — If 
any curve roll on a right line, the length of the arc of the 
roulette described by any point is equal to that of the cor- 
responding arc of the pedal, taken with respect to the 
generating point as origin. 

For (see figure, Art. 145), the element Off of the roulette 
is equal to OPdfjj. 

Again, to find the element of the pedal. Since the 
angles at If and Jl^' are right, the quadrilateral NN'TO is 
insoribable in a circle, and con- 
sequently NN' = OT sin NON\ 
But, in the limit, NN^ becomes 
the element of the pedal, and OT 
becomes OP : hence the element 
of the pedal is OPdto; conse- 
quently the element of the pedal 
is equal to the corresponding 
element of the roulette, .*. &c. 

We proceed to point out a few elementary examples of 
this principle. In the first place, it follows that the length 
of an arc of the cycloid is the same as that of the cardioid ; 
and the length of the trochoid as that of the lima9on.^ 
Again, if an ellipse roll on a right line, the length of the roulette 
described by either focus is equal to the corresponding arc of the 
auxiliary circle. 

Moreover, it is easily seen, as in Art. 146, that if one 
curve roll on another, the elements ds and ds\ of the roulette 
and of the corresponding pedal are connected by the relatiort 




= d8[i + 



i) 



In the case of one circle rolling on another, this relation 
shows that the arcs of epicycloids and of epitrochoids are 
proportional to the arcs of cardioids and of lima96ns : whioli 
agrees with the results established already. 



Oval of Descartes. 
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We next proceed to the rectification of the Oval of 
Descartes. 

166. Oval of Descartes. — This curve is defined as the 
locus of a point whose distances, r and /, from two fixed 
points are connected 
by the equation 

mr + // = d^ 

where /, m, d are 
given constants. 

For convenience 
we shall write the 
equation in the form 

mr-^l/ = nc, (10) 

where e is the dis- 
tance between the 
fixed points. 

The polar equa- 
tion of the curve is 
easily got. For, let 
J^'and Fi be the fixed points, and Z Fi FP = 0, then we have 

/^ = r^ -{- (? - 2rc cos ; 
also from (10), 

P/^ = {nc - mrY, 

hence the polar equation of the locus is readily seen to be 

mn 




r^ - 2rc • 



^C"—. ;r = O. 



m'-P 



m'-P 



For simplicity, we shall write this in the form 

r^ - 2rQ +0=0. 
Solving this equation for r, we get 



(II) 



(12) 



r = £2±yQ'- Oy or FPi=Q + ^Q^-Oy FP = Q-^Q^-^0. 

It can be seen without difficulty that, so long as /, w, w are 
real and unequal, the curve consists of two ovals, one lying 
inside the other, as in the figure. 

Q 
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Again we get from (12), by differentiation, 

(r - Q) fl?r = rU'dOj where Q' = 3S^ ; 



dr Q: Q' ^ ds >/0' + 0'*-(7 

— ta = ^ = — ^ i nence — ttt = , — . 

rdO r-O yQ«-(7 rd0 ^Q^-O 



Or d.^ ''^''';^'^'' ±y^T^^CdB. (13) 

the upper sign corresponding to the outer oval, and the lower 
to the inner. 

Hence the difference between the two corresponding 
elementajy arcs is equal to 

2A/Q- + Q''-(7rf0, or, 2 y/ d? + zaboo^O+V" - C dOy 

(writing Q. in the form a + J cos 0), which plainly represents 
the element of an ellipse. Consequently, the difference 
between two corresponding arcs of the ovals can be repre- 
sented by the arc of an ellipse. This remarkable theorem is 
due to Mr. W. Roberts (liouville, xv., p. 195). Some years 
after its publication it was shown by Professor Q-enooohi 
(Tortolini, 1864, p. 97) that the arc* of a Cartesian is expres- 
sible in terms of three elliptic arcs. 

In order to establish this result, we commence by proving^ 
one or two elementary propertiesf of the curve. 

Suppose a circle described through -P, i^i, and P ; and let 
PQ be the normal at P to the oval, meetiag the circle in Q, 
and join FQ and PiQ ; then let L FPQ = w, and PiPQ = w'; 

dr dr 

andsince w-r- + l-r = o, we have /sinit>'= msinw, 
ds ds 

.-. PQ : PiQ = l:m. 



* For the proof of tliis theorem giyen in the text, I am indebted to Mr. 
Fanton. 

* t For an acconnt of the fimdamental properties of the Cartesian OTal, the 
student is referred to a Note at the end of my Differential Cidcnlus. 
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Also, since mr + 1/ = nc; and (by Ptolemy^s theorem) 

FP'FiQ + FiP'FQ = FFi'PQy 
we have 

FQ F,Q PQ 

/ m n ' 

Hence, denoting the common value of these fractions by 
Uj we have 

FQ = lu, FiQ = mu, PQ = ww. 

Again 

dr q: y Q' - (7 

tan en = — 77; = — , /. cos (i> = 



Hence the first term in the expression for ds in (13) is 
equal to 

HdQ _ c mn - /' cos ^^ 
cosw m^ - P cosw 

Again, let z i?PjPi = ^, z Pi^'iC = ^, 

and we have the two following relations between the angles 
9} ^> ^> 

^ = O-hijjy /sind + msin^ = »sini/>. (14) 
Hence, 

di^-dQ = rfi/', /cosOrf0 + mcos0rf^ = nooB\pd\p^ 

.-. {mn-Poo&0)dO = m(n + /cos^)cf^-n(w + /oosi/>)rfj/>. 



or 



mn-/*co80,^ n + /cos0,^ w + /cosi^_, , . 

dO = m ^d6-n ^rfi//, (15) 

cosoi cosw ^ cosw ^ ^ ' 

Again, from the triangle jPPQ, we have 

rcosui = PQ + PQcos^ = (n + /cos^)w, 

W + /COS0 r /rz r z 7 

COS W W 

Q 2 
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In the same maimer it can be shown that 

w + /cosi^ c /- ' ; 7 

r = _ = vP + m^ + zlmoos^p' 



cos b) II 

Hence we have 

f Q.dQ mc f /- ; ^ 

= — ; ;r k//*+ n*+ 2//iC0S6a6 

Jcosw m^-l^y ^ ^ 

^ — — y/P + m^ + ilm cos -^ d\p. (i6) 

Each of these latter integrals is represented by the arc of an 
ellipse, and, accordingly, the arc of a Cartesian Oval is 
expressible in the required manner. 

It should be noted that the limiting values of 0, 0, and xf/ 
are connected by the relations given in (14). 

Again, it can be shown without difficulty that the axes of 
the ellipses are the lines (AB, CD), {ACy BD)y and {AD, EC), 
respectively : a result also given by Sig. Genocchi. Firsts 
with respect to the ellipse whose element is v^Q* + Q'^-(7rfO, 
it is plain that its axes are the greatest and least values of 
2 v^Q' + Q'^-C, or of 2 ^a^ + 6' + 2ah oosO - C : but these 
are 2 v^(a+ by - C and 2 ^{a - by - (7, which are plainly 
the same as the greatest and least values ofPPi; and,, 
consequently, are AB and CD. 

Again, from the equation mr + // = nc, we get 

m jP-B + / (jP-B + c) = nc, .'. FB = i^Lzil^. 
^ ^ I + m 

In like manner 

FC = (^-^^)^ 
l + m 

A^ain, since we get the points on the outer oval by 
changmg the sign of /, we have 

m-l ' m-l 
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and consequently, 



AD = -^„ BC= '"" 



but these axe readily seen to be the values for the axes of the 
ellipses in (i6). 

It should be noted that if we substitute in (13) the values 
for a and 6, the expression for the element da becomes of the 
following symmetrical form 

da = — ^— T^L//* + n^+2ln cos^ fl?0 ^ — -r^yTTn^Tzhnoo^^dyp 

*/rrj^ + w* - imn cos Qd9. ( 1 7) 



m^-J^ 



We shall conclude the Chapter with a brief account of 
the rectification of curves of double curvature. 

167. Bectification of Curves of Double Curvature. — If the 
points in a curve be not situated in the same plane, the curve 
is said to be one of double curvature. The expression for its 
length is obtained in an analogous manner to that adopted 
for plane curves : for, if we refer the curve to a system of 
rectangular axes in space, and denote the co-ordinates of two 
consecutive points by (a?, y, s), (a; + dx^ y-^dy^ s + rfs), we get 
for the element of length, dsy the value 



da = ^dix^ + dy^ + dz\ 

The curve is commonly supposed to be determined by the 
intersection of two cylindrical surfaces, whose equations are 
of the form 

Prom these equations, if j- and — be determined, the 
formula of rectification is 



=I!-(D'^(^>- '■" 
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When z is taken as the independent variable, this formula 
, becomes 



■\Hfhmt-- 



the limits being in each case detennined by the conditions of 
the question. 

The simplest example is that of the helix, or the curve 
formed by the thread of a screw. From its mode of 
generation it is easily seen that the helix is represented by 
two equations of the form 

Hence 



a? = acosIt ), 2^ = flsmlTJ. 



dx a . (z\ dy a fz\ 

d-z^'V'^Kb} Tz^r'^ib} 



^Jrf^> 



I + 7^ ) flfs, or « = ( I + 1^ j s ; 



the arc being measured from the point in which the helix 
meets the plane of xy. 

This result can be easily established geometrically. 



Examples. 



Find the length of the curve whose equations are 



^ = ^^^ ^ = 6^- 



„ / a;* or* \ * / «* \ «* 

Here ds = (i + -=+— rWa;= (i+— r)<?« = af+^-r = ir + s: 

the arc being measured from the origin. 

This is a case of a system of curves which are readily rectified ; for, in general^ 
whenever 

\dx) "^ dx' 
behave (' + i+^) =(^-^zJ' 

und therefore ds ^ dx-\- dz, or 8 = x + zi- const. 
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Thus, if y =f(x) be one of the equations of a cunre, we get ~ = f{x), and 
hence, if a second equation be determined from the equation 

the leng;th of the curve is represented by x + z-k- const. : the value of the 
constant being determined by the conditions of the problem. 
For instance, if y = a sin a;, we get f {x) ^ a cos a;, and 

dz cfl cfl 

--- =s — cos^ic, .*. « = — (» + co8a;sin«). 

dx 2 ' 4 ^ ' 

Hence the length of the curve of intersection of the cylindrical surfaces 

y = a sins, z = — (* + cos » sin a:) 
4 
iaz^x; the length being measured from the origin. 

2. y = 2V flfl? — a:, z^x — ^/— . -4««. » = a? + y-z. 

3. -^ - ^ = i» a? = -(^ + ^'«), the length being measured from tliO 
point of intersection of the curve with the plane of xy. 

Ana, 8 = ^^ i.(»a-a2)». 
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Examples. 
I. Find the length of any arc of the catenary 



y = \ K + <»'■«], 



and show that the area between the curve, the axis of x^ and the ordinates at 
two points on the curve, is equal to a times the length of the arc terminated by 
those points. 

3. In any curve prove that s «= I — ■ , and hence find the length of a 

parabolic arc. 

3. Show that the integral 1 may be represented by an arc of 

a cirde, and find the limiting values of x for its possibility. 

-— — dx, 

where a is the semiaxis major, and e the eccentricity. 

5. Express the length of an elliptic quadrant in a series of ascending powers 
of its eccentricity. 

-T|-G)l-(H)'i-(^a'T-4 

6. Prove that the integral of 

x^dx 



can be represented by an arc of the ellipse whose semiaxes are a and fi. 

7. Show that the rectification of the sinusoid y = d sin x is the same as that 
of an ellipse. 

8. Prove that the whole length of the^r^^ negative pedal of an ellipse, taken 
with respect to a focus, is equal to the circumference of the circle described oa 
the axis minor as diameter. 

9. Show that the length of an arc of the curve r « a sin n0 is equal to that 
of an arc of the ellipse whose semiaxes are a and na, 

10. If from the equation of a curve referred to rectangular co-ordinates, we 
form an equation in polar co-ordinates, by taking r = y and rd$ = <&, then 
the lengths of the corresponding arcs of the two curves are equal, and the area 
' ydx of the former curve is equal to the corresponding sectorial area of the 

itter. 

11. Prove that the difierence between the lengths of the two loops of the 
lima9on r = a cos 9 + d is equal to 83 : a being greater than b. 

12. Being given three points A, B^ C on the circumference of an eUipse, 
show that we can always find, at either side of C, a fourth point D such that the 
difference between AB and CD shall be equal to a right line. 






^ 
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13. If a circle be described touching two tangents to an ellipse and also 
touching the ellipse, proye that the point of contact with the ellipse divides the 
elliptic arc between the points of contact of the tangents into two parts, whose 
•difference is equal to the difference of the lengths of the tangents (Chasles, 
Comptes Rendus, 1843). 

14. Prove that the entire length of any closed curve is represented by 

j taken round the entire curve ; p being the radius of curvature at any 

point, and p the length of the perpendicular from any fixed point on the tangent. 

Ti. ^ -^ ^ y. y. .1. ^, efo c^ + I 

15. If ^ = be the equation of a curve, prove that — = — , and 

e* — I fix tf-* — 1 

hence rectify the curve. 
^^ 16. Calculate approximately, by the tables of Art. 113, the whole length of 

a loop of the curve r* = (fi cos - B, 

Here, by Ex. 3, p. 207, the required length is 

^ ay/f ; ' ,or 2tfv^y — ^ — - 



' Ki) '(I) 



'3 9 

Hence, taking logarithms, and observing that -^ «= 1.625, and ^ =1.125, we 

o o 

get as the required approximation a x 3.29488. The figure of this curve is 
exhibited in Art. 261, 1)if. Gal. 

17. In a Cartesian Oval whose two internal foci coincide, prove that the 
difference of the two arcs, intercepted by any two transversals from the exter- 
nal focus, is equal to a straight line which may be found. [The above curve 
is the inverse of an ellipse from a focus.] — P&opessok Crofton, £due. Times, 
June, 1874. 

From (11) page 2 25 , it follows, making n = m, that the equation of the lima^on, 
in this case, is 

„ e^cose-m^ _ 

*'+*''' p,^, ^^=°' 

which is of the form r* + 2r (a cos $ — fi) -^ {a — fi)- = o. 

Hence, by (10), the difference between two corresponding elementary arcs 
is 

4\/oi8 cos - de. 

Consequently, if $1 and 02 be the values of $ for the two transversals in 
^[uestion, we get the difference of the corresponding arcs 



= 8 vafl (sin sin — j . 



Also, it can be readily seen that the distance between the vertices of the 
lima^on is 4^0$ ; .'. &c. 
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1 8. Show that the length of an arc of the ellipse 

is represented hy the integral 

.,^f £? . 

This result is easily seen, for we have ds = pdBy and p — — 3-, .•. &c. 

19. Show, in like manner, that the length of a hyperbolic arc is represented 
by 



a* 






20. Hence prove that the integral 

Idx 

is represented by an elliptic arc when ab' > ba\ and by a hyperbolic arc when 
ab' < ba\ 

31. Prove that the differential of the arc of the curve found by cutting in. 
the ratio n : i the normals to the cycloid 

y = a + d cos M, a; = «« + d sin «, is 



A{a + «*)« + \nab sin* - du, 

22. Each element of the periphery of an ellipse is divided by the diameter 
parallel to it, find the sum of all me elementary quotients extended to the 
entire ellipse. Ans, ir. 

22. In the figure of page 217, if a = L ACN% and jS = ^ BCN, prove that 

tan a _^ tan jS 

"^~ ~r- 

I sy^ 23. Find the length, measured from the origin, of the curve 

i A 

Ana, « = a log ( ) - ar. 

I *v~, 24. Find the length, measured from ^ s o, of the curve which is represented 
*j^> by the equations 

ic = (la — ^) sin ^ — (a — i) sin^^, 

y = (26 — a) cos ^ — {b — a) cos?0. 

Ana. » = |(a + i) ^ + 5 (a - i) sin ^ cos ^^ 
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CHAPTER IX. 



VOLUMES AND SURFACES OF SOLIDS. 



1 68. Solids — The Prism and Cylinder. — The most simple- 
solid is the cube, which is accordingly the measure of all 
solids, as the square is that of all areas. Hence the findings 
the volume of a solid is called its cubature. Before proceed- 
ing to the application of the Integral Calculus to finding tho 
volumes and surfaces of solids, we propose to show how, in 
certain cases, such volumes and surfaces can be f oimd from 
geometrical considerations. In the first place, the volume of 
a rectangular parallelepiped is measured by the continued 
product of three adjacent edges ; and that of any parallelepi- 
ped by the area of a face multiplied by its distance from tho 
opposite face. 

Again, the volume of a right prism is measured by tho 
product of its altitude into the area of its base. For example,, 
the volume of the right prism represented 
in the figure is measured by the area of 
the polygon ABCDEy multiplied by the 
altitude AA\ Again, since each lateral 
face, AB SA for example, is a rectangle, 
it follows that the sum of the areas of all 
the faces (exclusive of the two bases), i. e. 
the area of the surface of the prism, is equal 
to the rectangle under the altitude and the 
perimeter of the polygon which forms its 
base. 

This and the preceding result still hold 
in the limit, when the base, instead of a 
jwlygon, is a closed curve of any form, in which case the sur- 
face generated is called a cylinder. Hence, if V denote the 
volume of the portion of a cylinder bounded by two planes 
drawn perpendicular to its edges, h its height, and A the area 
of its base, we get V = Ah. 
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Again, if S denote the superficial area of a cylinder, 
l^oimded as before, and S the length of the curve which forms 
its base, we have S = Sh. 

169. The Pyramid and Cone. — ^If the angular points of 
a polygon be joined to any external point, the soKd so 
formed is called a, pyramid., Any section of a pyramid by a 
plane parallel to its base is a polygon similar to ti^at 
which forms the base, and the ratio of their homologous 
sides is the same as that of the distances of the planes £roni 
the vertex of the pyramid. Hence it follows that pyramids 
standing on the same base, and whose vertices lie iu a plane 
parallel to the base, are equal iu volume. For, the sec- 
tions made by any plane parallel to the base are equal in 
every respect ; and, consequently, if we suppose the pyra- 
mids divided into an indefinite number of slices by planes 
parallel to the base, the volumes of the corresponding slices 
will be the same for all the pyramids ; and hence the entire 
volimies are equal. 

Also, if two pyramids have equal altitudes, but stand on 
different polygonal bases, the volumes of the pyramids wUl 
be to each other iu the same proportion as the areas of the 
polygonal bases. For, this proportion holds between the 
areas of the sections made by any plane parallel to the base ; 
and consequently between the slices made by two infinitely- 
near planes. 

A^gain, the pyramid whose base is one of the faces of a 
cube, and whose vertex is at the centre of the cube, is 
the one-sixth part of the cube ; for the entire cube can be 
divided iuto six equal pyramids, one for each face. Hence, 
denoting the side of a cube by fl, the volume of the pyramid 

in question is represented by — ; i. e. by the product of the 

area of its base into one-third of its height. 

Now, if we vary the base, without altering the height, 
from what has been established above, it foUows that the 
volume of any pyramid is the area of its base multiplied by 
one-third of its height.* 

* This demonstration is taken from Glairaut's *^ £16mens de 66om6trie." 
The student is supposed familiar with the more ancient proof, from the property 
that a triangular prism can be divided into three pyranuds of equal yolume. 
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If the base of the pyramid be any closed curve, the solid 
so formed is called a cone ; and we infer that the volume of a 
cone is eqtuil to one-third of the product of the area of its bas& 
into its height. 

If the base of a pyramid be a regular polygon, and the 
vertex be equidistant from the angular points of the polygon, 
the pyramid is called a right pyramid. 

In this case eeioh. face of the pyramid is an isosceles triangle,, 
whose area is the rectangle under the side of the polygon 
and half the perpendicular of the triangle. Hence the sur- 
face of the pyramid is equal to the rectangle under the semi- 
perimeter of the regular polygon and the perpendicular 
common to each face of the pyramid. 

Again, if we suppose the number of sides of the regular 
polygon to become infinite, the pyramid becomes a right 
cone ; and we infer that the entire surface of a right cone is 
equal to the rectangle imder the semi-circumference of ita 
circular base and the length of an edge of the cone. 

Hence, if a be the semi-angle of the cone, I the length of 
an edge, and r the radius of its base, we have r = / sin a, and 
the simace of the cone is represented by irP sin a. 

If a right cone be divided by two planes ABCy DEFy 
perpendicidar to its axis, as in figure, the o 

part intercepted by the planes is ceiled ^ 

a truncated cone. 

The surface of a truncated cone is 

easily expressed ; for, if OA = /, OD = /', ^, ..^ 

the required surface is tt sin a (^ - P)^ /~T 

ox TT {l-f) {l-^Vj^a. 

Now, if the circular section LMN'hQ I'L 

drawn bisecting the distance between / ^i 

ABC and DEFy the circumference of L -.^ 

the circle LMNisw (/+ T) sin a. Hence v, 

the surface of the truncated cone is equal ^ 

to the rectangle under the edge AB and the circumference .of 

LMN its mean section. 

1 70. Surface and Volume of a Sphere. — To find the super- 
ficial area of a sphere ; suppose a regular polygon inscribed 
in a semicircle, and let the figure revolve around the diameter 
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AB ; then eax^h side of the polygon, PQ for example, will 
•describe a truncated cone. 

Now, from the centre C draw CD perpendicular to PQ, 
«,nd construct as in figure ; then, by the preceding Article, 
the surface generated by PQ is 
^qual to 2ir PQ . BL 

Again, by similar triangles, 
we have DC : DI^ PQ : MN, 
.'.PQ.DI^DC.MN. 

Accordingly, since the per- 
pendicular CX)is of same length JL 
for each side of the polygon, the 
surface generated by the entire polygon in a complete revo- 
lution is equal to iir CD . AB = ^wP? cos - ; where wrepr©- 

flents th^ number of sides of the polygon, and iJthe radius of 
ihe circle. 

If we suppose n to become infinite, the solid generated 
l)y the polygon becomes a sphere; and we get ^irP? for the 
-entire surface of the sphere. Hence, the surface of a sphere is 
■equal to four times the area of one of its great circles. 

Again, it is easy to find the surface generated by any 
number of sides of the polygon* Thus, for example, that 
generated by all the sides lying between the points A and Q 
is plainly equal to 27r CD . AN, 

Hence, in the limit, the surface generated in a complete 
revolution by the arc -4Q is equal io itr . AC . AN. Such a 
portion of a sphere is called a spherical cap. 

Again, suppose the points A and Q connected ; then, since 
A^ = AB . ANy it follows that the area of the spherical cap 
generated by the arc AQ is equal to the area of the circle 
whose radius is the chord AQ. 

The volume of a sphere is readily found from its surface ; 
for we may regard the volume as consisting of an infinitely 
great number of pyramids, having their common vertex at 
the centre, and whose bases form the entire surface. But the 
volume of each pyramid is represente<J by the product of one- 
third of its height (i. e. the radius) by its base. Hence the 
entire volume of the sphere is one-third of its radius multi- 
plied by its surface, i. e. — P^. 
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Examples. 

T. If a sphere and its circumscribing cylinder be cut by planes perpendi- 
cular to the axis of the cylinder, prove that the intercepted portions of the 
surfaces are equal in area. 

2. Prove that the volume of a sphere is to that of its circumscribing cylinder 
in the proportion of 2 to 3 : and that their surfaces also are in the same propor- 
tion. These results were discovered by Archimedes. 

171. Surfaces of Bevolution. — In the preceding we have 
regarded a sphere as generated by the revolution of a circle 
around a diameter. In general, if any plane be supposed to 
revolve around a fixed line situated in it, every point in the . 
plane will describe a circle, and any curve lying in the plane 
will generate a surface. 

Such a surface is called a surface of revolution ; and the 
fixed line, round which the revolution takes place, is called the 
axis of revolution. 

It is obvious that the section of a surface of revolution 
made by any plane drawn perpendicular to its axis is a 
circle. 

If we suppose any solid of revolution to be cut by a series 
of planes perpendicular to its axis, the volume of the solid 
intercepted between any two such sections may be regarded 
a.s the limit of the sum of an indefinite number of thin cylin- 
drical plates. 

Now, if we suppose the generating curve to be referred to 
rectangular axes, the axis of revolution being that of 4?, the 
area of the circle generated by a point (^, y) is plainly equal 
to iry^j and the cylindrical plate standing on it, whose thick- 
ness is dxy is represented by Try' dx. 

Hence, the element of volume of the surface of revolution 
is Tiy^dXy and the entire volume comprised between two sec- 
tions, corresponding to the abscissae a and /3, is obviously 
represented by the definite integral 



•J!^' 



dxy 



in which the value of ^ in terms of x is to be got from the 
equation of the generatmg curve. 
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In like manner, the volume of the surface generated hy 
the revolution of a curve around the axis of y is represented 
by IT jx^dp, taken between suitable limits. 

Again, we may regard the surface generated by any 
element ds of the curve as being ultimately a portion of the- 
surface of a truncated cone, as in Art. 170 ; and hence the 
surface generated by fife in a complete revolution round the 
axis of a? is repesented by zwyds ; aYid accordingly the entire 
surface generated is represented by 

2w / yds, 

taken between proper limits. 

We proceed to apply these formulae to a few elementary 
examples. 

172. The Sphere. — ^Let a^ -\- y^ = cf" be the equation of the 
generating circle ; then, substituting c? - 0^ for y^, we get for 
the volume 

F= TT J (a* - x^) dx =ir(a^x J + const. 

If we take o and a as limits, we get for the volume of 

the hemisphere; .*. the entire volume of the sphere is > 

o 
as in Art. 1 70. 

To find the volume of a spherical cap, let h be the length 
of the portion of the diameter cut off by the bounding plane^ 
and we get for the corresponding volume 

TT (a^ - a^) dx = wh^ (a — j. 

Again, to find the superficial area, we have 

, ^ idx = ( I -\--Adx = -dx, .". yds = adx. 

^1 \ fj y 

Hence, the surface of the zone contained between two 
parallel planes corresponding to the abscissae Xi and Xq is 



.a=C'x.W. 



27r 



adx = 2Tra {xi - Xq) ; 

J xo 
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that is the product of the circumference of a great circle by 
the breadth of the zone. This agrees with Art. 1 70. 

1 73. Right Cone. — If a denote, as before, the angle which 
the right line which generates a cone makes with its axis of 
revolution, we get y = x tan a, taking the vertex of the cone as 
origin, and the axis of revolution as that of x ; accordingly, 
the element of volume is tt tan *a a?dx. 

Hence, if h denote the height of the cone, we get its volume 
equal to 

f* IT 

w tan*a n? dx - - tatf aA^ 

Jo 3 • 

i. e. - X area of its base, as in Art. i6g. 

Again, to find its surface, we have d% = sec a c&, 

rk 
.'. 27r J yds = 27r tan a sec a xda = irh^ tan a sec a ; 

which agrees with the result already obtained. 



Examples. 

1. The base of a cylinder is a circle whose area is equal to the surface of a 
sphere of radius 5 ft. ; being given that the yolume of ite cylinder is equal to 
the sum of the yqlumes of two spheres of radii 9 ft. and 16 ft., find the height of 
the cylinder. Ans, 64 J ft. 

2. A solid sector is cut out of a sphere of 10 ft. radius by a cone, the angle 
of which is 120** ; find the radius of the sphere whose solid contents are equal to 
those of the sector. Afu, 5 y^a. 

3. Two cones have a common base, the radius of which is la ft. ; the alti- 
tude of one is 9 ft., and that of the other is 5 ft. ; find the radius of a sphere 
whose entire simace is equal to the sum of the areas of the cones. 

Ans, 2^/ 11 ft. 

174. Paraboloid of Revolution. — ^Writing the equation of 
a parabola in the form y'^ = zm^^ we get for the volume of the 
solid generated by its revolution round the axis of x 

2Trm f xdx = Ttma? + const. = —y^x + const. 

^ 2 
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Hence, the volume of the surface generated by the revo- 
lution of the part of a parabola between its vertex and the 

point (a?i, yi) is represented by — yi'iTi, i. e., is equal to half the 

volume of the circumscribing cylinder. 

Again, to find the surface of the paraboloid, we have 

yt/s = y r I + l^j di/ = ~[y' + mA ydy. 

Hence, the surface of the paraboloid, between the same 
limits as above, is represented by 

^|\* + m^y^ydy = |£ ((y.' + m')» - m»). 

175. Spheroids of Bevolution. — If we suppose an ellipse 
to revolve roimd its axis major, the surface generated by the 
revolving curve is called & prolate spheroid. If it revolve round 
the axis minor, the surface is called an oblata spheroid. 

The volume of a spheroid is easily obtained ; for, taking 

— + ^ = I as the equation of the generating ellipse, we get, 
substituting JM i - — j for y'^y 

F= IT -^\{a^ -ix?)dx = — ^ X ia^ j + const. 

Hence the entire volume is — ah^. In like manner, the 

3 

47r 
volume of an oblate spheroid is — ba^. 

3 

176. Surface of Spheroid. — ^In the case of a prolate sphe- 
roid we have 



on 



Surface of Spheroid. 
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Hence, if CN = ^1, CM - *a?o, we get for S, the zone 
^generated in a complete 
revolution by the arc PQ^ 

be C' (a^ Ai 

Now, if we take CD = -, 

and construct an ellipse 

whose semiaxes are CB and CB, it is easily seen (Art. 129) 

that the elementary area between two consecutive ordinate 

of this ellipse is — f ~ - a?M dx. Hence it follows that the 

area of the zone generated by the arc PQ, is ir times the area 
of the portion P1Q1Q2P2 of this ellipse. 

Again, if AEx be the tangent at the vertex of the original 
ellipse, we see that the entire surface of the spheroid is 4ir 
X the area BCAEi ; but this is seen, vrithout difficulty, to be 



12 aJ . , 

iTTCr + 27r — sm.^c, 



(') 



In like manner, we get for the surface S generated by the 
revolution of an ellipse round its. minor axis 

8= 2ir\xds = 2ir ( «* + -tj- V^ ) ^y 

If this be integrated, as in Art. 151, we get, after somo 
obvious reductions, 



S = 7r|^^aV/ + J*Y+7r^'log 



aey + (aVy' + V)^ 



If this be taken between the limits o and 5, and doubled, we 
get for the entire surface of the ellipsoid 



2Trdr + It 



?H(i^). 



(2) 



K 2 



244 



Volumes and Surfaces of Solids. 



It is readily seen, as in the former case, that the surface 
of any zone of this ellipsoid is tt times the area of a corre- 
sponding portion of the hyperbola 



a^ a^ey 



= 1 



bounded by lines drawn parallel to the axis of x. 

The area of the surface generated by the revolution of a 
hyperbola round either axis admits of a similar investigation. 



Examples. 

I. Find the yolmne of the surface generated by the revolution of a cycloid 
round its base. 

Here, referring the cycloid to DA and jj' L B 

J)B as co-ordinate axes, we have (see Dif. ■^— 
Cal., Art. 273) 



77 




a? = «(^ + sin^), y = a(i + cos^), 

where L FCZ = ^. "aN D 

Hence 

dr= xy^dx = Ta?(i + cos ^)V^ ; 

.'. for the entire volume V, we get 
Fa axa' 1(1 + cos ^)»<f^ = i6va^ T cos« - di^ 

Jo Jo 2 

V 

= 32X05 I ' QOsf^SdB, making ^ = 9, 

J 

Hence T^sir^a?. 

a. Find the whole surface generated in the same ease. 
Here 8 = 2t [yds =4x0* f (i + cos ^) cos - rf^ ; 

hence the entire surface is 



IS 
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%, Find the yolume and the surface of the solid generated hy the reyolution 
of the tractriz round its axis. 

(i). Here wehaye 
y^dx = - (a3 - if- 




hence the volume generated hy 
the portion -4 Pis 

h 3 

The volume generated hy the 
«ntire tractrix is — a^\ i. e. half 
the volume of the sphere whose radius is OA, 
(2). The surface generated hy AP is 

2x I yds = 2ica I dy (see page 213), 

-iTca^a-y). 

Hence the entire surface generated is zxa* ; i. e. half the surface of the sphere 
of radius OA, 

4. Find the volume, and also the surface, generated hy the revolution of the 
•catenary around the axis of x. 

(i). Here the volume of the solid generated 
by VP is represented hy 



r y9dx= 1 \e<* -\-0 *" ^ 2 j dx 

Jo 4 Jo 



= — (y« + ax) : 




-where a = PV, 
(2).. Again since 

vehave 



/ '- -f^ ydx 

2irf 
2'Klyd9=^—\y'*'dx, 
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Consequently the surface generated by Pr in a complete revolution is - 

X the Tolume generated ; i. e. = x (y« + ax), 

5. In the same curve to find the surface generated by its revolution round 
the axis OV. 



Here 



Again 



iS^ a IT I xda = IT \xe°dx + x Uc « dx, 

C ' - f«- ( - - \ 

\ xe^ dx = axe^-a\ tfdx=a\xe''-ae''-\-a)> 



Also the value of 



i: 



xe ^ dx 



is obtained by changing the sign of a in the last result. 
Hence 



f 



X 9 

xe ^ dx — n^ ^ axe « - a^e ", 



.'. /S«T I a«« + oa? \««-a'«j -a^^e" +e y ] 
= 2v(a^ + ar« - ay). 



177. If a closed curve, which is symmetrical with respect 
to a right line, be made to revolve 
round a parallel line, then the su- 
perficial area generated in a com- 
plete revolution is equal to the 
product of the length of the mov- 
ing curve into the circumference 
of the circle whose radius is the 
distance between the parallel lines. 

This is easily proved, for let 
APBP' be any curve, symmetrical o jim x 

with respect to AB^ and suppose OX to be the axis of revo- 
lution; and draw PiV, Qif two infinitely near lines perpen- 
dicular to the axis. It is evident that PQ = JP'Qf. Again, let 
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PN^y, P^N^i/, PQ = P'Qf = ds,I)N=b; then the sum of 
the elementary zones described by PQ and P'Q^ in a complete 
revolution is 

2Tr {j/ + j/^d8 = ^irhda. 

Consequently the surface generated by the entire curve is 
2irh8y where 8 denotes the whole length of the curve. 

A similar theorem holds for the volume of the solid gene- 
rated : viz., the volume generated is equal to the product of 
the area of the revolving curve into the circumference of the 
same circle as before. 

For the volume of this solid is plainly represented by 

or by 

Tj(y-2/') {y + y')dx = 2Trbj (t/- y') dx. 

But the area of the curve is represented by 

I {y - y) ^^ ' 

consequently, denoting this area by -4, and the volume by F, 
we have 

V= 2irbxA. 

In these results the axis of revolution is supposed not 
to intersect the curve ; if it does, the expression zirb x A 
represents the difference between the volumes of the surfaces 
generated by the portions of the curve lying at opposite sides 
of the axis of revolution ; as is readily seen. A similar alte- 
ration must be made in the former theorem in this case. 

If a circle revolve round any external axis situated in its 
plane, the surface generated is called a spherical ring. From 
the preceding it foUows that the entire surface of such a ring 
is 47r*flJ ; where a is the radius of the circle, and b the dis- 
tance of its centre from the axis of revolution. 

In like manner the volume of the ring is zir^a^b. 

178. Ghildin's Theorems. — The results established in the 
preceding Article are but particular cases of two general pro- 
positions, usually called Ghildin's Theorems, but originally 
enunciated by Pappus (see Walton's Mechanical Problems, 
p. 42, third Edition). They may be stated as follows : — 
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(i). If a plane curve revolve round any external axis, 
fiituated in its plane, the area of the surface generated is equal 
to the product of the perimeter of the revolving curve hy the 
length of the path described^ during the revolution^ by the centre 
of gravity of that perimeter. 

(2). Under the same ciroumstanoes, the volume of the solid 
generated is equal to the product of the area of the generating 
curve into the path described by the centre of gravity of the re- 
volving area. 

To prove the former, let S denote the whole length of the 
curve, a?, y, the co-ordinates of one of its points, Xy y, the co- 
ordinates of the centre of gravity of the curve ; then, as is 
shown in Elementary Mechanics, we have 

y ~ s ' 

.'. ZiryS = zir j yds^ 

i. e. the surface generated by revolution round the axis of x 
is equal to the product of S, the length of the generating 
curve, into ziry , the path described by the centre of gravity. 
To prove the second proposition ; let A denote the area 
of the generating curve, and dA the element of area corre- 
sponding to any point x, y. Also let x, y be the co-ordinates 
of the centre of gravity of the area, then 

y = — ^ — = ^-^-^ — - (substituting dxdy for dA)j 

.'. inyA = 27r j j ydxdy = ir j'y^dx ; 

where the integral is supposed taken for every point round 
the perimeter of the curve : but, from Art. 171, the integral 
at the right-hand side represents the volume of the solid ge- 
nerated ; hence the proposition in question follows. 

For example, the volume of the ring generated by the 
revolution of an ellipse aroimd any exterior line situated in 
its plane, is evidently 2ir^abc, where a and b are the semiaxes 
of the ellipse, and c is the distance of its centre from the axis 
of revolution. 

It may be noted that these results stUl hold if we suppose 
the curve, instead of making a complete revolution, to turn 
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round the axis through any angle. For, let be the circular 
measure of the angle of rotation, and in the foiiner case we 
have 

0y8 = Ojyds. 

But Oy is the length of the path described by the centre 
of gravity, and 9 J yds is the area of the surface generated by 
the curve, /. &c. 

In like manner the second proposition can be shown to 
hold. 

Again, Ghildin's theorems are still true if we suppose the 
rotation to take place around a number of diiBferent axes in 
succession ; in which case the centre of gravity, instead of 
describing a single circle, would describe a number of arcs of 
circles consecutively ; and the whole area of the surface ge- 
nerated will still be measured by the product of the length of 
the generating curve into the path of its centre of gravity ; 
for this result holds for the part of the surface corresponding 
to each axis of revolution separately, and therefore holds for 
the sum. 

Again, in the limit, when we suppose each separate rota- 
tion indefbitely small, we deduce the following theorem. If 
any plane curve move so that the path of its centre of gravity 
is at each instant perpendicular to the moving plane, then the 
surface generated by the curve is equal to the length of the 
curve into the path described by its centre of gravity. 

The corresponding theorem holds for the volume of the 
surface generated. 

179. The method given in Art. 171 of investigating the 
volimie bounded by a surface of revolution can be readily ex- 
tended to a solid bounded in any manner. For, if we sup- 
pose the volume divided into slices by a system of parallel 
planes, the entire volume may, as before, be regarded as the 
limit of the sum of a number of infinitely thin cylindrical 
plates. Thus, if we suppose a system of rectangular co-ordi- 
nate axes taken, and the cutting planes drawn parallel to that 
of on/ ; then, if Az represent the area of the section made by 
a plane drawn at the distance 2 from the origin, the entire 
volume is denoted by 

! Asdz^ 
taken between proper limits. 
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The area -4^ is to be determined in each case as a function 
of s from the conditions of the bounding surface. 

For example, to find the volume of the portion of a cone 
out off by any plane ; we take the origin at the vertex, and 
the axis of z perpendicular to the cutting plane ; then, if B 
denote the area of the base, and h the height of the cone, it 
is easily seen that we have 

Azi B = z^ : h\ or Az = -jr-y 

B r* 

.'. F= j^ z^dz = I 5 X A ; as in Art. 169. 

If the cutting planes be parallel to that of yz, the volume 
is denoted by J A^^ ; where Ax denotes the area of the sec- 
tion at the distance x from the origin. 

180. Volume of Elliptic Paraboloid. — ^Let it be proposed 
to find the volume of the portion of the elliptic paraboloid 

x^ f 

cut off by a plane drawn perpendicular to the axis of the sur- 
face. Here, considering z as constant, the area of the ellipse 

— + — = 22, by Art. 128, is itrz a/po. 

P q ^ ^ V J. :l 

Hence, denoting by c the distance of the bounding plane 
from the vertex of the surface, we have 



r=27r 



^pq zdz = 7r ^/pqc^, 

Jo 



This result admits of being exhibited in another form ; for if 
J3 be the area of the elliptic section made by the bounding^ 
plane, we have 

B = 27rO \/pq. 

Hence F = J circumscribing cylinder, as in paraboloid of re- 
volution. 
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181. The Ellipsoid. — ^Next, to find the volume of the 
ellipsoid 

a^ y^ s' 

a* 0^ & 

The section of the surface at the distance s from the 
origin is the ellipse . 

a^ b^ c"' 

the area of this ellipse, i. e. -4 a is 

,r(^i-|)a5. 

Hence, denoting the entire volume by F, we have 

V = 2Trab\ [ I — -]dz = -TT abc. 

Jo V ^y 3 

182. Case of Oblique Axes. — ^It is sometimes more con- 
venient to refer the surface to a system of oblique axes. In 
this case, if, as before, we take the cutting planes parallel to 
that of xi/f and if a> be the angle the axis of 2 makes with 
the plane of ajy, the expression for the voliune becomes 

BiaiM) jAzdz, 

taken between proper limits, where Az represents the area of 
the section, as in the former case. 

For example, let us seek the volume of the portion of an 
ellipsoid cut off hy any plane. 

Suppose DEiyif to represent the section made by the 
plane, and ABA!B the parallel central section. Take OA^ 
OB^ the axes of this section as axes of x and y respectively ; 
and the conjugate diameter OC as 
axis of z. 

Then the equation of the surface is c/, 

^ yL l^ - 

where OA = a\ OB = b\ OC = c\ ^'' 

It wiU now be convenient to transfer the origin to the 
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point C without altering the directions of the axes, when 
the equation of the surface becomes 











23 S' 






The 


area 


A, 


of the Bection, 
Tra'b'i" 


by Art. 


I<28, 


is 



(3) 

hence, denoting C'lf by h, the volume cut ofE by the plane 
DJSiy is represented by 



or 



ra'6'sina,|'(i^--^)rf., 
rab sinw — jr). 



But, by a well-known theorem,* we have 

fl'JVsinw = abcy 

where a, J, c, are the principal semiaxes of the surface. 

Hence the expression for the volume V in question 
becomes 



or, denoting -^tq ty k 



r.,<^{^-^); (4) 



V = irahcU 



'(-I)- ''' 



Tliis result shows that the volume cut off is constant for 
all sections for which k has the same value. Again, since 

ON 

— ^ = I - A', the locus of iV is a similar ellipsoid ; and we 

infer that if a plane cut a constant volume from an ellipsoid^ the 
locus of the centre of the section is a similar and similarly 
situated ellipsoid. 

* Salmon's Geometry of Three Dimensions, Art. 96. 
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183. Application to the Elliptic Paraboloid. — The corre- 
sponding results for the elliptic paraboloid can be deduced 
from the preceding by adopting the usual method of such 
derivation: viz., by taking 

a^ = pcy b^ = qcy 

and afterwards mating c infinite : observing that in this case 
/* 

the ratio -7 becomes unity. 
c 

Making these substitutions in (4) it becomes* 
V = tt^s/m ^*M I >)» or ttA' V^, since c = 00. 

Hence, if a constant length be measured on any diameter 
of an elliptic paraboloid and a conjugate plane drawn, then 
the volumet of the segment cut from the paraboloid by the 
plane is constant. 

Again, the area of an elliptic section by (3) is 

\c c^J csmw\c cf^J 

On making the same substitutions, this becomes for the 
paraboloid 

2Trypq 



smoi 



h. 



Now, if we suppose a cylinder to stand on this section^ 
the volume of the portion cut off by the parallel tangent 
plane to the paraboloid is obtained by multiplying the area 
of the section by A sin w ; and, consequently, is 

2ir ^/^ A*, 

i. e. is double the corresponding volume of the paraboloid. 
This is an extension of the theorem of Art. 1 80. 



* For a more direct inyestigation the student is referred to a memoir *'Oti 
some Properties of the Paraboloid," Quarterly Journal of Mathematics, June, 
1S74, by Professor Allman. 
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Examples. 

T. Prove that the yolume of the segment cut firom a paraholold hy any plane 
is Jths of that of the circumscrihing cone standing on the section made hy the 
plane as hase. 

2. A cylinder intersects the plane of xy in an ellipse of semiazes OA = a, 
OB = by and the plane of xz in an ellipse of semiaxes OA = a, OC=c; the 
«dge8 of the cylinder heing parallel to ^C7; find the yolume of the portion of 
the cylinder hounded by the three co-ordinate planes. Ans, | abe. 

3. The axes of two equla right cylinders intersect at right angles ; find the 
yolume common to both. Ans, V^d^, where a is the radius of eiUier cylinder. 
This surface is called a Groin. 

^^ 1 84. Volume by Double Integration. — In the application 
N of the preceding method of finding volumes, the area repre- 
sented by Axi instead of being immediately known, requires 
in general a previous integration ; so that the determination 
of the volume of a surface involves two successive integra- 
tions, and consequently V is expressed by a double integral. 

Thus, as the area Ax lies in a plane parallel to that of yz^ 
its value, as in Art. 126, may generally be represented by 
jzdy^ taken between proper limits. Hence V may be repre- 
sented by 

or, adopting the usual notation, by 

jjzdydxy 

taken between limits determined by the data of the question. 
The value of z is supposed given by a relation z =f{x^p), 
i)y means of the equation of the bounding surface ; hence 

jzdy = lf{x,y)dy. 

In the determination of this integral we regard ir as a 
constant (since all the points in the area have the same 
value of ic), and integrate with respect to y between its 
proper limits. 

Thus, if yi and yo denote the limiting values of y, the 
definite integral 






T)ecomes a function of x; this function, when integrated 
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^i\h respect to x between the proper limits, determines the 
volimie in question. 

If Xi and Xq denote the limits of ic, Fmay be represented 
ly the double integral 






dydx. 



"We shall exemplify this by a figure, in which we suppose 
the volume bounded by the plane of xy^ by a cylinder 
perpendicular to that plane, and also by any surface.* 
Let EPJRfQ represent the 
section of the cylmder by the 
plane of xy, and suppose 
FMNQ to be the section of 
the volume by a parallel to 
yz at the distance x from 
the origin. Let, Pi = yi, 
QL = yo, then the area PMNQ 
is represented by the integral 



r 



zdy. 




The valuesf of y^ and yo in terms of x are obtained from 
the equation of the curve RPJRfQ, 

Again, suppose P'M^N'Q! to represent the parallel section 
at the infinitesimal distance dx from PMNQ, then the 
elementary volimie between PMNQ and P^M'N'Qf is repre- 
sented by 

dx\ zdy. 
Now, if PT and P^T' be tangents to the boimding curve. 



♦ The determination of a volume of any form is virtually contained in this. 
For, if we suppose the surface circumscribed by a cylinder perpendicular to the 
piano of ajy, the required volume will become the difference between two 
cylinders, bounded by the upper and lower portions of the surface, respectively. 
See Bertrand, Cal. Int. § 447. 

t In our investigation we have assumed that the parallels intersect the 
curve in but two points each ; the general case is omitted, as the solution in 
such cases can be rarely obtained, and also as the investigation is unsuited for 
an elementary treatise. 
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drawn perpendicular to the axis of a?, and if 01^ = a?i, OT = a*©, 
the entire volume is represented by 



D 



zdt/dx. 



It should be observed that 2 dy dx represents the volume 
of the parallelepiped whose height is z, and whose base is 
the infinitesimal rectangle having dx and dy as 'sides; and 
consequently the voliune may be regarded as the simi of all 
such parallelepipeds corresponding to every point within the 
area RPRQ. 

It is also plain that we shall arrive at the same result 
whether we integrate first with respect to Xy and afterwards 
with' respect to y, or vice versd ; i. e. whether we conceive 
the volume divided into slices parallel to the plane of a», or 
to that of yz. 

Wq shall illustrate the preceding by an example.* 

Suppose RPKQ to be the circle 

(x-ay+{y-hy = R\ 

and the bounding surface the hyperbolic paraboloid 

xy = czi 
then we have 



and 



iVo ^Jl/o 



xydy = ^ W-y^) = -^^E'- («?-«)»• 

2C/ C 



Again ;ri = a + JK, iPo = « - i2, 

Ja-R 

Now let x-a = B sin 0, and we get 



* This and the next example are taken from Cauchy's Applications G6oai£« 
triques du Calcul Infinitesimal, p. 109. 
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V = ^ [' co8'0 (fl + iZ sine) d9. 

""2 



IT IT 

But ['oos'Orfe = ^, ['cos^Osinflt^e = o, 



r = TT — — . 



Again, if for the cylindrical surface which has for its 
base the circle we substitute a system of four planes x = x^j 
x^X^ f/ = f/o9 y= Tywe get 

rJT r^ cMi 

dy dx 






= yX - Xq) {^1 - yo) 



= (X~fl?.>)(F-yo) 



4c 

2i + 23 + gj + 24 



in which 2|, 22, 23, 24, are the ordinates of the four comer 
points of the portion of the surface in question. 

Again, from the well-known properties of the surface, in 
order to construct the hyperbolic paraboloid it is sufficient 
to trace the gauche quacLilateral whose summits are the 
extremities of the ordinates z^ 23, 23, 24; then a right line 
moving on a pair of opposite sides of this quadrilateral^ and 
comprised in a plane parallel to the other pair, will generate 
the paraboloid m question. 

Hence we arrive at the following proposition : — 
Having traced a gauche quadrilateral on the four lateral 
faces of a right prism standing on a rectangular base, if a 
right line move on two opposite sides of this quadrilateral 



V 
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and be ^parallel to the planes of the faces which contain the 
other two sides, then the volume cut from the prism hy the 
surface so generated is equal to the product of the area of 
the rectangular base of the prism by one-fourth of the sum 
of the edges of the prism between the vertices of the 
rectangle and those of the quadrilateral. 

185. Boubld Integration. — ^From the preceding Artide it 
is readily seen that the double integral 

can be represented geometrically by a volume; and the 
determination of the double inteffral, when the limits are 
given, is the same as the finding me volume of a solid with 
corresponding limits. 

Eor instajttce, the first example in the preceding Artide is 
equivalent to finding the value of the double integral 

jjxydjcdf/ 

taken for all values of x and y subject to the condition 

(«?-«)•+ (y"J)»-iP<o; 

and similarly in other cases. 

When the limits of x and y are constants, as in 



^\^/{^yy)dy^y 



the double integral represents the volume cut by the surface 

from the parallelepiped whose base is the rectangle formed 
by the lines 

X = ttf X - a\ y = J, y = h\ 

It 18 plain that in this case the order of integration is 
indifierenty as already seen in Art. 115. 
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fS 1 86. It is sometimes more convenient to refer the curve 
RPRQ to polaj co-ordinates, in which case we conceive the 
area divided into infinitesimal rectangles of the type rdrdO. 
The corresponding parallelepiped is represented by 
zrdrdOj and the expression for F becomes ^ 

r = SSzrdrdO, 

taken bet:ween proper limits. 

For instance, if the bounding surface be a sphere, whose 
centre is the origin, we have 



and the equation becomes 



r = Hv^^^rdrdd; 



but S^a'^-r'^rdr = "i(a'-r>)i. 

Hence, if V denote the volume included between the 
sphere and the exterior surface of the cylinder, we shall have 

where we suppose each radim of the sphere to cut the 
cylinder in but one point. 

For example, let the base of the cylinder be the pedal 
of an ellipse whose major axis coincides] with a diameter of 
the sphere ; then 

r" = a'cos'fl + J'sin'fl, 



and F= l(a»-J')8Jsin»flrffl.] 



IT 



If this be integrated between the limits o and -, we get 



2 



the |th of the entire volume ; hence the entire volume 

9 
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Examples. 

I. A spliere is cut by a right cylinder, the radius of whose base is half that 
of the sphere, and one of whose edges passes through the centre of the sphere ; 
find the Yolume common to both surfaces. 

2T e^ 8a* 

An8. , a being the radius of the sphere. 

3 9 

3. If the base of the cylinder be the complete curre represented by tbe 
equation r = a cos n9j where ft is any integer, find the yolume of the solid 
between the surface of sphere and the external surface of the cylinder. 



187. It is readily seen, as in Art. 141, that the volume 
imluded within the surface represented by the equation 



Hi- 1. 1) - » 



is abc X the f>olume of the surface 

F(x,y,z) = o. 

For, let - = a?', r = /, - = 2', and we shall have 
a h ^ c 

zdxdy ^ abcz'dx'di/y 

and .*. fjzdxdy = abc jjz'dx' di/ ; 

which proves the theorem. 

Hence, for example, the determination of the volume of 
an ellipsoid is reduced to that of a sphere. 

Again, if the point {Xy y, z) move along a plane, the 
corresponding point (a^, ^, z) will describe another plane* 
Erom this property the expression for the volume of an 
ellipsoidal cap (Art. 182^ can be immediately deduced from 
that of a spherical cap (Art. 170). 

In like manner the volume included between a cone 
enveloping an ellipsoid and the surface of the ellipsoid is 
reducible to the corresponding volume for a sphere. 
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188. duadrattird on the Sphere. — ^We next propose to 
give a brief discussion of quadrature on a sphere, and 
commence with the results on the subject usually given in 
treatises on Spherical Trigonometry. In the first place, 
since the area of a lune is to that of the entire sphere as the 
angle of the lune to four right angles, the area of a lune of 
angle A is represented by 2R^A ; where E is the radius of 
the sphere, and A is expressed in circular measure. 

Again, the area of a spherical triangle ABC is expressed 
by IP {A + £ + C -ir) ; for, the sum of the three lunes 
exceeds the hemisphere by twice the area of the triangle, as 
is easily seen from a figure. 

Hence, it readily follows that the area 2 of a spherical 
polygon of n sides is represented by 

S = B^A + B^C + ScQ.- (w-2)7r); 

Ay By Cy fic, bciug the angles of the polygon. 

This result admits of oeing expressed in terms of the 
sides of the polar polygon ; for, representing these sides by 
<i\ h\ c\ &c., we have 

A = n - a'y B = IT - h\ &e., 

and consequently 

S = i2'{27r -(«'+&'+ 6*'+ &c.)). 

Or, denoting the perimeter of tLe polar figure by 8y 

S + -RS = 2TrE\ (6) 

This proof is perfectly general, and holds in the limit, 
when the polygon becomes any curve ; and, accordingly, the 
area bounded by any closed spherical curve is connected with 
the perimeter of its polar curve by the relation (6), 

Again, the spherical area bounded by a lesser circle 
(Art. 170) admits of a simple expression; if p denote the 
circular radius of the circle, or the arc from its pole to its 
circumference, the area in question is represented by 

2irE^ (i -COS/)) ; 
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for (see fig. Art. 170) we have 

AN= AC-CN ^ R{i -oosp). 

This result also follows immediately as a simple case of 
equation (6). 

Again, the area bounded by the lesser circle and by two 
arcs drawn to its pole is plainly represented by 

iPo(i -COS/o), 

where a is the circular measure of the angle between the arcs* 
We can now find an expression for the area bounded by 

any closed curve on a sphere ; for 

the position of any point P on the 

surface can be expressed by means 

of the arc OP drawn to a fixed 

point, and of the angle POX 

between this arc and a fixed arc 

through 0. These are called the 

polar co-ordinates of the point, and 

are analogous to ordinary polar 

oo-ordinates on a plane. 

Now, let OP = /o, and POX = 01, and any curve on 

the sphere may be supposed to be expressed by a relation 

between p and w. 

Again, suppose OQ to represent an infinitely near vector, 

and draw Pit perpendicular to OP; then, neglecting in 

the limit the area PQE, the elementary area OPQ, by the 

preceding, is represented by 

i2*(i -cos/o) dw. 

Hence the area bounded by two vectors from is 
expressed by the integral jB*J(i -cosp) dto, taken between 
suitable limits. 

If the curve be closed, the entire superficial area becomes 




-B* (l -COS/o)rfc»l. 



The value of cos p in terms of w is to be determined in 
each case by means of the equation of the bounding curve. 
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The integral i2M 00s pdw obviously represents the area 

included between the closed curve and the great circle whieh 
has for its pole. 

The length of the curve can also be represented by a 
definite integral; for, regarding PEQ as ultimately a right- 
angled triangle, we have in the limit, 

PQ» = PJB^ + jB^ : also PB = ninpdw. 

Hence rf«' = dp* + sin* p rfw*. 



or da == dw 



Again, it is manifest from (6) that the determination of 
the len^h of any spherical curve is reducible to finding the 
area of its polar curve, and vice versd. 



Examples. 

I. Find the area of the portion of the surface of a sphere which is inter- 
cepted by a right c^^linder, one of whose edges passes through the centre of the 
sphere, and the radius of whose base is half that of the sphere. 

Here, the equation of the base may be written in the form r = JB sin w, 
S being the radius of the sphere, and » being measured from the tangent to the 
oiroular base. 

Again, from the sphere we haye r = JS sinp, ,\ = » is the equation 
of the curye of mtersection of the sphere and the cylinder; hence the area 
in question is 



2J2«p(i-cos«)<ft» = 2222(^-1). 



This being doubled giyes the whole intercepted area = 2» JB* - A^. 

In general, if r =/(«) be the equation of the base of a cylinder, it is easily 
seen that the equation of the cuire of its intersection with the sphere may be 
written in the form Beimp =/(»). 

For example, let the diameter of the right cylinder be less than half that 
of the sphere, and, writing the equation of the base in the form' r » a sin «, 
where « is the diameter of the section, we get i2 sinp = a sin«, or sin/> s jc gin o* 
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(where ic is < x), as the equation of the curve of intersection of the sphere and 
the cylinder. 

Hence the intercepted area is denoted hy 

IT V 

2i22 f * (i - -v/i -jc^sin^w) d» ^ wifi- iJR* P^/i -jc3 8in«« du. 

Hence the area in question depends on the rectification of an ellipse. 

2. Find the area of the portion of the surface of the cylinder intercepted by 
the sphere, in the preceding. 

Here the area in question is easily seen to he represented by ijzdsy where 
di denotes the element of the curve which forms the base, corresponding to 
the edge z. 

Now (i), when the diameter of the base is equal to the radius of the sphere, 
we have 

z = J2cos«, and da = JRdu, 

.*. area in question = 4^^ I cosad» = 4^, i.e., the square of the diameter 

Jo 
of the sphere. 

(2). When the diameter of the base is less than the radius of the sphere, 
we have 

2 \zd8 = 2« I -v/ J^ — a* sin* « d« = 2aJ2 jy^i - ic^sin'wrflw, .*. &c. 

189. dttadrattire of Surfaces. — ^In seeking the area of a 
portion of any surface we regard it as the limit of a number 
of infinitely small elements, each of which is considered as 
a portion of a plane which is ultimately a tangent plane to 
the surface. N'ow let dS denote such an element of the 
superficial area, and d<r its projection on a fixed plane which 
makes the angle with the plane of the element; tiien, 
from elementary geometry, we shall have 

da == cosOdSy or dS = seoOda. 

Hence iS = J sec d<rj 

taken between suitable limits. 

The applications of this formula usually involve double 
integration, and are generally very complicated; there is, 
however, one mode by which the determination of the area of 
a portion of a surface can be reduced to a single integration, 
and by whose aid its value can in some cases be found ; viz.. 
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by supposing the surface divided into zones by a system* of 
curves along each of which the angle between the tangent 
plai).e and a fixed plane is constant ; then, if dS denote the 
superficial area of the zone between the two infinitely near 
curves corresponding to the angles and 0-\-dO] and, if dA 
be the projection of this area on the fixed plane, we shall 
have dS = sec dA. 

If we suppose the surface referred to a rectangular 
system of axes, the fixed plane being that of xy\ and, 
adopting the usual notation, if we take X, /u, v as the direction 
angles of the normal at any point on the surface, we get 
for dSy the area of the zone between the curves corresponding 
to V and V + dvy the equation 

dS = sec V (Li, 

where A denotes the area of the projection on the plane of 
^ of the closed curve defined by the equation v = constant. 

Now whenever we can express the area A in terms of v 
and constants, then the area of a portion of the surface, 
boimded by two curves of the system in question, is reducible 
to a single integration. 

The most important applications of this method are 
furnished by suifapes of the second degree, to which we 
proceed to apply it, commencing with the paraboloid. 

1 90. auadrature of the Paraboloid. — liVriting the equation 
of the surface in the form 

'9 i 
the equation of the tangent plane at the point (;r, y, z) is 

ivhere X, F, Z are the co-ordinates of any point on the plane. 

* I am not aware to whom tliis method is due, but it has been employed 
in a more or less modified form by M. Catalan, Liouville, tome iv., p. 323, by 
Hr. Jellett, Gamb. and Dub. Mam. Journal, vol. i., as also by other writers. 
Such curves are called parallel curves by M. Lebesgue, Liouyille, tome zi., p. 332, 
and <* Curven isokliner Normalen," by Dr. Schlomilch. 
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Comparing this with the equation 

XcosX + Yoo8fi + Zoosv = P, 

we get eosA = -cosv, cosu = -oosv; 

Buhstitating in the identical equation 

cos'X + co8'/ii + eos'v = I, 

we get — + ^ = tan' v. \7) 



Consequently the curve along which the tangent plane 
ikes the angle v with the tangent p^ ^ ^-^ ^ -•- 

projected on that plane into the ellipse 



X^ V' 

— + -^ = tan'v. 

The area A of this ellipse is Tr^^tan'v; accordingly^ 
we have 

dA = iTpqd{tan^v)j 

.'. dS = 'jrpqseovd{tm^v) = 7rp2'seoi;d'(8ec'v) ; 

hence the area of the paxaboloidal cap bounded by the 
curve V = a is 

irpql secvc?(8ec'v) = f 7r/?g' (sec'a- i). 

Also the area of the belt* between the curves 

V = o and v = o' is ^irpq (sec'a'-sec'a). (8) 

* This form for the quadrature of a paraboloid is, I belieye, due to Mr. 
Jellett; see Camb. and Dub. Math. Joumaly vol. i., p. 6^. The proof given 
aboYe is in a great measure taken from Mr. AUman's paper in the Quarterlj 
Journal, already referred to. 
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191. duadrattire of the Ellipsoid. — ^Proceeding in lik& 
manner to the ellipsoid 

«" y^ z" 

the equation of the tangent plane at the point (a?, y, 2) is 
Xx Yy Zz 
o* V & 

Hence, comparing with the equation 

XcosX + Fcos/ii + Zcosi; = P, 
we get 

COSX = — r — COSi;, COSU = -77 — COS i;. 

Hence, we have * 

cos'^ v-r -7 + -n 1 = cos*X + cos'u = sin'' v ; 

or, substituting i — j - Ti ^^r -, 

— fa* sin'i; + c'cos*vj + -y^fj^sin'v + o'cos^v J = sin' v. 

This shows that the projection on the plane of ay, of 
a curve along which v = constant, is an ellipse. 
Again, the area A of this ellipse is 

ira^ b^ sin' v 
(a' sin' V + c' cos* v)* (6' sin' 1/ + c' cos' v)*' 

and, accordingly, the area dA of the elementary annulus. 
between two consecutive ellipses is 

3 jj d^ ( sin'v i 

e^v ( (a' sin' v + c' cos' v)i (6' sin' 1/ + 0' cos' i;)*) 

The corresponding elementary ellipsoidal zone d8 i& 
represented by 



yg'y d^ I sin'v I 

cos V rfp ( (a' sin' v + c' cos' v)i {¥ sin* 1; + c* cos* i/)4) 
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Now, if S denote the superfioial area* between two 
onrves corresponding to v = o and v = a, after one or two 
redactions, it is easily seen that 

S = Tra^ 6^ c' (/+/'), (9) 

, r - f * sin V dv 

J ft (6* sin* V + c* cos* v)i (a* sin* v + c* cos* i;)*' 

J, _ r* sinv dv 

]a (a*sin*v + c*cos*v)* (6*sin*v + c*cos*v)i* 

It is easily shown that the former of these integrals is 
represented by an arc of an ellipse, and the latter by an arc 
of a hyperbola ; it being assumed that a>b> c. 

For, assuming a* - c* = a*^, and b^ - c^ = Ve'^y and 
making oos^^ = ;r, we get 



= 4.r 



dx 



, Lf"^" ^ 

~ «'*Jco..-(»-«'^)* (I -«"*')*• 

Again, let ^ = sin0 in the former integral, and ^^tr = sin0 
in the latter, and we get 

^ r rffl 

ah^] (e*-c'*8in*(^)i' 



r 



= _^f dQ 



c^h] (e'*-g*sin*(^/ 



Now, since e > e\ the former integral represents an 
arc of an ellipse^ and the latter an arc of a hyperbola. 
(See Ex. 19, p. 234.) 

* This form for the quadrature of an ellipsoid is given by Mr. Jellett in 
the memoir already referred to. He has also shown that the ellipse and the 
hyperbola in question are the focal conies of the reciprocal ellipsoid ; a result, 
which can be easily arrived at from the forms of / and /' given above. 

For application to the hyperboloid, and further development of theae results, 
the student is referred to Mr. Jellett's memoir. 
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192. We shall conclude this chapter with the considera- 
tion of some general formulse in double integration relative 
to any closed surface. We commence by adopting the same 
notation as in Art. 189, where X, /u, v are taken as the angles 
which the exterior normal at the element dS makes with the 
positive directions of the axes of a?, y, 2, respectively. 

Again, let each element of the surface be projected on 
the plane of xy^ and suppose* for simplicity that each z 
ordinate meets the surface in but two points : then, if the in- 
definitely small cylinder standing on any element dA in the 
plane of a?y intersects the surface in the two elementary por- 
tions dSi and d82 (where dSi is the upper and dSt the lower 
element), and if vi and Vi be the corresponding values of v, it 
is plain that vi is an acute, and vt an obtuse angle, and we 
have 

dA = cos vidSi = - cos varf/Sj. 

Hence, if we take into account all the elements of the surface^ 
attending to the sign of cos v, we shall have 

jj cos vd8 = o. 

In like manner we get 

jj cos XdS = o, and /J cos /iirf/8 = o ; 

the integrals extending in each case over the whole of the 
closed surface. 

These formulae are comprised in the equation 

jj (o cosX + /3 eos/ii + 7 cos v) rfS = o. (10) 

Again, if Zi and Zt be the values of z corresponding to the 
element dAy then, denoting hy dV the element of volimie 
standing on dA and intercepted by the surf ace, we plainly 
have 

dV = (si - Sj) dA = ZidSi cos vi + ZidSi cos 1/2, 

* It is easily seen that this -and the following proofs are perfectlj' general, 
inasmuch as each ordinate must meet a closed surface in an eyen number of 
points, which may be considered in pairs. 
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«nd the sum of all such elements, that is, the whole volume, 
is evidently represented by 

jj z cos vdS. 

Hence, denoting the whole volume by F, we have 

V = j!x oos\dS'=jj y oosfidS =^jjz cosvdS; 

the integrals, as before, being extended over the entire 
surface. 

Again, it is easily seen that we have 

jj X cos vdS=^Oy jji/ QOSvdS = o, jj x cos fidS = Oy 
jj y cosX rfiS = o, JJ 2 cos A rfiS = o, W % oosfi dS = o. 

Por, as in the first case, it readily appears that the elements 
ure equal and opposite in pairs in each of these integrals. 
These results are comprised in the equation 

jj {ax + /3y + 72) (a'oosX + /3' COS/x + y COS v) dS 

= (a«'+^^'+7yOF. (II) 
Por a like reason, we have 

jjxyoosvdS ^Oy JJ ar cos /x cfiS = o, jj yzQOs\dS = o. 

Also, j j a^ oosv dS = Of jj urcosfidS = o, &o. 

Next, let us consider the integral 
jj xz oosvdS. 

This intejjral is equivalent to jj xdV; consequently, if 
^, y, s, be the co-ordinates of the centre of gravity of the 
enclosed volume F, we get jj xz oosvdS ^jjxdV^xV. 

Jn like manner jjxzoo^XdS -zVy and similarly for the 
corresponding integrals. 

Again, the integral 

JJ s* cos vrfS 

consists of elements of the form {z^ -z^) dA ; but 

(2i» - Zi^)dA = (zi + Si) (21 - z,)dA 

^.{zi + z^dV. 
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But, the z ordinate of the centre of gravity of dF is 
plainly -^ ?, and consequently 

Ij^^cos vt^fif=2 jf ^Ali.Vjr ^ 2 ^jr 

In like manner it can be shown that 

J/a?'cosXcfS=25r, S! f 00s fid8=^2^r. 
Accordingly we have 

Vx = i5!a^oos\dS^!Jx^ooBfid8=:!!xzooBvdS, 

Vy = !!!/xoos\d8 = i!JfQOBjiid8^J!t/zoosvd8, 

Vz = JJa»oosArfiS = J/2yco8/it;?fif = ^//2»cosve^fif. 

193. Next, if we suppose a cone described with its vertex 

at the origin 0, and standing on the elementary base d8 

its volume is represented (Art. 169) by \pd8, where jo is the 

length of the perpendicular drawn from to the tangent 

plane at the point. ^ 

Also, if r be the distance of from the point, and 7 the 
angle which r makes with the internal normal, we have 
^ = r cos y. 

^ ^ Hence the elementary volume is equal to ^ r cos yd8, and 
it IS easily seen that if we integrate over the entire surface 
the enclosed volume is represented by * 

i//r cos7(3?S. 

194. Again, if we suppose a sphere of unit radius described 
with as centre, and if a^w represent the superficial portion 
of this sphere intercepted by the elementary cone standing on 
48 J then it is easily seen that Qosyd8 = r^d<jj, 

, COQyd8 

/. aw = — . 

Now if be inside the closed surface, and the integral 
be extended over the entire surface, it is plain that f f dio = 4ir 
being the surface of the sphere of radius unity, * 

' cos 7 d8 



■IP 



• = 4T. 
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Again, if be outside the surface, the cone will cut the 
surface in an even number of elements, for which the values 
of cos 7 will be alternately positive and negative, and, the 
corresponding elements of the integral being equal, but with 
opposite signs, their sum is equal to zero, and we shall have 



II 



cos ydS 

. — =o- 



If be situated on the surface, it follows in like manner 
that 



If 



cos 7 ja 

— r-^ dS = 2ir, 



Hence, we conclude that 



II 



cos y yci /t^\ 

— r-^ dS = 47r, 27r, or o, (12} 

7* 



according as the origin is inside, on, or outside the surface. 

The multiple integrals introduced into this and the two 
preceding Articles ore principally due to Gauss. 

The student will find some important applications of them 
in Bertrand's Cal. Int., §§ 437, 455> 45^, 476, &o. 
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Examples. 

1. A sphere of 15 feet radius is cut by two parallel planes at distances of 
3 and 7 feet from its centre ; find the superficial area of the portion of the sur- 
face included between the planes. Ans, 376.9908 sq. feet. 

2. Being given the slant height of a right cone, find the cosine of half its 
vertical angle when its volume is a maximum. Ant, — — . 

3. Prove that the volume of a truncated cone of height h is represented by 

— (52 + jRr + r2), 

where R and r are the radii of its two bases. 

4. A cone is circumscribed to a sphere of radius J?, the vertex of the cone 
being at the distance D from the centre ; find the ratio of the superficial area 

i)2-J22 

of the cone to that of the sphere. Arts. — -— — . 

4. Two spheres, A and B^ have for radii 9 feet and 40 feet; the superficial 
area of a third sphere C is equal to the sum of the areas of A and B ; calculate 
the excess, in cubic feet, of uie volume of C over the sum of the volumes of A 
and B, Ana, 17558. 

6. If any arc of a plane curve revolve successively round two parallel axes, 
show that the difference of the surfaces generated is equal to the product of the 
length of the arc into the circumference of the circle described by any point on 
either axis turning round the other. 

If the axes of revolution lie at opposite sides of the curve, the sum of the 
surfaces must be taken instead of the difference. 

7. Find, in terms of the sides, the volume of the solid generated by the 
complete revolution of a triangle round its side c, 

^nt — *(*-^)(*-^) (*-^) 
* 3 <> 

8. Apply Guldin's theorem to determine the distance from the centre, of the 
centre of gravity, (i) of a semicircular area ; (z) of a semicircular arc. 

9. If a triangle revolve round any external axis, lying in its plane, find an 
expression for the area of the surface generated in a complete revolution. 

10. Prove that the volume cut from the surface 

«» = Az^ + By* 

by any plane parallel to that of asy, is th part of the cylinder standing on 

the plane section, and terminated by the plane of xy. 

T 
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11. A cone is circumscribed to a sphere of 23 feet radius, the vertex of the 
cone being 265 feet distant from the centre of the sphere ; find the ratio of the 
superficial area of the cone to that of the sphere. 

12. The axis of a right circular cylinder passes through the centre of a 
sphere, find the volume of the solid included between the concave surface of the 
sphere and the convex surface of the cyliijder. 

jiti8. -J-, where <; is the length of the portion of any edge of the cylinder 
6 

intercepted by the sphere. 

This question is the same as that of finding the volume of the solid generated 
by the segment of a circle cut off by any chord, in a revolution round the 
diameter parallel to the chord. 

13. Find the volume of the solid generated by the revolution of an arc of a 
circle round its chord. Ans, 2ira \ fo J, 

where a = radius, e = distance of the chord from centre, and cos o = -. 

In this we suppose the arc less than a semicircle ; the modification when it 
is greater is easily seen. 

14. If the ellipsoid of revolution 

and the hyperboloid 

a^ —ft* 
a?' + 2' 7^ y' = ff% 

be cut by two planes perpendicular to the axis of revolution, prove that the 
zones intercepted on the two surfaces are of equal area. 

15. Find the entire volume bounded by the surface 

and by the positive sides of the three co-ordinate planes. Ans, — . 

90 

16. Find the volume of the surface generated by the revolution of an arc of 
a parabola round its chord ; the chord being perpendicular to the axis of the 

curve. 

g 
Am. — irb'^c, where e is the length of the chord, and b the intercept made 

by it on the diameter of the parabola passing through the middle point of the 
chord. 

17. A sphere of radius r is cut by a plane at distance tf from the centre ; find 
the difference of the volumes of the two cones having as a common base the 
circle in which the plane cuts the sphere, and whose vertices are the opposite 
ends of the diameter pci-pendicular to the cutting plane. 
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iS. Find the area of a splierical triangle; and prove thnt if a curve traced 
on a sphere have for its equation sin A. =/(^, A. denoting latitude, and I longi- 
tude, the area between the cuito and the equator = J/(0 ^^* 

19. Show that the volume contained between the surface of a hyperbolofd 
of one sheet, its asymptotic cone, and two planes parallel to that of the real 
axes, is proportional to the distance between those planes. 

20. Find the entire volume of the surface 



&*(Sf *&■•■■ -*f^- 



2 ! . The vei*tex of a cone of the secnnd degree is in the surface of a sphere, 
tind its internal axis is the diameter passing through its vertex ; find the volume 
of the portion of the sphere intercepted within the cone. 

22. Prove that the volume of the portion of a cylinder intercepted between 
any two planes is equal to the product of the area of a perpendicular section 
intu tlie distance between the centres of gravity of the areas of the bounding 

set-tions. 

23. If A be the area of the section of any surface made by the plane of jpy, 
prove, as in Art. 192, that 

A = JJcos yds, 

the integral being extended through the portion of the surface which lies above 
the plane of xi/, 

24. If a right cone stand on an ellipse, prove that its volume is represented 

by 

- {OA . OA')^An^aco8a; 

where is the vertex of the cone, A and A' the extremities of tie major axis 
of the ellipse, and a is the semi-angle of the cone. 

25. In the sams case prove that the superficial area of the cone is 

' {OA + OA') {OA . 0X)\ sin a. 
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CHAPTER X. 

MOMENTS OF INERTIA. 

1 95. Moments of Aertia. — The following terms and integrals 
are of such frequent occurrence in mechanical investigations 
that it is proposed to give a brief discussion of them in this 
Chapter. 

If each element of the mass of any solid body be supposed 
to be multiplied by the square of its distance from any fixed 
right Hne, and the sum extended throughout every element 
of the body, the quantity thus obtained is called the moment 
of inertia of the body with respect to the fixed line or axis. 

Hence, denoting the element of mass by dm^ its distance 
from the axis by ^, and the moment of inertia by /, we have 
/ = ^p^dm. (i) 

In like manner, if each element of mass of a body be 
multiplied by the square of its distance from a plane, the 
sum of such products is called the moment of inertia of the 
body relative to the plane. 

If the system be referred to rectangular axes of co- 
ordinates, then the expression for the moment of inertia 
relative to the axis of z is obviously represented by 

^{ot^ + y") dm. 

Similarly, the moments of inertia relative to the axes of 
X and y are represented by S (y* + s*) dm and S (a;* + z^) dm, 
respectively. 

Again, the quantities ^a^dmy 'Sit/^dm, ^z^dm are the 
moments of inertia of the body with respect to the planes 
of yzy zx and xy^ respectively. Also the quantities ^xt/dm, 
S zxdmy ^yzdm are called the products of inertiu relative to 
the same system of co-ordinate axes. 

In like manner the moment of inertia of the body with 
reference to b, point is ^r^dniy where r denotes the distance of 
the element dm from the point. Thus the moment of inertia 
relative to the origin is S (it* + y* + s') dm. 



Moments of Inertia relative to Parallel Axes^ or Planes. 277 

196. Moments of Inertia relative to Parallel Axes, or 
Planes. — The following result is of fundamental importance. 
The nioment of inertia of a hodtj with respect to any axis exceeds 
its moment of inertia with respect to a parallel axis drawn 
through its centre of gravity, by the product of the mass of the 
body into the square of the distance between the parallel axes. 

For, let / be the moment of inertia relative to the axis 
through the centre of gravity, J' that for the parallel axis, 
M the mass of the body, and a the distance between the axes. 

Then, taking the centre of gravity as origin, the fixed 
axis through it as the axis of 25, and the plane through tho 
parallel axes for that of zx, we shall have 

Hence V - I ^ la^dm + a^^dm = a'Jf, 

since ^xdm = o, as the centre of gravity is at the origin, 

.-. r = J+aW. (2) 

Consequently, the moment of inertia of a body relative to 
any axis can be found when that for the parallel axis through 
its centre of gravity is known. 

Also, the moments of inertia of a body are the same for 
all parallel axes situated at the same distance from its centre 
of gravity. 

Again, it may be observed that of all parallel axes, that 
which passes through the centre of gravity of a body has the 
least moment of inertia. 

It is also apparent that the same theorem holds if the 
moments of inertia be taken with respect to parallel planes, 
instead of parallel axes. 

A similar property also connects the moment of inertia 
relative to any point with that relative to the centre of 
gravity of the body. 

In finding the moment of inertia of a body relative to 
any axis, we usually suppose the body divided into a system 
of indefinitely thin plates, or lamince, by a system of planes 
perpendicular to the axis : then, if we find the moment of 
inertia for a lamina, we seek by integration to find that of 
the entire body. 
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197. BadiuB of Gyration. — If k denote the distance from 
an axis at which the entire mass of a body should be concen- 
trated without altering its moment of inertia relative to the 
axis, we shall have 

Mk^ = I == S/-^^w?. (3) 

The length A; is called the radius of gyration of the body 
with respect to the fixed axis. 

In homogeneous bodies, which shall be here treated of 
I)rincipally, since the mass of any part varies directly as its 
volume, the preceding equation may be written in the form 

k^V= ^r'cir, 
where dV denotes the element of volume, and Fthe entire 
volume qf the body. 

Hence, in homogeneous bodies, the value of k is indepen- 
dent of the density of the body, and depends only on its form. 

We shall in our investigations represent the moment of 

inertia in the form ^ ,-.„ 

I = MkTj 

and, it is plain that in its determination, for homogeneous 
bodies, we may take the element of volume for the element 
of mass, and the total volume of the body instead of its mass. 
Also, in finding the moment of inertia of a lamina, since its 
radius of gyration is independent of the thickness of the lamina, 
we may take the element of area instead of the element of 
mass, and the total area of the lamina instead of its mass. 

198. If A and B be the moments of inertia of an in- 
finitely thin plate, or lamina, with respect to two rectangular 
axes OX, OY, lying in its plane, and if C be the moment 
of inertia relative to OZ drawn perpendicular to the plane, 

we have n 4 t^ / \ 

C = A + B. (4) 

For, we have in this case A = ^y^dm, B = Sir'rfw, and 

Again, for every two rectangular axes in the plane of the 
lamina, at any point, we have 

Sa^flfoj + ^y^dfn = const. 

Hence if one be a max., the other is a min., and vice versd. 

We shall, in all investigations concerning lamince, take C 
for the moment of inertia relative to a line perpendicular to 
the lamina. 
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199. Uniform Bod, Bectangrular Lamina. — We commence 
with the simple case of a rod, the axis being perpendicular to 
its length and passing through either extremity. 

Let X be the distance of any element dm of the rod from 
the extremity, then, since the rod is uniform, dm is propor- 
tional to dxy and we may assume dm = fidx: hence, the 
moment of inertia I is represented by /u ^x^dx^ or by 



i 



x^ dx, 
where / is the length of the rod. 

Hence J = ili! = Jfil. 

3 3 

If the axis be drawn through the middle point of the rod, 
perpendicular to its length, the moment of inertia is plainly 
the same for each half of the rod, and we shall have in this case 

P 
/= Jf— . 
12 

^ Next, let us take a rectangular lamina, and suppose the 
axis drawn through its centre, parallel to one of its sides. 

Here, it is evident that the lamina may be regarded as 
made up of an infinite number of parallel rods of equal 
length, perpendicular to the axis, each having the same 
radius of gyration, and consequently the radius of gyration 
of the lamina is the same as that of one of the rods. 

Accordingly, we have, denoting the lengths of the sides 
of the rectangle by 2a and 2 J, and the moments of inertia 
round axes through the centre parallel to the sides, by A and 
By respectively, 

A = -Mb\ B = ^Ma\ (5) 

3 3 

Hence also, by (4), the moment of inertia round an axis 
through the centre of gravity, and perpendicular to the plane 
of the lamina, is 

^~M{a^-\rV). (6) 

By applying the principle of Art. 196 we can now fiind 
its 'moments of inertia with respect to any right line either 
lying in, or perpendicular to, the plane of the lamina. 
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200. BectangTilar Parallelepiped. — Since a parallelepiped 
may be conceived as consisting of an infinite number of 
laminae, each of which has the same radius of gyration 
relative to an axis drawn perpendicular to their planes, it 
follows that the radius of gyration of the parallelepiped is 
the same as that of one of the laminae. 

Hence, if the length of the sides of the parallelepiped be 
2a, lb and 2c, respectively ; and, if -4, i?, C be respectively 
the moments of inertia relative to three axes drawn through 
the centre of gravity, parallel to the edges of the parallel- 
epiped, we have, by the last, 

A^^'-Mib'^c"), B = ^M{a' + c% C = -JJf(a' + J^). (7) 

O -J o 

201. Circular Plate, Cylinder. — If the axis be drawn 
through its centre, perpendicular to the plane of a circular 
ring of infinitely small breadth, since each point of the ring 
may be regarded as at the same distance r from the axis, its 
moment of inertia is r^dm, where dm represents its mass. 

Hence, considering each ring as an element of a circular 
plate, and since dm^ fizitr dr, we get for C, the moment of 
inertia of the circular plate of radius a, 

2T/X r^dr = -^— - = M — . 



^'^^r 



Consequently, the moment of inertia of a ring, whose 
outer and inner radii are a and J, respectively, with respect to 
the same axis, is 

27r/x r^dr = ttju = M . 

Jft 2 2 

Again, by (4), the moment of inertia of a circular plate 
' ^2 

about any diameter is M— , since the moments of inertia are 

4 
obviously the same respecting all diameters. 

In like manner, the moment of inertia of a ring relative 
to any diameter is 

M . 



Right Cone. Ullijjtic Plate, 



281 



Also, the moment of inertia of a right cylinder about 
its axis of figure is 



a being ^he radius of the section of the cylinder. 

202. Bight Cone. — To find the moment of inertia of a 
right cone relative to its axis, we conceive it divided into an 
infinite number of circular plates, whose centres lie along the 
axis ; and, denoting by x the distance of the centre of any 
section from the vertex of the cone, and by a the semi-angle 
of the cone, we have 

1= ^Mtan^g p^^^ T^¥h 



■-l> 



10 



where h is the height of the cone, and b the radius of its 
base. 

Hence, since by Art. 169 the volume of the cone is - 6*^, 

we have 



10 



(8) 



203. Elliptic Plate. — ^Next let us suppose the lamina an 
ellipse, of semi-axes a and b ; and let A and B be the 
moments of inertia relative to these 
axes, respectively. 

Describe a circle with the axis 
minor for diameter, and suppose the 
lamina divided into rods by sections 
perpendicular to this axis. Let JB" be 
the moment of inertia for the circle 
round its diameter. 

Then, denoting by dB and dB" the moments of inertia 
of corresponding rods, we have 

dB : dff = {npy : {npj = {oaY : {obf = a'lb^; 
.-. B.B'^a^: b\ 
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But jB', by Art. 201, is , 

4 

.'. B ^ r = — ^''• 

Similarly. -4 = — 6-. 

Hence the moment C round a line through the centre of 
the ellipse, perpendicular to its plane, is 

~{a' + b'). (9) 

4 

It is plain, as before, that the expression for the moment 
of inertia of an elliptical cylinder relative to its axis is of the 
same form. 

204. Sphere. — ^If we suppose a sphere divided into an 
infinite number of concentric spherical shells, the moment of 
inertia of each shell is plainly the same for all diameters, 
and, accordingly, representing the mass of any element of a 
shell by dm, and by x, y, z any point on it, we have 

^a^dm = ^ffdm = ^z^dm. 

But S (ar* + y" + s') dm = S i^dm, 

,'. S (ar* + 1/) dm = - S 7^dm. 

Hence, the moment of inertia of a shell with respect to 

2 
any diameter is - w?^, where m represents the mass of the 

shell. 

Again, for a solid sphere of radius J2, since the volume 
of an indefinitely thin shell of radius r is ^iri^dr, we get 

SrWe; = 47r f r'dr = ^wlt' = ^VIP. 

Jo 5,5 

Hence the moment of inertia of a solid sphere relative to 
any diameter is 

-MB?. (10) 

5 
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205. Ellipsoid. — Let the equation of an ellipsoid be 

x" v"" r 
(^ 6' & 

and suppose -4, J?, (7 to be the moments of inertia relative to 
the axes «, J, r, respectively ; then 





• 
{x- + t/)dxd!/dz 


Now let - = x\ 1 = /, 4 = ='' 


and we get 


C =^ liahc (aV^ + i 

J J •/ 


?y'^)djc'dy'dz'. 



where the integrals are extended to all points within the 
sphere 

But, by the last example we have 

.-. C ^ -^ir^abcia'^V) =—{a' + b'). (n) 
15 5 

In like manner 

It should be remarked that the moments of inertia of the 
ellipsoid with respect to its three principal planes are 

— «*, — 6', ^—(^9 respectively. 
000 
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lob. Moments of Inertia of a Lamina. — Suppose that any 
plane lamina is referred to two rectangular axes drawn 
through any origin 0, and that a is the angle which any 
right line through 0, lying in the plane, makes with the 
axis of X ; then, -if / be the moment of inertia of the lamina 
relative tQ this line, we have 

/ = ^p'dm = S (y cos a - a? sin o)" dm 

= cos' o S y' dm + sin' a ^x'dm- 2 sin a cos a S xydm 
= a cos-o + h sin'a - ih sin a cos a ; (12) 

where a and h represent the moments of inertia relative to 
the axes of x and y, respectively ; and h is the product of 
inertia relative to the same axes. 

Again, suppose X and Y to be the co-ordinates of a point 
taken on the same line at a distance R from the origin, and 

X Y 

we get cos a = -rj, sin a = -r- ; and, consequently 
K It 

IBr = aX^ + hY^-2hXY. 

Accordingly, if an ellipse be constructed whose equation is 

aX^'-^hY^ -2h XY = const., (13) 

we have 

IB? = const. ; 

and, consequently, the moment of inertia relative to any line 
drawn through the origin varies inversely as the square of 
the corresponding radius vector of this ellipse. 

The form and position of this ellipse are evidently inde- 
pendent of the particular axes assumed ; but its equation is 
more simple if the axes, major and minor, of this ellipse had 
been assumed as the axes of co-ordinates. Again, since in 
this case the co-efficient of XY no longer exists in the 
equation of the curve, we see that there exists at every point 
in a body one pair of rectangular axes for which the quantity 
h or '2xydm = o. 

This pair of axes are called the principal axes at the 
point ; and the corresponding moments of inertia are called the 
principal moments of inertia of the lamina, relative to the point. 



Momental Ellipse, 2 85 

Again, if A and B represent these principal moments of 
inertia, equation (12) becomes 

I = A cos^a + £ sin^a. (14) 

Hence, for a lamina, the moment of inertia relative to 
any axis through a point can be found when the principal 
moments relative to the point are determined. 

The equation of the ellipse (13) becomes, when referred 
to the principal axes, 

AX^ + BY^ = const. 

207. Momental Ellipse. — Since the moments of inertia 
for all axes are determined when those relative to the centre 
of gravity are known, it is sufficient to consider the case 
where the origin is at the centre of gravity. With reference 
to this case, the ellipse 

AX^ + £X^ = const., (15) 

is called the momental ellipse of the lamina. 

Again, if two different distributions of matter in the 
same plane have a common centre of gravity, and have the 
same principal axes and principal moments of inertia, at 
that point, they have the same moments of inertia relative 
to all axes. 

This is an immediate consequence of (14). Hence it is 
easily seen that the moments of inertia for any lamina are 

the same as for a system of four equal masses, each — , 

4 
placed on the two central principal axes, at the four dis- 
tances ± a and ± b, from the centre of gravity, where a and b 
are determined by the equations 

A = -Mb\ B = -Ma\ 

2 2 

Again, if two systems of the same total mass, in a plane, 
have a common centre of gravity, and have equal moments 
of inertia relative to any three axes, through their common 



286 Moments of Inertia. 

centre of gravity, they have the same moments of inertia for 
ftU axes. 

This follows immediately since an ellipse is determined 
when its centre and three points on its circumference are given. 

Again, it may be observed that the boundary of an 
elliptical lamina may be regarded as the momental ellipse of 
the lamina. 

For, if I be the moment of inertia relative to any 
diameter making the angle a with the axis major, we have 

I = A cos* a + B sin'' a. 
But, bv Art. 203, 

4 4 

1/ 

.'. I = — (6* cos' a + a' sin- a) 
4 



M 
— a 

4 

A ..2 • 



«-(^ 



Hence the moment of inertia varies inversely as the square 
of the semi-diameter r ; and, consequently, the ellipse may be 
regarded as its own momental ellipse. 

208. Products of Inertia of Lamina. — Suppose the lamina 
referred to its principal axes at a point ; and let p and q 
be the distances of any element dm from two axes, which 
make the angles a and /3 with the axis of x ; then, we have 

^pq dm = 2 (y cos a - iT sin a) (y cos/3 - x sin /3) dm 

- cos a cos /3 S ir ^^^^^ + sin a sin j3 S x^ dm 

-sin (a + j3) ^xt/dm 
= ^ cosa cos/3 -f J5 sin a sin/3, 

since A = ^ifdm, B = ^x^dni, and ^xydm = o. 

Hence, if ^pqdin = o, we have 

A cos a cos/3 + -B sina sin/3 = o. 
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and accordingly the axes are a pair of conjugate diameters 
of the momental ellipse 

AX^ + JSr* = const. 

Hence, if two laminsB in the same plane have for any point 
two pairs of axes for which ^pqdm = o and ^p'q'dn/ = o, 
they have the same principal axes at the point. This 
follows from the easily established property that if two 
ellipses have two pairs of conjugate ^ameters in common, 
they must be similar and coaxal. 

209. Triangular Lamina and Prism. — Suppose a triangular 
lamina, whose sides are a, 6, c, to be divided into a system 
of rods parallel to a side a; and, let 
A represent the moment of inertia 
relative to a line parallel to the 
side a, and drawn through the 
opposite vertex ; also, let p be the 
perpendicular of the triangle on 
the side a, and x the distance oi op, _ 

olementary rod from the vertex; 
then we have, since the mass dm of the elementary rod may 

le represented by ju — fl/lr, 

a^ 

A = ^x^dni = LtSar — dx 

P 



= fl^\ y^dx = II— = —p\ 



In like manner, let £ and C be the moments of inertia 
relative to lines drawn through the other vertices parallel 
to 6 and c ; and let q^ r be the corresponding perpendiculars 
of the triangle, and we have 



M ^ ^ M 



B = ^q\ C 



,.2 



2 " 2 

Again, if -4t, J?o, Co, represent the moments of inertia 
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relative to three parallels to the sides, drawn through the 
centre of gravity of the lamina, we have, by (2), 

Ao = ^Mp% B,^\Mq\ Co-^Mf^. (16) 

lo lo lo 

Also, if Ai, -Bi, Ci, be the moments of inertia relative 
to the sides a, 6, c, respectively, it foUows, in like manner, 
from (2), that 

A, = ~Mp% B, = '^Mq\ C, = gif^^. (17) 

Again, it is readily seen that the values of -4, ^n, A^ &c., 
are the same as if the whole mass M were divided into three 
equal masses, placed respectively at the middle points of the 
sides of the lamina. 

Consequently, by Art. 207, the moments of inertia of the 
triangular lamina relative to all axes are the same as for 

M 

three masses, each — , placed at the middle points of the 

sides of the triangle. • 

Hence, if I be the moment of inertia of a ^triangular 
lamina with respect to the perpendicular to its plane drawn 
through its centre of gravity, we have 

J= -^J/ (a' + 6^ + 0'). (18) 

This expression also holds for the moment of inertia of a 
triangular prism with respect to its axis* 

In like manner, the moments of inertia of the triangular 
lamina relative to the three perpendiculars to its plane,, 
drawn through its vertices, are 

i^(,.,...i) i4-.»--f), i4'-»--D= 

and the same expressions hold for a triangular prism relative 
to its edges. 

* By the axis of a prism is understood the right line drawn througli its 
centre of gravity parallel to its edges. 
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210. Momental Ellipse of a Triangle. — It can be shown 
without difficulty that the ellipse which touches at the middle 
points of the sides may be 
taken for the momental ellipse 
of the triangle. 

For, let a?, y, 2 be the 
middle points of the sides, 
and it is easily seen that 
is the centre of this ellipse; 
also, if, J„ Ja, I3 be the 
moments of inertia of the lamina relative to the lines 
axy bt/j cz, respectively, it can be readily shown from (17), 
that we have 




I.:l2:Iz- 



(ax)\ ' (hyy ' {czy 



{oxy • {ot^y • {ozy 

Accordingly, by Art. 207, the ellipse xt/z may be taken for 
the momental ellipfie of the lamina. 

211. Tetrahedron. — If a solid tetrahedron be supposed 
divided into thin laminae parallel to one of its faces, and if 
Ay JB, C, JD represent its moments of inertia with regard 
to the four planes drawn respectively through its vertices 
parallel to its faces ; then, denoting the areas of the corre- 
sponding faces by a, b, c, a?, and the corresponding perpen- 
diculars of the tetrahedron by j?, qy r, «, respectively, it is 
easily seen, as in Art. 209, that we shall have 

a?' a p 

5 5 
In like manner we have 

B = ^M(i\ C = ^Mr'y D « ^M^. 
5 5 5 
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Again, if Aoy ^o, Co, Bo be the oorresponding moments of 
inertia relative to the parallel planes drawn through the 
centre of gravity of the tetrahedron, we have, by (2), 

Ao^-^^Mp^ Bo = -^Mq\ Ci = ^ifr», 2)o = ^lfe'. (19) 

Also, if -4i, Bi, Ci, A be the moments of inertia relative 
to the four faces of the tetrahedron, we have 

Ai=^—Mp\ Bi = —Mq\ C^—Mr", B,^—Mi?. (20) 



10 



10 



10 



10 



212. Solid Bing.* — If a plane closed curve, which is 
symmetrical with respect to an axis ABy be made to revolve 
round a paxallel axis, lying in 
its plane but not intersecting the 
curve, to prove that the moment 
of inertia / of the generated solid, 
taken with respect to the axis of 
revolution, is represented by 

where -3f is the mass of the solid, 

h the distance between the parallel 

axes, and k the radius 01 gyration of the generating area 

relative to its axis. 

For, if the axis of revolution be taken as the axis of Xy 
and, if y, T' be the distances of any point P within the 
generating area from ABy and from OX, respectively ; and, 
if dA be the corresponding element of the area, then the 
volume of the elementary ring generated by dA is 2ir YdA^ 
and its mass iirfiYdA ; hence the moment of inertia of this 
elementary ring, relative to the axis of X, is iiriiY^dA ; 
accordingly, we have 



s 


P^ 


r \ 


X 


N 


y- 





N 


Y 



/ = 



= 27rf£SF»fl?-4 = 2Trii^{h + yydA 



* This discussion was given by Mr. Townsend in the Quarterly Journal of 
Mathematics, vol. x., p. 203. 
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Moreover, sinoe the curve is symmetrical witk respect to 
the axis AB^ it is easily seen that we have 

^ydA = o, ^y^dA = o. 

Also; by definition, ^y^dA = Ak'. 

Hence ^ ^ 2irfihA{h' + 3k'). 

Again, by Art. 177, M = iirfihA, 

.-. J= M{h^ + 3k^). (21) 

This leads immediately to some important oases. 

Thus, for example, the moment of inertia of a circular 
ring, of radius a, round its axis is 



jf (*'+!«'). 



Again, if a square of side a revolve round any line in its 
plane, situated at the distance A from its centre, we have 

There is no difficulty in adding other examples. 

213. We shall conclude this chapter with a short discus- 
sion of the general case of the moments and products of 
inertia, for any body, or system. 

Let us suppose the system referred to three rectangular 
planes, and let j?, g, r represent the respective distances of 
any element dm from the three planes 

iTCOSa + y cosj3 + scosy = o, 

xooQa + y cos j3' + z cos 7' = o, 

--r, X cos a" + y cos 13" + 2 cos 7" = o. 

Then 

^pqdm = S(a?cosa + ycosj3 + scos7)(a*cosa'+ycos/3'+2COS'y')(//w 

= cosa cosa' '2x^dfn + cos/3 cosjS' ^y^dm + cosy cosy' ^z^dm 
+ (cos a cos (y + cos (i cos a) "Lxydm 

+ (cos 7 cos a + cos a cos 7') ^zxdm 

+ (cos j3 cos 7' + cos 7 cos j3') ^yzdm; 

and we get similax expressions for ^prdm and S qrdm. 

V 2 
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Now, BTippose that we take 

"SiX^dm = a, ^y^dm = 6, ^z^dm = <?, 
^j/zdm = fy ^zxdm = g, ^xt/dm = h; 
then the preceding equation may be written 

'Spqdm = cos a {a oo&a + h cos/3'+ ^ cosy') 
+ cos/3 (^ coso' + h cos/3' +/CO87') 
+ COS7 {g cosa' +fcQ^^' + c COS7') ; (22} 

along with similar expressions for ^rpdm and 2 gr ^m. 

214. Principal Axes. — Next, let us suppose that the 
planes are so assumed as to satisfy the equations 

'2pqdm = 0, 'Zrpdm = Oy S qrdm = o ; 

then it is easily seen* that these planes are a system of con- 
jugate diametral planes in the ellipsoid represented by the 
equation 

aX» + 6 JP + cZ^ + 2fYZ + igZX + 2hXY = const. (23) 

Hence it follows that at any point there exists one system of 
rectangular planes for which the coiTesponding products of 
inerttayfor any hody^ vanish: viz., the principal planes of the 
preceding ellipsoid,^ 

These three planes are called the principal planer of the 
body relative to the point, and the right lines in which they 
intersect are called the principal axes for the point. 

Again, every two solids have for every point at least one 
common system of planes for which 'Zpgdm = 0, ^rpdm^ Oy 
^qrdm = o, ^p'qdrri = o, ^/p'dm' = o, ^q'r'dm' = 0; 
where the unaccented letters refer to the elements of one 
solid, and the accented to those of the other. 

This is obvious from the property that every two con- 
centric ellipsoids have one common system of diametral planes. 

* Salmon's Geometry of Three Dimensions, Art. 73. 
t The exceptional cases when the ellipsoid is of revolution, or is a sphere, 
▼ill be considex^d subsequently. 
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Again, if two solids have for any point more than one 
system of planes for which the foregoing six products of 
inertia vanish, they must have the same principcJ. planes at 
the point. This follows since the two elHpsoidfl in that case 
must be similar and coaxal. 

215. Let us now suppose the co-ordinate planes to be the 
principal planes of the body for the origin, then the moment 
of inertia relative to the plane 

ic cos a + y cos j3 + 2 cos 7 = o 
is 
Syrfm = ^{xcosa + y 0OB(i -^zooByy dm 

= cos'a ^a^dm-^ cos'/3 S ^dm + cos'7 2 z'rfw, (24) 

since in this case we have 

^xt/dm - Oy S2arfl?m = o, ^yzdm = o. 

Agfidn, let / be the moment of inertia of the body relative 
to the line through the origin whose direction angles are 
«, /3, 7 ; then we have 

I^^p^dm = Sr'rfw = ^{^^f^%')dm^ 

.-. J= cos'aS(y» + 2')(/»j + cos'j3 2(2» + it5*)(/i» 

+ cos' 7 2 (a^ + y') dm ; 
or 

I = A cos'a + 5cos'j3 + Ccos*7, (25) 

where -4, 5, C are the moments of inertia of the body 
relative to its three principal axes. 

Ay By C are called the three principal moments of inertia 
of the body relative to the origin. 

If the centre of gravity be taken as the origin, the 
corresponding values of Ay JB, C axe called the principal 
moments of inertia of the body. 

"We suppose, in general, that A is the greatest, and C the 
least of the three principal moments. 

It follows from (25) that the moment of inertia of a 
body relative to any line passing through a given point is 
known, whenever the angles which the line makes with the 
principal axes are known, as also the moments of inertia 
relative to these axes. 
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216. Ellipsoid of .Gyration. — Suppose, as before, flie solid 
referred to its tihree principal axes at any point, and let «, J, e 
be the corresponding radii of gyration, i. e., let 

A = Ma\ B = Mb\ C = Mc?, 

and / « MJf ; then equation (25) becomes 

A* = fl'cos'a + 6*cos'/3 + (?Qo^y, (26) 

Now, if we suppose an ellipsoid described having the 
pri;ncipal axes for the directions, and «, J, c for the lengths 
of its correspondmg semi-axes; then (26) shows that the 
radius of gyration of the body, relative to the perpendicular 
from the origin on any tangent plane to this ellipsoid, is 
equal in length to this perpendicular. (Salmon's Geometry 
of Three Dimensions, Art. 89.) 

The foregoing eUipsoid is called the ellipsoid of gyration 
relative to the pomt. It should, however, be observed that 
by the ellipsoid of gyration of a body is meant the elKpsoid 
in the particular case where the origin is at the cen^ of 
gravity of the body. 

217. Momental Ellipsoid. — If X, Y^Zhe the co-ordinates 
of a point i2 taken on the right line through the origin Oy 
whose direction angles are a, ^, 7 ; we have 

X = OiJcosa, T = OiJcos/3, Z = Oi? cosy. 

Substituting the values of cos a, cos/3, cosy, deduced 
from these equations, in (25), it becomes 

/.Oi? = AX' + BT'+ CP. 

Suppose now that the point R lies on the ellipsoid 

AX^ + £Y^+CZ' = const., (27) 

and we get J. OiP = X, denoting the constant by A ; 

••• '- w- <"> 

Hence the moment of inertia relative to any axis, drawn 
through the origin, varies inversely as the square of the cor^ 
responding diameter of the ellipsoid (27). 
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From this property the ellipsoid is called the momental 
ellipsoid at the point. 

When the origin is taken at the centre of gravity of the 
body this ellipsoid is called the central ellipsoid of the body. 

If two of the principal moments of inertia relative to any 
point be equal, the momental ellipsoid becomes one of re- 
volution, and in this case all diameters perpendicular to its 
axis of revolution are principal axes relative to the point. 

If the three principal moments at any point be equal, the 
ellipsoid becomes a sphere, and the moments of inertia for all 
axes drawn through the point are equal. Every such axis is 
a principal axis at the point. 

For example, it is plain that the three principal moments 
for the centre of a cube are equal, and consequently, its 
moments of inertia for all axes, through its centre, are equal. 

218. Equimomental Cone. — Again, since 

cos* a + cos' /3 + cos' 7=1, 

equation (25) may be written in the form 

(^-/)cos'a+ (5~/)cos'j3 + ((7-J)cos'7 = o; 

hence the equation 

(^-/)X' + (5-J)r'+((7-J)Z' = o, (29) 

represents a cone such that the moment of inertia is the same 
for each of its edges. Such a cone is called an equimomental 
cone of the body. 

Again, the three axes of any equimomental cone, for any 
solid, are the principal axes of the solid relative to the vertex 
of the cone. 

When /= By the cone breaks up iAto two planes; viz., 
the cyclic sections of the momental ellipsoid. 

For a more complete discussion of the general theory of 

moments of inertia and principal axes, the student is referred 

,to Routh's Siigid Dynamics, Chapters I., and II.; as also 

to Mr. Townsend's papers in the Camb. and Dub. Math. 

Journal, 1846, 1847. 
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Examples. 

Find tbe expressions for the moments of inertia in the following, the bodies 
being supposed homogeneous in all cases. 

1. A parallelogram, of sides a, b, and angle 0, with respect to its sides. 

JLf »/■ 

Ans, — b^aia^B, — a<sin*9. 
3 3 

2. A rod, of length a, with respect to an axis perpendicular to the rod and 
at a distance d from its middle point. 



Ant, 



"ir")- 



3. An equilateral triangle, of side a, relative to a line in its plane at the 
distance d irom its centre of gravity. 



Ans. 



^(f>')- 



4. A right angled triangle, of hypothenuse e, relative to a perpendicular to 
its plane passing through the right angle. 

Ans, M-T. 


5. A hollow circular cylinder, relative to its axis. 

Ans. M , where r and r' are the radii of the bounding circles. 

6. A truncated cone with reference to its axis. 

3 Jf ** - 4'6 ^ 

Arts. rr — r;z, whcfe b aud b' are the radii of its bases. 

10 i* - b^ 

7. A right cone with respect to an axis drawn through its vertex perpen- 
dicular to its axis. 

3Jf / b^\ 
Ant. — (*' + — )» where h denotes the altitude of the 
5 \ 4/ 
cone, and b the radius of its base. 

8. An ellipsoid with respect to a diameter making angles a, iS, y with 
its sxes. 



Ant. — ( a« sin'a + A* sin'iS + c» sin'y J . 



9. Area bounded by two rectangles having a common centre and whose 
sides are respectively parallel, with respect to an axis through their centre 
perpendicular to the plane. 

^"'* 12 ab-a'b' 
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xo. A square, of side a, relative to any line in its plane, passing through its 
centre. 

a' 

Ans. if-. 

12 

11. A regular polygon, or prism, -with respect to its axis. 

Ans. — ( i2>+ ^r^\ , where JB and r are the radii of the 
circles circumscrihed, and inscribed to the polygon. 

12. Prove that a parallelogram and its maximum inscribed ellipse haye the 
same principal axes at their common centre of figure. 

13. Prove that the moments and products of inertia of any triangular 
lamina, of mass M^ are the same as for three masses, each — , placed at the 
three vertices of the triangle, combined with a mass -M placed at its centre of 
gravity. 

14. Prove that the moments and products of inertia of any tetrahedron are 

the same as for four masses, each — , placed at the vertices of the tetrahedron, 

4 *° 

combined with a mass - K placed at its centre of gravity. 

15. If a system of equimomental axes, for any solid, all He in a plane 
passing through its centre of gravity, prove that they envelope a conic, having 
that point for centre, and the principal axes in the plane for axes. 

16. Prove also that the ellipses obtained by varying the magnitude of the 
moment of inertia form a conf ocal system. 

17. Prove that the sum of the moments of inertia of a body relative to any 
three rectangular axes drawn through the same point is constant 

18. Prove that a principal axis belonging to tbe centre of gravity of a body 
is also a principal axis with respect to every point on its length. 

19. Prove that the envelope of a plane for which the moment of inertia of 
& body is constant is an ellipsoid, confocal with the ellipsoid of gyration of 
the body. 

20. If a system of equimomental planes pass through a point, prove that 
they envelope a cone of the second degree. 

21. For different values of the constant moment the several enveloped cones 
•are confocal ? 

22. The common axes of this system of cones are the three principal axes of 
the body for the point ? 

23. The three principal axes are the normals to the three surfaces confocal 
to the ellipsoid of gyration, which pass through the point 
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CHAPTER XI. 

ON MEAN VALUE AND PBOBABILITY. 

219. One of the most remarkable applications of the Integral 
Calculus is to the solution of questions on Mean or Average 
Values and Probability. In this Chapter we will consider a 
few of the less difficult qujestions on these subjects, which 
will serve to give at least some idea of the methods to be 
employed. We will suppose the student to be already 
i^cquainted with the general fundamental principles of the 
theory of Probability. 

UEkS VALUES. 

220. By the Mean Valite of n quantities is meant their 
arithmetical mean, i. e., the n'* part of their simi. 

To estimate the Mean Value of a continuously varying 
magnitude, we take a series of n of its values, at very close 
intervals, n being a large number, and find the mean of these 
values. The larger n is taken, and cousequently the smaller 
the intervals the nearer is this to the true value. 

This mean value, however, depends on the law according 
to which we suppose the n representative values to be 
selected, and will be different for different suppositions* 
Thus for instance, if a body fall from rest till it attains the 
velocity t?, and if it be aisked, what is its mean velocity 
during the fall P If we take the mean of the velocities at 
successive equal infinitesimal intervals of limey the answer 
will be -J^ f? : but if we consider the velocities at equal 
intervals of apaeey it will be ^v. The former is the most 
natural supposition in this case, because it is the answer to 
the question — What is the velocity with which the body 
would move, uniformly, over the same space in the same 
time? — a question which implies the former supposition. 
We could frame a similar question, of a less simple kind, to 
which the second value above would be the answer. 
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Again, if we wish to determine the mean value of the 
ordinate of a semicircle, we might take the mean of a series 
of ordinates equidistant from each other ; or through equi- 
distant points of the circumference ; or such that the area» 
between each pair shall be equal; in each case the mean 
value will be different. 

Thus we see that the Mean Value of any continuously 
varying magnitude is not a definite term, as might be 
supposed at first sight, but depends on the law assumed as ta 
its successive values. 

221. Case of One Independent Variable. — ^We will there- 
fore suppose any variable magnitude y to be expressed as a 
function {x) of some quantity x on which it depends, and 
its mean value taken as x proceeds by equal infinitesimal 
increments h from the value a to the value b. Let n be tha 
number of values, then nh = b-a. The mean value is 

- I (a) + (a 4 A) + (en- 2A) + . . . . |. 
But (Art. 90), 

A I (fl) + ^ (a + A) + ^ (a + 2A) + . . . . I = <^[x) dx. 

Hence the mean value is 

I f* 
M = 7^ 6 (a?) dx. (i) 

Examples. 

I. To find the mean value of the ordinate of a semicircle, supposing the- 
series taken equidistant. 

if = — {' y/^^^^ dx = - r, 

viz., the length of an arc of 45*. 

3. In the same case, let us suppose the ordinates drawn through equi*^ 
distant points on the circumference. 



v Jo 



r sin <f0 = - r ; the ordinate of the centre of gravity of the arc. 
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3. Determine the mean horizontal range of a projectile in vacuo for dif- 
ferent angles of elevation from 45'*— 6 to 45° + ; given the initial velocity V. 

If a be the angle of elevation, the range is 

« ^* . 

£ = — sin 2a. 

1 f F* 
Hence M ^ -- I — sin 20 rfo, between the limits 45* + ; 

2«J y ^ ^ - 

_^ F* sin 2a 

y 2a 

2 F* 
The mean value for all elevations, from o' to 90% is . 

4. A number n is divided at random into two parts ; to find the mean value 
of their product. 



if" I 

Jf = - I x{n-x)dx = -n\ 
« Jo 6 



5. To find the mean distance of two points taken at random on the circum- 
ference of a circle. 

Here we may evidently take one of the points A as fixed, and the other £ 
to range over the whule circumference ; since by altering the position of Af we 
should only have the same series of values repeated ; let 6 be the angle between 
AB and the diameter through A; aa we need only consider one of the two 
ccmicircles, 

IT 

" '-f'2rcosdrf« = ^. 



JxJ( 







6. To find the mean value of the reciprocals of all numbers from n to in, 
when ft is large. 

That is, to find the mean value of the quantities 



ft n I, n 2 ft ft; 

ft ft ft 

that is, the mean value of the fimction — ,aax goes by equal increments from 

nx 

J to 2; 

r* dx 



1 r* dx 1 
if = _JL f ?f = lloga. 
2 - 1 Ji ftj; ft ** 



7. To find the mean values of the two roots of the quadratic 

«* — fla? + 4 «= o, 

the roots being known to be real, but b being unknown,/ except that it is 
positive. 

Tliat is, b is equally likely to have any value from o to — ; hence for the 

ipreater root, a, 



I fi«* 
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= -[" 

The mean value of the smaller root is - a. 

6 

The mean squares of the two roots are — a*, — a'. These might be deduced 

24 24 
from the former results, as 

M{a^) - aM(x) + if (*) = o. 

22 2. If JIf be the mean of m quantities, and M' the mean 
of m' others of the same kind, and if fi be the mean of the^ 
whole m-\-m' quantities, we have evidently 

\i = r-. (2) 

Thus if we have to find the mean distance of one ex- 
tremity of the diameter of a semioirole from a point taken at 
random anywhere on the whole periphery of the semicircle ;. 
since the mean value when it falls on the diameter is r, and 

the mean value when it falls on the arc is — , we have 

IT 

2r . r -{■ Ttr — 

w or 

2r + 7rr 2 + tt 

223. Case of Two or More Independent Variables. — 
If s = ^ (a?, y) be any function of two independent 
variables, and a?, y be taken to vary by constant infinitesimal 
increments A, A, between given limits of any kind, the mean 
value of the function z wDl be 

M = H^> (3) 

} \ axai/ 

both integrals being taken between the given limits. 

The easiest way of seeing this is to suppose a?, y, z the 
co-ordinates of a point ; and to conceive the boundary repre- 
senting the limits traced on the plane of o^, and then ruled 
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by lines parallel to a?, y at intervals A, h apart. We have 
thus a reticulation of infinitesimal rectangles hk ; and if at 
-each angle an ordinate z be drawn to the surface « = (a?, y), 
as the number of ordinates will be the same as that of 
rectangles, we shall have 

volume j f zdxdy = sum of ordinates x hk. 

Also the plane area j j dxdi/ = number of ordinates x hk ; 

fio that dividing the sum of the ordinates by their number, 
the above expression results. 

It may be shown, in like manner, that for three or more 
independent variables a similar expression holds. 

It is evident that the above expression, viewed geometri- 
cally, gives the mean value of any function of the co-ordinates 
of a series of points imif ormly distributed over a given plane 
area. 

Examples. 

I. Suppose a straight line divided at random at two points, to find the 
•average yalue of the product of the three segments. 

Let the distances of the two points Z, Y, from one end A of the line, be 
called X, y» Consider first the cases when x>y\ the sum of products for these 
18 half the whole sum ; hence 



««Jo J( 



y (« - y) (a - x) dxdy ^ -^ cfl. 
00 



2. A number a is divided into three parts; to find the mean yalue of one 
part. 

Let T, y, a - a? - y, be the parts ; 



10 /"a-* 



jf^JilLiJi La. 

3 



This yalue might be deduced, without performing the integrations, by con- 
sidering that Uie expression is the abscissa of the centre of grayity of the 
triangle OAS ; OA^ OB being lengths taken on two rectangular axes, each = a. 
' Of course the result in this case requires no calculation ; as the sum of the 
mean yalues of the three parts must be = a ; and the three means must be equal. 

a* 
The mean square of a part is -^. 
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3. A number a is divided at random into three parts : to find the mean 
value of the least of the three parts : also those of the greatest, and of the m^an. 

Let x,y,a — x — y,he the greatest, mean, and least parts. The luean value 

f f a? dx dy 

of the greatest is Jf = ■'-^7— — 7^ : the limits of both B 

l]dxdy 

integrations being given by 

x>y>a-'X-y>o. 

If X, y be the co-ordinates of a point, referred 
to the axes OAy OB, taking OA ^ OB ^ a, the 
above limits restrict the point to the trian8;le A VH 
(AM being drawn to bisect OB) ; and the above 
value of M is the abscissa of the centi-e of gravity 

of this triangle ; i e., - of the sum of the abscissas of its angles ; hence 
3 

jr=- « + -« + -«) = -o<»- 
3\ » 3 / 18 

The ordinate of the same centre of gravity, viz., 




lUa^la)^\ 
3\^ 3 / »8 



is the mean value of the mean part ; hence the mean values of the three parts 
required are respectivelyj 



I' 5 I 

—r «, —-a, -a, 
18 ' 18 ' Q 



4. To find the mean square of the distance of a point within a given 
square (side = 2a), from the centre of the square. 



4<* J-a j-a 3 



It is obvious that the mean square of the distance of all points on any plane 
area from any fixed point in the plane is the square of the radius of gyration of 
the area round that point. 

5. To find the mean distance of a point on t-f Circumference of a circle 
from all points inside the circle. 

Taking the origin on the circumference, and the diameter for the axis, 
if dS be any element of the area, we have 






a 
9»' 
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22^, Many problems on Mean Yalues, as well as on 
Probability, may be solved by particular artifices, which, if 
attempted by direct calculation, lead to difficult multiple 
integiuls which could hardly be dealt with. 

Examples. 

1. To find the mean distance between two points within a giVi^n circle. 
li'M be the required mean, tbe sum of the whole number of cases is 

represented by 

now let us consider what is the differential of this, that is the sum of the new- 
cases introduced by giving r the increment dr. If Jfo be the mean distance 
of a point on the eireumferenee from a point within the circle, the new cases 
introduced by taking one of the two points A on the infinitesimal annulus 
2xrdr, are 

Iff* Jfo. iirrrfr; 

doubling this, for the cases when the point B is taken in the annulus, we get 

rf. {(irf^yjf } = 4ir^ifoH«</r. 

Now Jfo = — (Ex. 5, Art. 223), 

9 h 
.'. M = r. 

2. To find the mean square of the distance between two points taken en 
any plane area n. 

Let dS^ dS' be any two elements of the area, A their mutual distance, and 
we haye 

Kow fixing the element dS, the integral ofA^dS' is the moment of inertia 
of the area A round dS ; so that if iT » radius of gyration of the area round dS, 

M = ^'iSK^dS; 

n 

let r s distance of dS from the centre of gravity O of the area, k the radius of 
gyration round Gp then 

•. Jf = *« + — //r«rf-^= 2*«; 

thus the mean square is twice the square of the radius of gyration of the area 
round its centre of gravity. 
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225. The mean distance of a point P within a given 
area from a fixed straight line (which does not meet the 
area) is evidently the distance of the centre of gravity O 
of the area from the line. Thus if -4, B are two fixed 
points on a line outside the area, the mean value of the area 
of the triangle APB = the triangle AOB. 

From this it will follow, that if X, F, Z are three points 
taken at random in three given spaces on a plane (such that 
they cannot all be cut by any one straight line), the mean 
value of the area of the triangle XYZ is the triangle QCfCf\ 
determined by the three centres of gravity of the spaces. 

Example. 

I. A point P is taken at random 
'within a teiangle ABO^ and joined with 
the three angles. To find the mean yalue 
of the greatest of the three triangles into 
which the whole is divided. 

Let Q he the centre of gravity, then if 
the ^eatest triangle stands on AB^ P is 
restricted to the figure CHQK, and the 
mean yalue of APB is the same as if P 
-were restricted to the triangle OCK\ 
hence "we have to find the area of the 
triangle whose vertex is the centre of gravity of OCKj and hase AB ; 

.-. M = -{ACB + AKA + AGB) = ^(i+!- + -\ ABC, 

hence the mean value is -^ of the whole triangle. 

10 J - 

The mean values of the least and mean triangles are respectively - and -% 

9 lo 

of the whole. 

226. If ilf be the mean value of any quantity depending 
on the positions of two points {e.g.y their distance) which are 
taken^ one in a space A, the other in a space B (external to 
A) ; and if M' be the same mean when both points are taken 
indiscriminately in the whole space A-\- B; Ma, Mb the 
same mean when both points are taken in Ay and both in B, 
respectively; then, 




{A + BYM' = 2ABM+ A'Ma + B'Mji, 
If the space A = By 

4M' = 2M^Ma + Mb; 
if, also, Ma = Jfj8, 

zM'^M^Ma; 

X 



(4) 
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thus if Jf be the mean distanoe of a point within a semi- 
cirole from one in the opposite Bemioircle, Mi that of two 
points in one semicirde, we have (Art. 224) 

M-^Mi^'-^r. 

To determine Jf or if 1 is rather difficult, though their 
sum is thus found. 



Examples. 

I. Two points X, F are taken at random within a triangle. What is the 
mean area 2£ of the triangle XYC^ formed hy joining them with one of the 
angles of the triangle ? 

Bisect the triangle hy the line CD ; let M\ he the mean value when both 
points fall in the triangle ACD\ M2 the value when one falls 'mACD and the 
otiier in BCD ; then 

iM ^ Mi± M2. 

But Ml = - Jf ; and M2 = OO^C, where 6r, (?' are the centres of gravity 
2 2 

of ACD, BCJy, this being a case of the theorem in (225) ; hence 1^2 = - ABCj 

*°^ M=±ABa 

3. To find the mean area of the triangle formed hy joining an angle of a 
square wilh two points anywhere within it. 
By a similar method this is found to be 

— - of the whole square. 

3. What is the mean area of the triangle formed by joining the same two 
points with the centre of the square ? 

We may take one of the points X always in the square OA ; take the whole 
square as unity ; then if if be the mean, the sum 
of all the cases is ^ C 



Im, ' 



-^,+ z-Jf, + -Jf,, 



Ml, Jfg, Mz being the mean areas when the second 
point Y is taken respectively in OA, OB, and OC, 
But Mz^ Ml, for to any point Fin OC there cor- 
responds one Y* in OA, which gives the area 

OXr^OXY; 

1 I 

.*. M = —Ml + —Mi, 

2 2 





/ 


/ 






But Jfi = ^ • -, 3f2 = :^ ; hence Jf = -^ of the whole square.* 

* In such questions as the above, relating to areas determined by points 
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227. If two spaces A + C^ B + C have a common part 
C, and M be any mean value relating to two points, one 
in A + Cy the other in £ + (7; and if the whole space 
A-hB-h C =Wy and Mw he the same mean when both points 
are taken indiscriminately in TF; Ma when taken in Aj &c., 
then 

2 (^+ (7) (5+ C)M = yrMw^ C^Mc- A'Ma- E'Mb, (5) 

as is easily seen by dividing the whole number TP of cases 
into the different classes of cases which compose it. 

Example. 

I. Two segments, AB, CD, of a straight line have a common part CS ; to 
£nd the mean distance of two points taken, one in AB, the other in CD, 

2AB,CD.M=:AD^.-AD+CS^,-CB-AC^.-AC''B1>».-BD, 

T^- ,^ 3 3 3 3 

since the mean distance of two points in any line is - of the line ; 
AD^ + CB^-AC^-Dm 

•*• ^ ' sabTcd • 

228. The consideration of probability often may be made 
to assist in determining mean values. Thus, if a given 
space 8 is included withm a given space A^ the chance of a 
point P, taken at random on -4, falling on /8, is 

8 

But if the space 8 be variable, and M{8) be its mean value 

M{8) ... 



taken at random iu a triangle or parallelogram, we may consider the triangle as 
equilateral, and the parallelogram as a square. This will appear from orthogonal 
projoction; or by deforming the triangle into a second triangle on the same 
base and between the same parallels, when it is easy to see that to one or more 
random points in the former there correspond a like set in the latter, determining 
the same areas. This second triangle may be made to have a side equal to' a 
side of an equilateral triangle of the same area ; and then be deformed in like 
manner into the equilateral triangle itself. Likewise a parallelogram may Im 
deformed into a square. 

X 2 
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For, if we suppose 8 to have n equally prolDable values 
Sly Siy S3 . . . ., the chance of any one 81 being taken, and of 
F fallW on 8iy is 

^ 181 

^'^nA' 

now the whole probability p = pi + jt?2 +pz + . . . ; which leads 
at once to the above expression. 

The chance of two points falling on /S is 

.-^. (7) 

In such a case, if the probability be known, the mean value 
follows, and vice versd. Thus, we might find the mean value 
of the distance of two points X, Y taken at random in a line, 
by the consideration that if a third point Zho taken at random 

in the line, the chance of it falling between X and F is - ; as 

3 
one of the three must be the middle one. Hence the mean 

distance is - of the whole line. 
o 

Examples. 

I. From a point X taken anywhere 
in a triangle, paraUels are drawn to two 
of the aides. Find the mean value qf 
the triangle UXV. 

If a second point X' he taken at 
random within ABCy the chance of 
its falling in XUV is the same as the 
chance of X falling in the corresponding 
triangle X'TTV ; that is, of X' falling 
on the parallelogram XC. Hence 

mean value oiUXV- mean value of XC, 

But the mean value of (ITXF + XC) is i ui-BC; as the whole triangle can he 

divided into three «uch parts hy drawing through X a parallel to AB* Thus 

MiJTXV) ^\aBC. 

The mean value of CTT is i AB, For UV is the same fraction of AB that tho 
altitude otX is of that of C; see Art. 225. 

• The triangle may he considered equilateral ; see note, p. 306. 
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Coa. Hence, if p = perpendicidar from X on AB, h s altitude of triangle 
ABC, 

If we take the area ABC as unity, we have, since UXV : AXB = AXB : ABC, 

(AXBy = uxr. 



Thus the mean square of the triangle AXB is -. If two other points F, Z are 

6 

taken at random in the triangle, the chance of both falling on AXB is thus the 

same as that of a single point falling on UXV; u $., j. Hence we may easily 

infer the following theorem : — 

If three points Z, F, Z are taken at random in a triangle, it is an even 
•chance that F, Z both fall on one of the triangles 
AXB, AXC, BXa 

2. In a parallelogram ABCD a point X is taken at 
random in the triangle ABC, and another F in ADC, 
Find the chance that X is higher than F. 

Draw XH horizontal, the chance is 

mean area of AHK-^ ADC. 

But ^JaX= XCrr, and the mean area of -T17K= 7 ^CJ? 

I ° 

<Ex. I) ; hence the chance is -. 




3. If he a point taken at random on a triangle, and lines drawn through 
it from the angles, to find the mean value of the triangle DBF, {Mr. Miller.) 

It will be sufficient to find the mean area of the triangle AEF, and subtract 
three times its value from ABC. If we put a, fi, y for the triangles 
MOC, AOCf AOB, it is easy to prove 



ABF = 



^ 



(a + i3)(a + 7) 



ABC. 



If we now put the whole area ABC = 
if tiS be the element of the area at Of 



M{AEF) 



\k. 



»y 



I, and 



■dS, 




(i-i8)(l-7) 
the integration]eztending over the whole triangle. 

Now if p, q are the perpendiculars from on the sides b, e, it may be easily 
£hown that the element of the area is 



d8=^ 



sin^ be fanA 



dfidy ^ 2d$dy. 
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Thus the mean value of AEF becomes 

Again, by Art. 95, the definite integral 



I-P 6 



I 



Hence the mean vdue of the triangle DUF is 

io-»*, 
that of ^3 C' being unity. 

It is curious that the same valne, 10 — ir*, has been found by Col. Clarke to 
be the mean area of a triangle formed by three lines, drawn from A,Bf C to 
points taken at randcmi in a, ^, respectiyely. 

4. To find the average area of all triangles having a given perimeter (2«). 
By this is meant that the given perimeter is divided at random in every possible 
way into three parts, 0, b, e, and only those cases are taken in which 0, b, e can 
form a triangle ; then the mean value of 



has to be found. 

Take AB = 2», let X, F be the two points of division, AX =^x,AT^y\ 
these are subject to the conditions 

«<*, y>8, y-x<8; 

Now ji y 

-— = \/ (»-a)(y-»)(»-y + a:), 
V * 

C2i c* 



... ^M(A) = ^iJ^.2lZl _ 

Again, by Art. 132, we have 

The result is therefore : — Mean area » (28)^, 

105 ^ ' 
In the same case we should easily find 

Mean square of area = --. 
60 
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5. Three points are taken at random within a giyen triangle ; prove that 
the mean area of the triangle formed hy them is — of the given triangle. 

Call the area of the given triangle A, the required mean M: we will first 
prove that if Jfo be the mean area when one of the three points is restricted to 
a side of the given triangle, 



Let A receive an increment of area <f A, by adding to it an infinitesimal band 
included between the base a, and a line paralld to it; the increase produced in 
the sum of all the cases is found by considering one of the random points 
X taken in this band ; the additional cases introduced will be 

A't^A.lTo- 

The whole increase is treble this, for we must consider also the cases when 
J, Z fall in this band (the cases when two of the three fall on it may be 
neglected, their number being proportional to ^A*). Now the sum of the whole 
original cases is A^ Jf ; hence 

rf(A8Jf) = 3A«JforfA; 
Now -- is constant for all triangles (see note, 
P- 306), 

.'. — </. A* = 3A»iforfA, .-. if = ^ Jfo. 
A 4 

Again, to find ifo, consider the random point X fixed at a particular point 
D of the base a, the other two points Y, Z, ranging all over the triangle. Let 
M' be the mean value of J) YZ; the sum of all the cases, viz.. A' Jf , may be 
decomposed into three groups, (i) when F, Z are in ABJ), (2) both in -4C2>, 
(3) one in each triangle : 

••. (ABCfM' = (ABD)^ • ^ABD + {AGDf -^ACD-^ 2ABD - ACD - ^^, 
a? 17 9 

by Ex. (I), p. 306, and because in case (3) the mean value is the area of the 
triangle formed by joining D with the centres of gravity of ABJ), ACD (Art. 
225). Put BD = ar, altitude of triangle = p, and we get 

'■i'--^e.)%A(=^.)%.(?)'-(-.)-u 

Now when the point X falls in the element dx, the sum of all the cases is 
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A^M'dx; and hence, when X ranges from ^ to C, the whole snun of cases is 

/. aA^Mo = (ipy-a^ = -flA^ 
9 9 

Hence Jfo « - A ; and therefore Jf = -ifo = — A. 
9 4 12 

GoK. Hence, if four points A, B^ C^ J), are taken at random within a 
triangle, the chance that they determine a re-entrant quadrilateral is -. For 
the chance that J) falls in ABC is the mean value of ABC divided by the 
whole triangle, that is — ; and we have to add to this the chances that C falls 

'^ 2 

in ABD. &c. The chance that ABCJ) is convex is -. 

3 

PBOBABILITIES. 

229. The calculation of Probabilities, wben the number 
of favourable cases, as well as the whole number of cases, 
is finite, is not a subject for the infinitesimal Calculus. 
It is when the number of cases depends on continuously 
varyinff magnitudes, and is therefore infinite, that recourBe 
has to be made to the methods of the Integral Calculus. 

The same remark applies here which we had occasion to 
make as to mean values (Art. 220). The value of the pro^ 
bability will depend on the law according to which we select 
the series of cases which we take as representing the total 
number — ^that is, it will depend on which variable (or varia- 
bles) we suppose to be taken at random^ that is, to proceed by 
constant infinitesimal increments ;* in other words, to be the 
independent variable (or variables). Thus, if we have to find 
the chance of the line, drawn from a fixed point to a given 
finite straight line, exceeding a given length, the results will 
be different if, first, we suppose a series of lines drawn to 
points taken at random on the given line, or, secondly, a 
series of lines drawn in random directions from the fixed 
point. In many cases, however, the problem has an obvious 
sense which precludes any such uncertainty. 

* Of course a large numher of values taken at random for a variable does 
not reallv form an equi-different series : but, as they must give a number of 
points (when measured along a straight line) of uniform density ^ they may be 
taken, for the purposes of calculation, as equi-different. 
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230. Let us consider a simple question on chances. Two 
integers are chosen at random from o to 6 inclusive ; io find 
the chance that the greater of the two exceeds a given value, 
suppose 3. Here the whole number of cases, aU equally 
probable, is easily seen to be 

1+2 + 3 + 4 + 5 + 6, 

and the number of favourable cases is 

4 + 5 + 6, 

so that the required chance is -. 

If, however, the question is not confined to integers, but 
the two nimibers chosen may have any arbitrary values from 
o to 6 ; or as we may state the question : — Two quantities 
are taken at random from o to a; find the chance that the 
greater of the two is less than a given value b : — 

Let X be the greater ; then for any assigned value of x 
the number of cases is measured by x (since the lesser may have 
any value from o to a?) ; hence the number of cases when the 
greater falls between x and x-hdx is measured hj xdx; the 

whole number of cases is therefore xdx; and the favourable 



rb . J° . b^ 

) \ xdx. The required chance is therefore p = —^ 

Jo a 



oases are 



This instance will serve to show how the Integral Calculus 
may enter into the estimation of chances. It is true that it 
might easily be solved otherwise ; for if the two nimibers are 
considered as the distances of two points taken at random in 
a line of length a, from one end of the line, and if we 
measure a distance b from that end, the problem is really to 
find the chance that both points fall within b : which chance 

is evidently — . 

231. "We proceed to give a few easy questions on proba- 
bilities : general rules can hardly be given for their solution, 
the number and diversity of the questions which may be 
proposed being so great that no attempt seems to have been 
made to classify or connect them into a regular theory. We 
will give, in particular, several on Local or Geometrical 
Probability. 
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Examples. 

I. If an event B is known to have occnrred in a certain century, the chance 
that it was not distant more than n years from the middle of the century is of 

course 4 hut if three events A^ B^ (7 are known to have occurred in the 

100 

century, and that A preceded B^ and B preceded C, let it he proposed to find 

how this amount of knowledge alters the value of the chance for B. 

Let X he the time from the heginning of the century to the event B ; for 

any assigned value of x, the numher of triple cases is a; (100- a;) : hence the 

numher of favourable cases divided hy the whole numher is 



P = 



ffiOfn 
x{ioo-x)dx 
ao-n 

iioo 
:r(ioo — 0)^ 




''100 ^\iool 



2. Two numhers, x, y, are chosen at random hetween o and a'l find th» 

a* 
chance that the product xy shall he less than — (its mean value). 

4 , 



Here 






the integral being limited by a > a? > o, a > y > o, and xy <—. We have 

4 
accordingly to integrate for y from a to o, when x is between o and a ; and froia 

— to o, when x is between - and a ; thus 
4« 4 

UdxdytsX adx-\-\ — <fo ee — + — log4. 
'^■' Jo h ^x 4 4 ** 



i, = i + ilog2, 

3. Two points are taken at random in a given line a ; to find the chance 
that their distance asunder shall exceed a given value e. 

It is easy to see that the distances of two such points from one end of the 
line are the co-ordinates of a point taken at random 
in a square whose side is 0. Thus to every case 
of partition of the line corresponds a point in the 
square — such points being uniformly distributed 
over its surface. 

Thus, if in the above question ^, y stand for the 
distances of the two points from one end of the line, 
y being greater than x, we have to find the chance 
o£ y - X exceeding e. The point F whose co- 
ordinates are x, y, in the square 0I> (side = a), 
may take all possible positions in iJie triangle OBI), 
if no condition is imposed on it. But ii y^x>c, 
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then if we measure OS" - e, the faTOurable cases occur only when P is in th& 
triangle £SI; hence the probability required is 



P = 



OBD 



- «\2 



-(^•) 



In fact tl'i" is only performing the integrations in the expression 



p « 



1; i; '^" 



4. Two points being taken at random in a line Ct to find the chance that no 
one of the three segments shall exceed a given 32 N I> 

length 0. 

The segments being as before x^ if-^, ^ — Pi 
Pir= a?, FK^a-y^ Fl^r^y-x, There will 
be two eases : — 

(i). Ue>-a\ takeOU=Br=J)Z=B2^=^e; 

then it is easy to see that the only favourable 
cases are when F falls in the hexagon UZNMJV; 
hence 

OBD-i.TTBZ /a-cy 

^^= — OBD — = '-n~J- ^ 

(2}. It e<-a; take OZT » BV « 0, as before : then the only favourable^ 



cases are when F falls in the triangle B8T 
EST 



K 



P2 



OBD 



- m- 



/ 


</ 


"? 


v 



since BBT ? -i?ra, and «r= VT\ UR- VB. 

= 2tf — (a - tf). 

Such cases of discontinuity in the functions 
expressing probabilities frequently present them- 
selves. The functions are connected by very 
remarkable laws. Thus in the present question, 
if i>i =/(<'), p% - -^(0* we l^ave ^ "^ 

nc)^f{a^e) = F{e)^F(a-e). 

5. A floor is ruled with equidistant parallel lines ; a rod, shorter than tb» 
distance between each pair, being thrown at random on the floor, to find the- 
chance of its falling on one of the lines {BufforCs problem). 

Let X be the ^stance of the centre of the rod from the nearest line, B the 
inclination of the rod to a perpendicular to the parallels, ia the common distance 
of the parallels, 2« the length of rod, then as aU values of x and $ between their 
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f xtreme limits are equally probable, the whole number of cases wiH be repre- 
cented by 



Jo J ir 



dxdB = ica. 



Now if the rod crosses one of the lines we must have e > ; so that the 

cosd 

favourable cases will be measured by 



i» 



e COS0 

dx = 2C, 




Thus the probability required iap = — . 

This question is remarkable as having been the first proposed on the subject 
now called Local Probability. It has been proposed, as a matter of curiosity, 
to determine the value of x from this result, by making a large number of tiuUs 
with a rod of length 2a ; the difficulty however here consists in ensuring that 
the rod shall fall really at random ; the circumstances under which it is thrown 
may be more favourable to certain positions of the rod than others ; though we 
may be unable to take account d priori of the causes of such a tendency, it will 
be found to reveal itself through the medium of repeated trials. 

232. Sometimes a result depends upon a variable (or 
variables) all the values of which are not equally probable, 
but the probabiKty of a certain value for a variable depend- 
ing, according to some law, on the magnitude of that value 
itself (and also, perhaps, on the values of other variables). 
Thus a point may be taken in a straight line so that all 
positions are not equally probable, but the probability of the 
distance from one end having the value a?, being proportional 
to X itself. This would be in fact supposing the series of 
points in question as ranged along the line with a demity 
j)roportional to a; ; b& e.gAi they were the projections on the 
line of points taken at random in the space between the line 
and another line through one of its extremities. To give aji 
example : — 

Two points are taken in a line a, with probabilities 
varying as the distance from one end A ; to find the chance 
of their distance exceeding a length c. 

Let Xj y be the distances from A, y > x. Here the 
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probability of a point falling between x and x-hdx is not 
proportional to dxy but to xdx; and the result will be 

'''' r '"^ ( c\( cv 



The mean values of the three divisions of the line, in the 
same case, will be foimd to be 

8 4 I 

— a, — rt, —a. 
15 15 5 

The above value of j? is also the value of the chance, that 
the difference of the altitudes of two points ivithin a triangle 

shall exceed a given fraction - of the altitude of the triangle. 

a 



Examples. 

T. Two points being taken on the sides OA^ OB of a square a-, the chance 
of their distance being less than a gi^en value b is easily seen without calcufa- 

tion to be — z, provided ^ < a, as it is the chance of a point taken at random in 

the square falling within a quadrant of a given circle ; suppose now that two 
points are taken on OAy and two on OB, and that we take X, Y, the two points 
furthest from on each side, to find the chance that their distance ZFis less 
than a given length b ; (^< a). 

Hei6 the probability of X falling between x and x-\-dx h proportional 
tQ zdx\ IDLewise for y, hence 



P = 



11 xydxdy 
I xy dx dy 



^4 

the upper integral being limited by «* + y^ < i' ; hence p = -^. 

Thus it is an even chance that the point determined by the co-ordinates x, y 

shall fall within the quadrant - ira'. 
4 
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/ 

2. There is a circular target of area A ; the area of the bull's eye is «. If 
ti shot is heard to strike the target, the chance of its having hit the hull's eye is 

of course -j* If, however, two shots bave been fired, to find the chance that 
the best of the two has hit the bull's eye. 

This is easily solved by elementary considerations ; as the chance of both 
mining the bull's eye is 

Hence the required chance of the best shot having hit it is 

■— M-i)- 

3. Let it be proposed, however, to find the chance of the best of the two 
«hots (t. tf., that nearest the centre) having hit any given area a, traced out on 
the target. 

The number of cases in which the worst shot falls on any element dS, at a 
distance r from the centre, is wr^dS; hence the chance of the worst shot striking 
the area a ia 

__ ! j r^dS {oyer a) m 
^ " SSr^dSioYerA) ^ M' 

where if, m are the moments of inertia of A, a round the centre of the target. 
J^ow, the probability of both shots missing a is 

hence that of a being hit (by one or both) is 

a* 
-and the chance of both hitting it is — . But the chance of a being hit is 

chance of best + chance of worst — chance of both ; 
hence, itpi be the required chance, viz., of the best shot striking a, 
m a^ (A — a\^ am 

where «n, M are the moments of inertia above. 

* That is, disregarding the effect of the aim directing it with greater 
probability to the centre of the target. This would be practically correct in the 
«ase of a very bad marksman, who frequently misses the target edtogether. 
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233. Curve of Frequency. — ^In questions relating to a 
variable, the probability of any value of which is a function 
of that value itself, it is often 
useful to consider what is called 
a curve of frequency. Thus, if 
the probability of a given value 
of ic is proportional to ^{x)^ and 
we draw a curve y = C^{x)y 
then when a great number 
of values for x are taken, the 
number in any element dx is 
proportional to the area of the curve standing on that 
element: the ordinate of any point P representing the 
density or frequency of the points at P : the abscissas of all 
points taken at random in the area of the curve are equally 
probable. 

Thus, if two points X, Fare taken at random in a straight 
line AB, and X means always that nearest to -4, the curve 
of frequency for Y will be a straight line through Ay that 
for X a straight line through B. This will often simplify 
questions ; e. ^., Suppose we have fo find what is sometimes 
oalled the most probable value for AY^ i.e,, such a value 
AP that AYia equally likely to exceed or to fall short of it. 
Since the curve of frequency for 
F is a line ACy we have only to 
find P so that PD bisects the 

triangle ABC; Le,y AP = — -p; 

because as many values oi AY 

oxceed AP as fall short of it. 

2 
The most probable value is not the mean value, viz., -ABy 

o 

leing the horizontal distance of the centre of gravity of 
ABCy from A. 

A point Y is taken at random in a line AB = a, and 
then a point X is taken at random in AY (or a rod may be 
supposed broken in two at random, and one of the pieces 
then broken in two), to find the chance of the length of 
AX falling within given limits. 

Let Xy y be the distances from A ; for any assigned value 
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of y, the chance of X falling between x and x-^-dx h 
— : hence the chance of X falling between x and x + dx^ 

y 

and Y falling between y and y + dy, 
is measured by 

ay ' 

hence the whole chance of X falling 
between x and x + dx\& 



^r?^ = ^log? = -rf..loga., 




if for simplicity we put a = i . 

Thus the curve of frequency for X is a logarithmio 
curve BRy whose ordinate is 

s = - log X ; 

the frequency at A being infinitely great. 
The area of this curve from o to a; is 



a? log-; 

X 

and this is the probability of AX being between o and x ; 
the whole area, when a? = i, being i, as it ought to be, as 
it is certain that X falls in AB. The chance of X falling- 
between given limits Xy a^' is of course 

x\og^,-x''\og^,. 

To find the moat probable value of x we should have to 
solve the equation 

a?(i-logir) = . 



this gives x about - of the line AB. 
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The mean value of ;r is 



M = 



1; 



opz dx 



1; 



zdx 



= of AB. 
4 



This last result might have been foreseen : because if we 
take a point at random in each of the segments A F, YB^ 
the line AB is divided into four parts, the mean values of 
which must be the same, as each of them goes through the 
same series of values as the others ; the sum of the mean 
values being AB. 

Examples. 

I. A line ia divided at random, and one of the parts again divided at random 
as above, to find the chance that no one of the throe parts shall exceed the sum 
of the other two {%. «., that a triangle might be formed by them). {Cambridge 
Math, TripoSy 1854.) 

The probability that X, Y shall be taken in two assigned elements dx, dy 
is (taking a ^ i), 

dxdy 

this differential being integrated throughout any limits gives tiie sum of the 
probabilities of X, T being foimd in each pair of values for dx and dy which 
enter into the summation : — ^that is, the cases being mutually exclusive, the 
probability that Z, Y will be found in some one of those pairs. 
In the present case the limits are equivalent to 



Hence 



x<-<y< 



x>y- ^ 



■iL- 



dx 



;a-i. 



2. An urn contains a large number of black and white balls, the proportion 
of each being unknown : it' on drawing.m + » balls, m are found white and 
n black, to find the probability that the ratio of the numbers of each colour lies 
between given limits. 

The question will not be altered if 
we suppose all the balls ranged in a line 
ABy the white ones on the left, the 
black on the right, the point X where 
they meet being unknown, and all posi- 
tions for it in AB being a priori equally 
probable. Then, m + n points being taken 
at random in AB, m are found to fall on 
AXy n on XB. That is, all we know of X is that it is the (m + ■)<* in order, 




^22 On Mean Valtie and Prolability. 

+ 1 

I foi 
ffll +« 



beginning from ^, of m + n + i points falling at random in AB. If AX = x, 
AB B I, the number of caaes for X between x and x-\-dx\A measured by 



[:?[!! 



«*(i-a:)»<fa;/ 



Hence the probability that the ratio of the white balls in the urn to the 
whole number lies between any two given limits a, fi — that is, that the 
distance from A of the point X lies between a and fi, is 



F 



a iF*» (i — a?)»<te 

Jo 
The curve offreqtiemy icet the point X will be one whose ordinate is 
y = ««»(i-a?)». 

The maximum ordinate K V occurs at a point IT, dividing AB in the ratio 
m : ft ; this is of course what we should expect ; the ratio of the numbers of 
black and white balls is more likely to be that of the numbers drawn of eadi, 
than any other. The value tor p above is simply the area of the above curve 
between the values a, /3, of dr, divided by the whole area. 

Let us suppose, for instance, that 3 white and a black balls have been 

drawn ; to find the chance that the proportion of white balls is between - and - 

1 % 5 5 

of the whole — that is, that it differs by less than + - from -, its most natural 

5 5 

value. [^ ^(i^xYdx 

p = -f ^ ^ nearly. 

The above results will apply to any event wliich must turn out in one of 
two ways which are mutually exclusive, this being the whole of our a priori 
knowledge with regard to it. The ratio of the black, or white, baUs to the 
whole number, meaning the real probability of either event, as would be 
manifested by an infinite number of trials. We will give one more example of 
the same kind. 

3. An event has happened m times and failed n times in m + » trials. To 
find the probability that, on ;? + ^ further trials, it shall happen p times and 
fail q times. 

That is, that, v^q more points being taken at random in AB^p shall fall in 
AXy and q in BX. The whole number of cases is as before 

When oDj particular ut of p points out of the j? + ^ additional trials, falls in 

* For a specified set of m points, out of the m + n, falling in AX^ the 
number is x^(i -x)^dXf the number of such sets is . 
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AX, the number of &vourable cases is 

1 






1.2.3 (jP + g) 



But the number of different sets of points is 
Hence the probability is, putting as before I ^ for i . 2 . 3 . . . ^, 
rp^q j^ x^^P(^i-xY*9dx 

By means of the known values of these definite integrals (p. 1 15), we find 
[>+y ^in-\-p^n-^q Tm + « + i 

For instance, the chance that, in one further trial, the event shall happen, is 
This is easily verified, as the line AB has been divided into m + m + 2 



m + « + 2 

sections by the m + « + i points in it, including X, Now, if one more trial is 
made, %.e,y one more point taken at random, it is equally likely to fall in any 
section ; and m + i sections are favourable. 

234. Errors of Observation. — One of the most important, 
praotioBdIy, as well as the most difficult, departments of the 
theory of Probability is the subject of Errors of Observation. 
We will give here one example of the simplest possible 
description. 

Two magnitudes A and S are measured ; each measure- 
ment being subject to an error, of excess or defect, which 
may amount to ± a, all values between these limits being 
supposed equally probable.* To determine the probability 
that the error in the simi, A + By oi the two magnitudes, 
shall lie within given limits ; also its mean value. 

Thus, the horizontal angular distance of two objects 
Ay C ia sometimes foimd by measuring the angle between 
A and jB, an intermediate object; and afterwards that 
between B and 0, and adding the two angles. If each 
measurement is liable to an error ± 5', all values being 

* This supposition must not be supposed to be practically correct. The 
theory of Errors shows that the probabiHty of an error of magnitude x is pro- 
portional to ^-«*». 

Y 2 



^ 






PB^ 



324 On Mean Value and Prohability. 

equally probable, to find the probability of the error of the 
result falling within assigned limits: its extreme limits 
being o^ course ± 10'. 

^e question is more easily comprehended by means of 
a geometrical construction than by g» ^ 

integration. 

Take AB = 2a^ then all the values 
of the first error are the distances 
from of points P taken at random 
in AB ; positive when in OB^ 
negative when in OA. Make also 
A'ff '= 2a, the values of the second 
error are given by points in A'B^, ^ 

Take any values, OP = x for the ^ ^ 

first, OJP^ = of for the second; these values taken as co- 
ordinates determine a point V corresponding to one case of 
the compound error x + x' ; and such points V will be 
imiformly distributed over the square SK. The value of 
the compound error e corresponding to the point Fis 

t ^ x + x' = 08, 

if V8 be drawn at 45° to the axes. Now all values of the 
errors x, of which give x + x^ the same, give the same value 
for € ; hence all points on the line JI correspond to com- 
pound errors of amount 08. Take 88 = de; the number of 
compound errors between e and e + de is the number of 
points between JI and a parallel to it through s. Now the 
area of this infinitesimal sbip is evidently 

{2a - s) dt. 

Hence the probability of the error being between e and 
c -\-de is 

{2a-€)de 
P " 7~S — • 

This holds for negative values of e, provided we only consider 
their arithmetical magnitude. 

Thus the frequency of an error of mamitude e = 08 is 
proportional to JI the intercept of a line through 8 sloping 
at 45°. The probability of the error c falling between any 
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two given limits 08^ 08' is found by measuring these 
lengths (with their proper signs) from 0, along ABy and 
dividing the area intercepted on the square by parallels 
through 8y 8' sloping at 45°, by 4a*, the area of the whole 
square. 

Thus the chance of the error falling between the limits 

± a (those of the two component errors), is -. 

The mean value of the error, strictly speaking, is o ; but it 
is evident that for this purpose we ougnt to consider negative 
errors as positive ; and consequently take the mean of the 
arithmetical values of all the errors, which is the same as the 
mean of the positive errors only; hence the mean error 
required is 

MU) = ±-a. 

The most probable value, such that it is an even chance that 

the error exceeds it, since the triangle JKI must be - of the 

4 
whole square, for that value of 08^ is 

± a{2- -v/2) = ± .586 a. 

235. Various artifices have been employed for the solution 
of different interesting questions on Probability, which would 
be found extremely te(Uous, or impracticable, if attempted 
by direct integration. For example : — 

Two points are taken at random within a sphere of radius 
r ; to find the chance that their distance 
is less than a given value, c. /^^^i 

Let F = number of favourable cases, 
W = whole number ; then 

Let us consider the differential dF^ or t*he additional 
favourable cases introduced by giving r the increment dr^ 
c remaining unchanged. 

If one of the points A is taken anywhere (at P) in the 
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infinitesimal shell between the two spheres, then drawing a 
sphere with centre P, radius c, all positions of the second 
point, By in the lens ED common to the two spheres, are 
f javourable ; let i = volume EDy then the number of favour- 
able cases when ^ is in the shell is 

doubling this, for the cases when B is in the same shell, 

dF ^ Swr^Ldr. 

Now it may be easily proved, from the value for the volume 
of a segment of a sphere, that 

3 4 r 

(i \ \ 

hence F ^ 8ir»i - c^r* - -cV» + C7 ; 

\9 8 / 

C being an imknown constant ; ». ^., involving c, but not r, 

F _ ^ _ 9_ ^ 9^ 

* * ^ ~ i6 , ~ r* i6 r* 2 r^' 
— ir'r^ 
9 

Now the probability = i, if r = -c, 

2 C' 2 64 

_ c* 9 c* I c' 
' r^ 16 r* 32 r*' 

If the two points be taken within a circle^ instead of a 
sphere, it may be proved by a similar process, that 



c» • 2/ (^\ . ,c I cf c*\ I ? 
^ r* 7r\ rV 2r 4ir r\ r'jS^ r* 

It is a very remarkable fact, pointed out by Mr. S. 
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Roberts, that if we draw the chord JSD, the probabiKty is, in 
the ease of the circle 

2 . segment UQD + segment UPD 
^ ~ area of circle EHD ' 

and also, in the case of the sphere, 

2 . volume JEQD + volume UPD 



P 



volume of sphere UHD 



These results evidently suggest that there must be some 
manner of viewing the question which would conduct to 
them in a direct way. 



Examples. 

I. Three points being taken at random within a sphere, to find the chance 
that the triangle which they determine shall he acute-angled. 

As the probability is independent of the radius of the sphere, it is easy to 
see that we may take the farthest from the centre of the three points as fixed on 
the surface of the sphere. For if p be the probability of an acute triangle in 
this case, p will also be the probability of an acute-angled triangle for each 
position of the farthest point, as it travels over the whole volume of the sphere. 
Hence p will still be tiie probability when no restriction is put on any of the 
points. 

Take then A, one of the points, on the surface of the sphere ; two others By C 
being taken at random within it, and let us find the 
chance of ABO being obtme-angled ; to do this, we 
will find separately the chance of the angles AfB,Cy 

being obtuse ; the events beine mutually exclusive, the ' / \ 1^ 

probability required will be the sum of these three. 

(i). To find the chance that A is obtuse, let us fix 
B ; then, drawing the plane A V perpendicular to ABy 
the chance required is 

volume of segment AHV 
volume of sphere 

Let r=OA, the radius of sphere, p = ABy 6^ L OAB ; then the volume of 
the segment AHV is 

JiirS (i - cos «)• (2 + cos e), 

therefore when B is fixed the chance is 

{(i - C0Sd)*(2 +cosd). 
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Now let B move over the whole yoliune of the sphere, and we have for the 
prohahility Pj, that A is ohtuse 

IT 

If" f»rcM# 

~ S5 I I (> - 3 COS tf + 008 •$) p» sin Hedp, 

Hence P^ = — . 

70 

(a). To find tiie chance, Fb, that P is ohtuse. Fix B as hefore ; then the 
chance that B is acute is 

segment MEN 
sphere 

Now, volume MHN= \itr^ ( - + i - cos d) ( 2 + cos 6 - - J ; 
so that the chance is 

-| a-3co8e + co8*e + 3- (1- cos* ^) + 3 ^ cos 6 - ^ | . 

Hence the whole prohahility (i — Pm) that B is acute is 

IT 

8 -3 I I r ~^ cose+cos»e+3 -(i - cos*e) +3 ^cose-^ip^sinerfetfTp. 

Performing the integrations, we find Fm^ -^» 

70 

The prohahility for C is, of course, the same as for B ; hence the whole pro- 
hahility of an ohtuse-angled triangle is 

70 70 70 70 

33 
Hence, the chance of an aewtt^angled triangle is —. 

70 

For three points within a dreU the chance of an acute-angled triangle is 

2. Two points, ^, P are taken at random in a triangle. If two other points, 
C, D are also taken at random in the triangle, to find the chance that they shall 
lie on opposite sides of the line AB, 
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The sides of the triangle ^^(7 produced divide the whole triangle into seven 
spaces. Of these, the mean value of 
those marked (a) is the same, viz., the 
mean value of ABC; or, ^ of the 
whole triangle, as we have diown in 
page 311 ; the mean value of those 
marked (/3) heing f of the triangle. 

This is easily seen ; for instance, 
if the whole area = i, the mean value 
of the space FBQ gives the chance 
that if a fourth point D he taken 
at random, B shall fall within the 
triangle ADC\ now the mean value 
of ABC gives the chance that D shall 
fall within ABC\ hut these two 
chances are equal. 

Hence we see that if A^ B, C he 
taken at random, the mean value of that portion of the whole triangle which 
lies on the same side of AB as C does, is H of the whole ; that of the opposite 
portion is tV- 

Hence the chance of C and D falling on opposite sides of AB is ^. 

236. Bandom Straight Lines. — ^If an infinite number of 
straight lines be drawn at random in a plane, there will be 
as many parallel to any given direction as to any other, all 
directions being equally probable ; also those having any 
given direction will be disposed with equal frequency aU 
over the plane. Hence if a line be determined by the co- 
ordinates p, w, the perpendicular on it from a fixed origin 0, 
and the inclination of that perpendicular to a fixed axis ; then 
i£ Py ci> be made to vary by equal infinitesimal increments, 
the series of lines so given will represent the entire series 
of random straight lines. Thus the number of lines for 
which p falls between p and p + dp, and o) between o) and 
(o + d(Oy will be measured by dp rfw, and the integral 

jj dpdijj 

between any limits measures the number of lines within those 
limits. 

It is easy to show from this that the number of random 
lines which meet any closed convex contour of length L is 
measured by L. 

For, taking inside the contour, and integrating first 
for j9, from o to p, the perpendicular on the tangent to the 
contour, we have ]pdw ; taking this through four right angles 
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for (u, we have by Legendre's theorem (p. 2 16), iV being the 
measure of the number of lines, 



H 



pdu) = L. 



(7) 



Thus if a random line meet a given oontour, of length X, 
the chance of its meeting another convex contour, of length 
/, internal to the former, is 



^ = 



(8) 



If the given contour be not convex, or not closed, iVwill 
evidently be the length of an endless string, drawn tight 
around the contour. 

Examples. 

I. If a random line meet a closed convex contour, of length L, the chance 
'of it meeting another such contour, external to the former, is 

x-r 



where X is the length of an endless band 
enyeloping both contours and crossing „ 
between them, and F that of a band also 
enveloping both, but not crossing. 

This may be shown by means of 
Legendre's integral above ; or as fol- 
lows : — 

Call, for shortness, J^(-4) the number 
of lines meeting an area A ; N{AyA') the number which meet both A and A* ; 
then 

N{SUOQPS) + N{JS'Q0B:P'E') = NifiROQFH + S^QOJRP'H') 

+ K(SSOQPff, S'Q^OSTH'), 

since in the first member each line meeting both areas is counted twice. But 
the number of lines meeting the non-convex figure consisting of OQFHSJi and 
OQS'S'T'S^ is equal to the band 7, and the number meeting both these areas 
is identical with that of those meeting the given areas XI, 0,\ hence 

X= T+ir{Q,0,'), 




Thus the number meeting both the given areas is measured by X - Y. Hence 
the theorem follows. 
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2. Two random chords cross a giyen convex boundary, of length £, and area 
n ; to find the chance that their intersection falls inside the boundary. 

Consider the first chord in any position ; let (7 be its length ; considering it as 
a dosed area, the chance of the second chord meeting it is 

and the whole chance, of its co-ordinates falling in dp^ dct, and of the second 
chord meeting it in that position, is • 

iC dpdw _ 2 
But the whole chance is the sum of these chances for all its positions ; 



/. prob. = — f fcrfp«fo. 



Now for a giyen value of «, the value of J Cdp is evidently the area n ; then 
taking w from v to o, 

required probability = --j-. 

The mean value of a chord drawn at random across the boundary is 
iJCdpdw wa 



M = 



iidpd^ L' 



237. The oonsideratioii of probability sometimes may be 
applied to determine the values of Definite Integrals. For 
instance, if n + i points are taken at random in a line, l^ and 
we oonsider the chance that one of them, X, shall be tiie last, 
beginning from the end A of the line ; the number of favour- 
able cases, when X is in the element dxy is, calling AX, x ; 



Qif^dx, 
Hence 



I 



a^dx 

J t 



but the chance must be ; we thus have an independent 



332 
proof that 



On Mean Value and Probability. 






w+ I 



when w is an integer. 

Again, if m + n + i points are taken, to find the chance 
that X shall be the {m -{- i)th in order ; the number of favour- 
able cases, when X falls in dxy and a particular set of m points 
falls to the left of X, is 

a^{i - x^dx ; taking / = i ; 

hence the whole number of favourable cases is 



\m 

\m 



= x"^(i - x)^dx: 



this is the required probability, since /»»+»+ ^ = i. But the 



-, as every point is equally likely to fall 



value is 

m + n -h I 

in the (w + i)th place ; we thus deduce the definite integral 



af^ {i - x^da = 



\m \n 



\m + n-^ I 



when w, n are integers. (See p. 115.^ 

238. To investigate the probabihty that the inclination 
of the line joining any two points in a given convex area £2 
shall lie within given limits. 

We give here a method of reducing 
this question to calculation, for the sake 
of an integral to which it leads, and 
which is not easy to deduce other- 



wise. 



First let one of the points A be 
fixed ; draw through it a chord PQ = C, 
at an inclination to some fixed line ; 
put AP = r, AQ = / ; then the number 
of cases for which the direction of the line joining A and 
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B lies between 9 and 6 + dOy is measured by 

-J- (r^ -f r'')de. 

Now let A range over the space between PQ and a 
parallel chord distant dp from it, the number of oases for 
which A lies in this space, and the direction of ALB is 
from to + dOy is (first considering -4 to lie in the 
element drdp) 

:^dpdB{ {r' + f^)dr^\(?dpde. 

Let p be the perpendicular on C from a given origin 0, 
and let o) be the inclination oip (we may put dta for dO)y C 
will be a given function of jt?, oi ; and integrating first for ai 
constant, the whole number of oases for which o) falls between 
given limits w', w\ is 



i|" t^oijc^^i?; 



the integral jC^dp being taken for all positions of C between 
two tangents to the boundary parallel to PQ. The question 
is thus reduced to the evaluation of this integral ; which, 
of course, is generally difficult enough: we may, however, 
deduce from it a remarkable result ; for if the integral 

^SfC'dpd^o 

be extended to all possible positions of C, it gives the whole 
number of pairs of positions of the points A^ B which lie 
inside the area ; but this number is Q? ; hence 

l\C^dpdio = z^\ 

the integration extending to all possible positions of the 
chord C\ its length being a given function of its co-ordinates 

CoR. Hence if Z, Q, be the perimeter and area of any 
closed convex contour, the mean value of the cube of a chord 

. 3Q^ 

drawn across it at random is -y-. 
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»•• 

Some other oases of definite integrals deduced from the 
theory of Probability are given in a paper in the Philo- 
sophical Tramactiana for 1868, pp. 181- 199. 

Several Examples on Mean v alues and Probability are 
annexed ; some of them, as also some of the questions which 
have been explained in this Chapter, are taken from the 
papers on the subject in \hQ Educational TimeSy by the Editor, 
Mr. Miller, as also by Professor Sylvester, Mr. Woolhouse, 
Col. Clarke, Messrs. Watson, Savage, and others. Some few 
are rather difficult ; but want of space has prevented us giving 
the solutions in the text. 

We may refer to Mr. Todhunter's valuable History of 
Probability for an account of the more profound and diffi- 
cult questions treated by the great writers on the theory 
of Probability. 
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Examples. 

1. A chord is drawn joining two points taken at random on a circle : find the 
mean area of the lesser of the two segments into which it divides the circle. 

Ans, . 

4 » 

2. Find the mean latitude of all places north of the Equator. 

Afu. 3a^704. 

3. Find the mean square of the Telocity of a projectile in vacuo, taken at all 
instants of its flight till it regains the velocity of projection. 

Ans. F* cos^ o + jr> sin* a : where V = initial velocity, and a = angle 
of projection. 

4. If X and y are two variables, each of which may take independently any 
value between two given limits (different for each), show that the mean value 
of the product xy is equal to the product of the mean values of x and y. 

5. If X, F are points taken at random in a triangle ABC, what is the 
chance that the quadrilateral ABXTib convex P 

Ans. -. 
3 
For, it is easy to see that of the three quadrilaterals ABXT, ACXT, BCXJ, 
one must be convex, and two re-entrant. 

6. Find the mean area of the quadrilateral formed by four points taken at 
random on the circumference of a circle. 

Ans. ~ (area of circle). 

7. A class list at an examination is drawn up in alphabetical order ; the num- 
ber n of names being large. If a name be selected at random, find the chance 
that the candidate wall not be more than m places from his place in the order 
of merit. 



i« 



m' 



Ans. 2 ^ . (N. B. — This is not, of course, the value of the chance 

n n* 

after the selettion has been made : this may easily be found). 

8. A traveller starts from a point on a straight river and travels a certain 
distance in a random direction. Having quite lost his way, he starts again at 
random the next morning, and travels the same distance as before. Find the 
chance of his reaching the river again in the second day's journey. 

Ans. -. 

4 

9. Two lengths, d, b', are laid down at random in a line a, greater than 
eiiher : find the chance that they shall not have a common part greater than e. 

An, (" -*-*'+")' 
• (a -A) («-*';• 
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10. A person in firing 10 shots at a mark has hit 5 times, and mifised 5. Find 
the chance that in the next 10 shots he shall hit 5 times, and miss 5. 

Am, —^ ^.iJ— = -Z1-. If the first 10 shots had not been fired, so that 
19.17. 13 4'99 

nothing was known as to his skill, the chance would be — : if he 

had been found to hit lihe mark half the number of times out of 

a large number, the chance would be — ^. 

256 

11. If a line I be divided at random into 4 parts, the mean square of one 

of the parts ia — ^ : but if the line be divided at random into 2 ports, and 

each part again divided into a parts, then the mean square of one of the 4 parts 

i8-/2. 
9 

1 2. Three points are taken at random in a line /. Find the mean distance 
of the intermediate point from the middle of the line. 

Ans, -^l. 
16 

13. A certain city is situated on a river. The probability that a specified 
inhabitant A lives on the right bank of the river is, of course, h in the absence 
of any further information. But if we have found that an inhabitant B lives on 
the right bank, find the probability that A does so also. 

Ans, -. N. B. — It is here assumed that every possible partition of the 

number of inhabitants into 2 parts, by the river, is equally pro- 
bable a priori. 

14. If At B, (7, 2>, are four given points in directunif and 2 points are taken 
at random in AD, and one is taken in BC, find the chance that it shall fall be- 
tween the former two. 



Ant. -^ {-BC^\- BC(AB + CD) i- zAB . CD \. 



15. If z = a; 4 ^, where x may have any value from o to a, and i/ any value 
from oto bf find the probability that z is less than an assigned value e: {6 < a). 

• g2 

Ans. (i) Ue <b, pi = — -. 

2ao 

(2) lia>e>b, p2 = ^^^. 

a 

(3) If ex., i^=i- ^ ^ ■ 

If we denote the functions expressing the probability in the three 
cases by /i (a, *, c)» f^i^y *> ^)* Ai^* *> 0. we shall find the re- 
lation 

, /i (^, b, c) + /3(a, b, e) = /aC^, b, c) 4- /2(*, a, c). 



Examples. 337 

1 6. In the cubic equation 

«* + i>« + i' = o, 

p and q may have any values between the limits ± i . Find the chance that the 
three roots are real. 

17. Two observations are taken of the same magnitude, and the mean of the 
results is taken as the true value. If the error of each observation is assumed to 
lie within the limits :f a, and all its values to be equally probable, show that it 
is an even chance that l^e error in the result lies between the limits ± 0.29311. 

18. A point is taken at random in each of two given plane areas. Show 
that the mean square of the distanoe between the two points is 

A» + *" -I- A» ; 

where A is the distance between the centres of gravity of the aieaa ; and, A, h' 
are the radii of gyration of each area round its centre of gravity. 

19. The mean square of the area of the triangle formed by joining any three 
points taken in any given plane area is 

s 

wjiere A, A; are the radii of gyration of the area round the two principal axes of 
rotation in its plane. 

If one of the points is fixed at the centre of gravity, the value is \ h^lfi. {Mr. 
Wbolhouse.) 

30. A line is divided at random into 3 parts. Find the chance (i) that they 
will form a triangle : (a) an acute-angled triangle. 

Afu. (I), pi^i, 

(a). 1>3 = 3 log a - a. 

2 1 . A line is divided into n parts. Find the chance that they cannot form a 
polygon. 

Ant. — T. 

22. If two stars are taken at random in the northern hemisphere, find the 
chance that their distance exceeds 90''. 

Ans, — . 

- T . 

23. The vertices of a spherical triangle are points taken at random on a 
sphere. Find the chance (i) that all its angles are acute ; (2) that all are obtuse. 

An..(x),±-l. 
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34. The density of an assemblage of points, bounded by a given contour, 
▼aries inversely as the distance from a point within the contour. Find the 
mean distance of the points from 0. 



r 

I Jo 



Am. M - '■ — ^ : takingrs /(a) as the given polar equation of the contour. 



25. Two equal lines of length a include an angle $ : to find the chance that 
if two points P, Q are taken at random, one on each line, their distance FQ shall 
be less than a. 

Ant, (i). When ->$>-; p\ = ^ 7^ + 2 cos 6. 
2 3 asma 

„ (a). When «>-; 



2 2sin9 

Here the functions are connected by the relation F{$) + ^v~ B) =f{B) +/(*-<>). 

26. The density of a city population varies inversely as the distance from a 
central point. Find the chance that two inhabitants chosen at random within 
a radius r from the centre shall not live frirther than a distance r from 
each other. 

. I i_ 2/ ^i\^ipBdB^i(^Bd& , ' 

Am. p = log3 + -( I-— ) +~l -r-^+ — L '^—^'* whence 

p = 0.7771. This result is easily obtained by employing the values given in 
Ques. 35. 

27. Four points are takeii at random within a circle or an ellipse. Show 
that the chance that they form a re-entrant quadrilateral is — ^. 

28. Find the mean distance of two points within a sphere. Am. =^r. 

29. Three points A, B, are taken within a circle, whose centre is O. 
Find the chance that the quadrilateral ABCO is re-entrant. 

4 3»* 

30. Find the chance that the distance of two points within a square shall 
not exceed a side of the square. 

Am. |i =. T - ii. 
6 
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31. In the same case, to find the chance that the distance shall not exceed 
an assigned value e ; the square being a\ 

^1 8 I \ 

Am, {\), When e<a\ p = -^(ira« — ac + -tf>j. 

„ (2).men.>a;p = 4j;i8m-'--x^-i + 5___y^-a»-,-.-j + -. 

32. Three points are taken at random on a sphere ; the chance that in the 



spherical triangle some one angle shall exceed the sum of the other two is -. 

I * 

Also the chance that its area shall exceed that of a great circle is 7. 

o 

33. If a line be divided at random into 4 parts, it is an even chance that 
one of the parts is greater than half the line. 

34. The mean distance of a point within a triangle from the vertex Q is 

3 VT + — ^ 7^°«^;rnT;j' 

where K is the altitude of the triangle. 

35. The mean value of the distance between any two points in an equi- 
Uteral triangle is 



-i-(;n-=)- 



This question may be solved by proving that Jf = - ifo) where Jfo is the 

mean distance of an angle of the triangle from any point within it For, 
let Jfo s /iAi, where /i is constant, and A « area of the triangle. Take now 
any element d8 of the triangle, draw from it parallels to the sides to meet the 
base ; let S be the area of the equilateral triangle so formed : the sum of the 
whole number of cases will be equal to 

6Jj5.^«4.rffi' = JfA«, 

if d8 is made to range over the whole triangle : if we call the whole triangle 
unity, and put d8 » %dadfi as in (Ex. 3, p. 309), 8 ^ a', and the integral 

becomes — /* = Jf. The result then follows from (34). 

36. From a tower of height A, particles are projected in all directions in 
space, with a velocity due to a fall through a height A. Sho\»' that the mean 
value of the range is 

n?.<te. {Frof. JFolstenholme.) 



= 2h{ y^~i 
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37. If there be ft quantities a^ h, e, d , . , , each of which takes indepen- 
dently a given series of Values ai, 02, as, . . . . ) ^, ^, ^8) • • • • ^*y (the number 
of values is different for each), if we put 

and for shortness we denote '' the mean value oiix** by Mx^ prove that 

Jf3a*= Ma + Jf * + JfiJ + « ^May 

M{%i)*« {2 May - ^{May + 3 if(««). 

38. Two points are taken at random in a triangle. Find the mean area of 
the it {angular portion which the line joining them cuts off from the whole 
triangle. 

Ant. - of the whole. 
9 

39« A ship at A observes another at B^ whose course is unknown. Sup- 
posing their speed the same, prove that the chance of their coming within a given 

2 d 
distance d of the second is always -sin"'-, whatever the course taken by A ; 

» « 4 

provided its inclination to AB is not greater than cos*' - : putting AB — a, 

a 

{Camb. Math, Tripot, 1871. Prof, Miller.) 

40. A random straight line crosses a circle. Find the chance that two 
points taken at random shall lie on opposite sides of the line. 

An9, « : this is deduced at once from the value of Jf, the mean 

distance of the two points : as the chance *= . 

41. A point is taken at random in a triangle. What is the probability 
that if three other points are taken at random, one shall lie in each of the 
triangles A OB, BOC, GO A ? 

Ans, — . This may easily be found to depend on the 
integral fjafiy, idadfi^ where a, /3, 7 are the three triangles above. 

42. A line crosses a circle at random ; to find the chance that a point taken 
at random in the circle shall be distant from the line by less than the radius of 
the circle. 

,Ans, I . 

3* 
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MlSCELLAJTEOTTS EXAICPLES. 

t. If a be the sagitta of a circular segment whose base is d, prove that the 
area of the segment is, approximately, 

3 20 

2. Find the area of the inverse of a hyperbola, the centre being the pole of 
inversion ; and show that the area of the inverse of an ellipse, under the same 
circumstances, is an arithmetic mean between the areas of the circles described 
on its axes as diameters. 

3. Find the value of 



Am. X log (« + \/«2 + a«) - \/ar»+a». 

pdfUy when extended 
round any convex closed boundary is equal to the whole length of the boundary. 

5. In a spiral of Archimedes, if P, Q, and P', Q be the points of section 
with any two branches of the curve made by a line passing through its pole ; 
prove that the area bounded by the right line and by the two branches is half 
the area of the ellipse whose semi-axes are FF' and P'Q. 



6. Find the value of 



fdx /« 4- a^ 



7. If an ellipse roll upon a right line, show that the differential equation 
of the locus of its focus is 

8. A circle rolls from one end to the other of a curved line equal in length 
to the circumference of the circle, and then rolls back again on the other side of 
the curve ; prove that, if the curvature of the curve be throughout less than 
that of the circle, the area contained within the closed curve traced out by the 
point of the circle which was first in contact with the fixed curve is six times 
the area of the circle. {Camb. Math. Tripos^ i ^7 ' •) 

9. In the same case show that the entire length of the path described 
is 8 times the diameter of the circle. 

10. Prove that the area between two focal radii of a parabola and the curve 
is half the area between the curve, the corresponding perpendiculars on the 
direcflix, and the directrix. 
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1 1 . Eyalnate the following integrals : 

I — r T I V sec a? - I or, I , ^ — r— 7 rr . 

x^ 4- ax ■¥ \/ M 
I a. If i2 a («s f «;)» + te, and M =:r log ^^-—, find, by differentia- 

«* + ««- VjB 

tion, the relation between the integrals 

Idx C xdm 

71' JTl" 

13. If a curve be such that the area between any p6rtion and a fi^ed right 
line is proportional to the corresponding lengtii of the curve, show that it is a 
catenary. 

14. Prove that the volume of a rectangular parallelepiped is to that of its 
ctrcumscribed ellipsoid as 2 : Wi- 



15. Prove that 



f * de f ^ de 

Jo v/i-jc'sin^tf Jo -v/«2-8: 



-sin»« 
where sin/8 « icsina. 

16. If any number of triangles be inscribed in one ellipse, and circumscribed 
to another eliipse, concentric and similar, prove that these triangles have all the 
same area. 

17. Show that the value of the integral 

r» dy 



J • V y*" — I 

may be exhibited by the following geometrical construction. Let the curve 

whose equation is r***'^^co8 — — » = i roll on the axis of x^ take the points 

(^1) yi) (''S) y%) on the roulette described by the pole, such that yi =i a^y^si b^ 
then 

f* dy 

J«:7F^-^'':'' {Mr.JeUett.) 

18. If « be the length of the arc of a spherical curve measured to any point 
P, and < be the intercept on the great circle touching at P, between the point of 
contact and the foot of the perpendicular from the pole, prove that 

a - ^ = J 9\npd<A. • 

The proof is similar to that of the corresponding theorem in piano. See Ar€. 158. 
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19. Prove that the yolume of a polyhedron, having for bases any two 
polygons situated in parallel planes, and for lateral faces trapeziums, is 
expressed by the formula 

|^(^ + ^ + 4^"); 

where H is the distance between the parallel planes, B and ff the areas of the 
polygonal bases, and B" the area of the section equidistant from the two bases. 

ao. If S be the length of a loop of the curve r*» = a** coanB, and A the area 
of a loop of the curve r*" = a^** cos 2«6, prove that 

AxS ^ — . 

21. Find approximately the area, and also the length, of a loop of the 
curve r* = a* cos— ; (see Dif . Cal., Art. 269). 

Ant, area = a' x 0.56616, 
length = a X 2.72638. 

32. Find the value of the integral 

J(H-a; + a?»)2' 

23. 1{ A be the area of any oval, S that of its pedal with respect to any 
internal origin 0, and C that of the locus of the point on the perpendicular 
whose distance from is equal to distance of point of contact fn>m ; prove 
that J, B, Care in arithmetical progression. 

24. The arc of a curv& is connected with the abscissa by the equation 
«> s kx^ find the curve. 

25. If the co-ordinates of a point on a curve be given by the equations, 

« =3 c sin 20 (i 4 cos 20), y = cos 20(i - cos 26), 

prove that the length of its arc, measured from the origin, is 

4. 

-tf sin36. 

26^. Show how to find the sum of every element of the periphery of an 
ellipse divided by any odd power {%r + 1) of the semi-diameter conjugate to 
that which passes through me element, and give the result in the case of the 
fifth power. {Mr, W. Mobertt.) 



Ant. — i-^p (a'cos'a+^sin'ajr-irfa. 



This gives ^ 3^ ^ when r « 2. 
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27. A iphere intersects a right cylinder ; prove that the entire surface of the 
cylinder included within the sphere is equal to the product of the diameter of 
the cylinder into the perimeter of an ellipse, whose axes are equal to the 
greatest and least intercepts made hy the sphere on the edges of the cylinder. 

28. Show that the equations of the involute of a drole are of the form 

«saoos^-l-a^sin^, y=asin^-a^C06^, 

and prove that the length of tl^e arc of this involute, measured from ^ = o, is 
one-half of tJie arc of a circle which would be described by a radius equal to the 
arc of its evolute moving through the angle ^. 

29. Show that the area of the cassnioid 

H-2a*rSco62a + tf* a ^ 

is expressed by aid of an elliptic arc when h > a\ and by a hyperbolic arc 
when a>b» 

30. A string AB^ of given length, lies in contact with a plane convex curve 
with its end A fixed; the string is unwound, and B is made to move about A 
till ihe string is again wound on the curve, the final position of B being B" ; 
prove that for variations of the position of A^ the arc traced out by B will be a 
maximum or a minimum, when the tangents at B and B^ are equally inclined 
to the tangent at A ; and will be the former or the latter, according as the 
curvature at ^ is greater or less than half the sum of the curvatures at B 
and B^{Camb. Math. Tripos^ 1871.) 

31. Find the value of 

a/* SB* 



Jo 



32. Find the length and also the area of th^ pedal of a cissoid, the vertex 
being origin. 

Ans, — l:log(2 + v^3)-^4fl; — . 

33. Prove that the length of an arc of the lenmiscate r^ = a^ cos 29 is 
represented by the integral 

-i-f__^__. 
\/2J \/ I - Jsin*^ 

34. Integrate the equation 

cosi^(co80-sina8in^)</0 i- cos^(cos^-^sina8in0)(^ = o. 

If the arbitrary constant be determined by the condition that the equation must 
be satisfied by the values (o, a) of (0, ^), show that the equation is aatiafied by 
putting + ^ = a. 
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35. Each element of the surface of an ellipsoid is divided by the area of 
the parallel central section of the surface ; find the sum of all the elementary 
quotients extended through the entire ellipsoid. Ans, 4. 



36. Hence, show that 

{^ f* (jj, *-p^)dft dv » 

\/i?^^ v^>fca^ ^/¥^ *yw^ " 2 * 



Jo J^ , 



This depends on the expression for an elemenf of the surface of an ellipsoid in 
terms of the elliptic co-ordinates of a point. See Salmon's Geometry of Three 
Dimensions, Art. 426. This proof is due to M. Chasles (Liouville, tome uu, p. 10). 

37, Hence prove the relation 

Fim) E{n) + F(n) S(m) - F{n) F{m) « -, 
where 

V ft 

F{m) = f' . ^^ E{m) = (' v/ I - m» sin* tf rf», 

Jo\/i -m«8in2tf Jo 

and m' + fi* s= i. 

Let w 3 Asini, and fi = y^A^sin*^ + A'cos*^, in the preceding, and it 
becomes 

r% fi A* sin*^ M- Ic^ cos*^ - A» mi^9 
J J v/A»sin«^ + A* 0082 9 ^Jc^'^f^^l^i 

ir IT ir n 

D \/A*-A-8in^a JoJo\/A*sin> + A»cos> 



-1:1: 



J^dedip 



v/a* sinV + Ar* cos> \/ A» - A* sin* tf ' 



This furnishes the required result on making h - mk. 

The preceding formula, which is due to Legendre, gives a general relation 
between complete elliptic functions of the first and second species, with com- 
plementary moduli. 

38. If three curves be described on the surface of an ellipsoid, along the first 
of which the perpendicular to the tangent plane makes the constant angle y with 
the axis of z, along the second $ with the axis of y, and along the third a with the 

axis of «, and if the angles be connected by the relations = —: — = — ^ ; 

a b e 

then, if Ai, At, ^1, be the included portions of the ellipsoidal sui-face, prove that 

A3- Ai Ai - A3 A2 - Ai 

^ + T| + J = o. {Mf\ JellHt.) 

2 A 



346 M'lHcellaneous Exampkn. 

39. Show that the results in Arts. 161 and 162 are true for spherical conies 
where the tangents are arcs of great circles on the sphere. 

40. Integrate the expression 

y/ g sin» g -i- ^ cos^l 



sintf 



41. If the symbols sin hyp. ^, cos hyp. ^, represent the hyperbolic sine 
I cosine of A (see Ex. i, p. 179); find the values of sin hyp. (^+ B) and 
hyp. {^A + B) in terms of &e hyperbolic sines and cosines of A and B, 

Am, Cos hyp. (A+B) =^ cos hyp. A cos hyp. B + sin hyp. A sin hyp. By 
sin hyp. {A+B) - sin hyp. A cos hyp. B + cos hyp. A sin hyp. B, 

42. Prove that the value of 



i: 



oos^j^sinox ^ . X 

dxiBOf - or 



X ' 4 

according as ^ is >, = , or < a. 

43. Prove that 

)* sin bx ^aat , 

= - multiplied by the lesser of the numbers a and b» 

44. If tf be the eccentricity of an ellipse whose semiaxis major is unity, and 
JS the length of its quadrant, prove that 

45. If S represent the length of a quadrant of the curve r^ = a^ cos f><0, 
and Si the quadrant of its first pedal, prove that 

8.8: 

Here (Ex. 3, p. 215), we have 



^ _, m + I 

8.81=^ »a' 

2m 



2f» 



■m 
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m 



Also, the first pedal (Dif. Cal., Art. 190) is derived by substituting 

fW "J" I 

instead of m, hence 



_ (m+i)aVir 
01 = — 

«« r 



.-. SSi = 



\ 2m/ 



4m* 



{»a 



46. In general, if 8n be the quadrant of the n*^ pedal of the curve in the 
last, prove £at 

SnA Sn = — Tftr- 

2m 

Here the equation of the *i'* pedal is got (Dif. Cal., Art. 190) by substi- 
tuting instead of m in the equation of the proposed, .*. &c. (Mr, W. 

wn -f I 
Boberts, Liou. x., p. 177.) 

47. If two confocal ellipses be such that a polygon can be inscribed in the 
one and circumscribed to the other, prove that an indefinite number of such 
polygons can be described, and that they all have the same perimeter. (Chaalta 
Comptea £endu8i '^43) P* ^3^)* 

4^. Being given any plane closed curve ; if ds represent an infinitely small 
superficial element of area at a point outside the curve, and t, f the lengths of 
the tangents from the point to the curve, and e the angle of intersection of these 

di sin d 
tangents : prove that the sum of the quantities represented by -;- taken for 

all points exterior to the curve is equal to air*. iJProf, Crofton, FhiU Trans*, 
i868.) 

49. Find the mean distance of two points on opposite sides of a square, whose 

side- I. 

a — V2 
Ana, + log (I + Va.) 

50. A cube being cut at random by a plane, what is the chance that the sec* 
tion is a hexagon? (CW» Clarke,) 

. V3 cot-i V3 - V2 cot-* V2 ^ . 

Ana, -^ =Y = .04646* 

4 * 

51. Three points are taken at random, one on each of three faces of a tetra- 
hedron ; what is the chance that the plane passing through them cuts the fourth 
face? {GoL Clarke,) 

Ana, ^, 
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52. Two stars are taken at random from a catalogue : what is ,the chance that 
one or both shall always be visible to an observer in a given latitude, A ? {CoU 
Clarke.) 

Am. - versin X + - sin A. 
2 4 

53. Find the chance that the centre of gravity of a triangle lies inside the 
triangle formed by tiiree points taken at random within the triangle. 



^«»- ;^(*t-j 1054). 



54. Two points are taken at random in a triangle, the line Joining them 
dividing the triangle into two portions : find the mean value of that portion 
which contains the centre of gravity. 



Ans. ^j U70 + -J log 4 j . A. 



55 Show that the mean distance if of a point in a rectangle from one angle 
is given by 

3Jf-rft-log-^+-log— . 

a and h being the sides, d the diagonal. 

56. Show that the mean distance M of two points within a rectangle is 
given by 

This result may be deduced from the preceding : for if /it » mean distance of a 
point within the rectangle whose sides are s, y, from one of its angles, it is easy 
to see that 



a*^*Jir=:4 I I xyfidxdy, .*. &c. 



57. Show that if Jf bo the mean distance of two points within any conyex 
area A, we have 



^=i ((«'**•• 



where S, S' are the segments into which the area is divided by a straight line 
crossing it ; the eo-ordinatet of the line being Py » ; *and the integration extend- 
ing to all positions of the line. 

This may be seen by considering that if a random line crosses the area, the 

- »/■ 
chance of its passing between the two points is ^-, X being the length of boun- 

dary : again, for any position of the line, the chance of the points lying on 

2'XX 2 

opposite sides of it is — p ; therefore the whole chance is — ,- Af (22'), where 
M {%X) is the mean value of the product 22' ibr all positions of the line. 

THE END. 



